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Abstract - Background. Interest in the study of microwave metamaterials is associated with the possibility of using them to
achieve the required frequency and polarization selective properties of interaction with electromagnetic radiation, which can’t be
obtained for structures based on homogeneous media. Aim. The mathematical model of a chiral metamaterial based on a periodic
matrix of arbitrarily oriented conducting thin-wire cylindrical helices located in a homogeneous isotropic container creation
is considered. Unlike known models, it takes into account the explicit form of the dependence of the effective permittivity and
the relative chirality parameter on the helices concentration. Methods. The heterogeneity of a chiral metamaterial based on
the Maxwell Garnett formula, which makes it possible to determine the effective dielectric permittivity from the permeabilities
of the container and the region occupied by conducting mirror asymmetric inclusions is taken into account when creating a
mathematical model. The dispersion of permittivity using the quadratic Lorentz formula and the dispersion of the chirality
parameter based on the Condon model are taken into account. Results. Analytical frequency-dependent expressions for the
effective permittivity and the chirality parameter taking into account the concentration of helices and their geometric parameters,
were obtained in the work. The expression for the relationship between the dimensionless volume concentration of inclusions
and the distance between adjacent elements is obtained. The quasi-static approach is used to calculate the resonant frequency
of conducting thin-wire cylindrical helices. Conclusion. The proposed method for constructing a mathematical model can be
applied to chiral metamaterials based on periodic matrices of conductive elements of an arbitrary mirror asymmetric spatial

configuration.

Keywords - chiral media; chiral metamaterial; metamaterial; helix; spatial dispersion; Maxwell Garnett model; Condon model;
Lorentz model; elements concentration; chirality parameter; effective dielectric permittivity.

Introduction

Currently, a huge variety of materials, such as poly-
mers, composites, ceramics, alloys, and ferromag-
nets, have natural, inherent properties of interaction
with an electromagnetic field. However, their natural
properties can be changed by modifying their spa-
tial structures. In most cases, changes in their elec-
tromagnetic properties are related to the addition of
various types of composites. One type of composite
material is the so-called metamaterial [1-8]. Metama-
terials have been actively studied at the beginning of
the 21st century. The greatest interest in their study
arose after a series of publications [9-11] on the pos-
sibility of obtaining negative values of their refrac-
tive index, dielectric, and magnetic permeability, al-
though such possibilities have been known for a long
time [12]. Such metamaterials are called left-handed
media.

Any metamaterial in the microwave range is a com-
bination of a certain medium, called a container, and
a certain set of composites of a material with other
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electrophysical and geometric parameters. Because
of their nonstandard properties of interaction with
the electromagnetic field, metamaterials are exten-
sively employed in the development of devices such
as antennas [13-17], absorbers [18-19], and microwave
energy concentrators [20-21].

One of the important types of metamaterials is
artificial chiral materials (environment). Such envi-
ronments have been studied since the 1980s [22-27].
To produce a chiral environment, conductive com-
posites with a mirror-like asymmetric spatial con-
figuration are used. For a chiral (mutual biisotropic)
medium, all mirror asymmetric composites are uni-
formly placed and randomly oriented in a homogene-
ous container medium. For an equal orientation of all
composites, the environment is called bianisotropic.
Chiral environments are, in a way, microwave ana-
logs of optically active media and allow rotation of
the plane of polarization of an electromagnetic wave
by significant angles in the centimeter and millim-
eter wavelength ranges [28]. Several elements with
various spatial structures are employed as conductive
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mirror composites, such as Tellegen elements [29], cy-
lindrical single- and multistart thin-wire spirals [30],
S-elements [31-33], and gammadions [34]. To describe
the properties of a chiral medium, the relative chiral-
ity parameter y is introduced. The main properties
of electromagnetic radiation in a chiral medium are
the propagation of waves with right-handed and left-
handed circular polarizations, as well as the cross-
polarization of the incident wave. Consequently, the
phenomena of rotation of the plane of polarization
and circular dichroism occur.

Questions regarding the mathematical model of
a chiral medium have been emerging. The model is
based on material equations, which are written in dif-
ferent forms [22-24]. At the beginning of studies on
the electromagnetic properties of a chiral medium,
its material parameters were considered constant,
independent of frequency. Then, researchers have se-
lected different dispersion models for the dielectric
permeability and chirality parameters [35-36]. The
Lorentz model was used for the dielectric permeabil-
ity, and the Condon model was used for the chirality
parameter, by analogy with an optically active me-
dium. Using dispersion models for magnetic perme-
ability is also known in the scientific literature [36].

Meanwhile, the chiral medium is two-component;
that is, it exhibits heterogeneous properties. For the
first time, to describe the property of heterogene-
ity, A.H. Sihvola applied the Maxwell Garnett mod-
el [37] on all three material parameters of the chiral
medium. In addition, in [37], a dispersion model of a
chiral medium was proposed based on the Condon
equation. In [38], the Maxwell Garnett model was also
used to consider heterogeneity.

In references [39; 40], variants of a mathematical
model of a chiral medium were proposed, which si-
multaneously consider the dispersion of material pa-
rameters and heterogeneity. Particularly, it has been
shown that at low concentrations of mirror asymmet-
ric inclusions, two-component Maxwell Garnett [41;
42] or Bruggeman [41; 43] models can be used to con-
sider medium heterogeneity.

It is worth noting that in most cases, dispersion
and heterogeneous models are used to a sufficient
extent independently of each other. Particularly, it is
imperative to unify the dependence of material pa-
rameters on the concentration of specularly asym-
metric inclusions of various types. First, in dielectric
permeability, dispersion should not only be consid-
ered in the container medium but only in the regions
where conductive inclusions are located. Second, it is
necessary to use the dimensionless volume concen-

tration of trace elements (included in the Maxwell
Garnett and Bruggeman models) both in relation to
dielectric permeability and the chirality parameter of
the metamaterial.

This work aims to develop a mathematical model
of a chiral metamaterial based on a periodic matrix of
arbitrarily oriented conducting thin-wire cylindrical
spiral elements located in a homogeneous isotropic
container medium. The developed model of a chiral
metamaterial simultaneously considers the depend-
ence of the effective dielectric permeability and the
chirality parameter on frequency and on the concen-
tration of spiral microinclusions. Meanwhile, the
possibility of some unification of the indicated de-
pendencies for different types of mirror asymmetric
inclusions is demonstrated.

1. Statement of the problem

Let us consider a chiral metamaterial (CMM),
which is a uniform matrix of thin-wire conductive
single-start spiral elements located in a uniform di-
electric container with a relative dielectric permea-
bility &,. Assume that the spiral elements are wound
around cylinders with a relative dielectric permeabil-
ity &, and their height is equal to the height of the
CMM h. The metamaterial has geometric dimensions
along three coordinate axes [ , ly, and h. The period
of a matrix of spiral elements is determined by the
radius of the spiral turn (cylinder) R and the distance
between the centers of the cylinders d; d; =2R+d.
When describing the problem, it is assumed that the
periods along the Ox and Oy axes are equal.

The dimensionless concentration of the spiral ele-
ments is determined as follows:

0= (1)
\%

where N is the total number of spiral elements in the
metamaterial, V is the volume of the metamaterial
(volume of a parallelepiped V =lxlyh), and V, is the
volume of a three-dimensional figure into which the
chiral element is inscribed (for spirals, the volume of
a cylinder V; = nR%h).

The number of spiral elements is determined by the
spatial period of the element matrix d; =2R+d and
the linear dimensions [, ly of the CMM container.

The problem geometry is illustrated in Fig. 1.

2. Relationship between the concentration
of chiral elements and their distance

In stage 1 of building a mathematical model, it is
necessary to relate the dimensionless concentration
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of spiral elements o to the distance between neigh-
boring elements d.

Let us call the unit cell of the CMM the region
containing one helix and the gap to the adjacent
helical element. The spatial period of the unit cell is
d; =2R+d.

The number of elementary cells along the Ox axis is
determined using

l l
=X 2
2R+d 2

=X
X d1

The number of elementary cells along the axis Oy is
determined using

! l

N =2=_2_ 3
Y d; 2R+d ¥
The total number of unit cells is given by

N
N=NN=—2 % )

(2R+d)"  (2R+d)’
where S is the surface area of the metamaterial.

From Eq. (1), we obtain
o SV] _ V1 )
(2R+d)’sh  (2R+d)’h

where V| = nR2h.
Finally, from Eq. (5), we obtain
nR?

— 6)
(2R+d)

o=

From Eq. (6), we obtain a quadratic equation re-
garding the distance between the spiral elements d:

d? + 4Rd + 4R* [1 —i] - 0. 7)
40

The solution to Eq. (7) takes the form

d=d(a)=R{\/§—2}. 8)

From Eq. (8), the inverse equation is obtained
nR?

— (9)
(2R+d)

o=
From Eq. (9), a generalization of the dependence to
the case of arbitrary chiral elements follows

S

elem
2
dl

that is, the dimensionless concentration of chiral ele-

) (10

o=

ments in the CMM is equal to the ratio of the area

occupied by the chiral element S, to the square of

m
the period of the spatial cell.
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Fig. 1. Geometry of the metamaterial
Puc. 1. TeomeTpus MeTamaTepuana

Figure 2 presents the dependence d =d(a) for vari-
ous values of the radius of the spiral turn.

3. Dispersion model of the
chirality parameter

To describe the frequency dependence of the chi-
rality parameter, the generalized Condon model is
used [1]

meoco

w(o)=——5——, 1)
w0y —0° —iyo

where ®, is the resonant frequency of the chiral

element (determined from a quasistatic model for a

specific type of element), y is the damping frequen-

cy,and Q is the “strength” of the resonance of the

chirality parameter.

4. Calculation of the resonant
frequency of the spiral element

The mirror asymmetric element is a thin-wire con-
ductive single-start spiral that consists of N turns of
radius R located at a distance s (helical pitch). Let us
denote [ as the length of the spiral in the unfolded
state and r as the radius of the thin-wire. Figure 3 ex-
hibits a cross-section of a spiral element. In Fig. 3,
the following parameters are introduced: h is the con-
tainer height, s is the distance between the turns of
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Fig. 2. Dependence d :d(a) at different values of the radius of the spiral turn

Puc. 2. 3aBucumocts d = d(a) NIPY Pa3MYHBIX 3HAYEHUAX PaANyca BUTKA CIIUPANIH

the spiral, R is the internal radius of the spiral, r is the
wire radius, o is the spiral winding angle, and N is
the number of spiral turns.

To calculate the resonant frequency of the spiral,
a quasistatic approximation was used, and the calcu-
lation was performed using Thomson’s equation:

(12)

where L is the inductance of the spiral and C is the
spiral capacitance, considering the interturn and in-
terelement capacitances, as well as the capacitance of
the conductor (wire) itself.

The method for calculating the resonant frequency
of a spiral element is given in [15].

The resonant frequency of the spiral is presented in
Fig. 3 and is calculated using

C

K "
i INZR2 +7t2N2R2[(R+2r)2—RZ](Nz—l)Jr
181n(21)—1 hi
r
2 3
. R r(R+r)N

zd{w}

where 621/1/80],1,0 is the speed of the electromag-

netic wave in vacuum.

2r
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Fig. 3. Cross section of the spiral element
Puc. 3. [TonepeyHoe ceyeHHe CIUPAJIBHOTO 3JIEMEHTA

Substituting into Eq. (13) the equation for the dis-
tance between elements through the concentration of
Eq. (8), an equation for the resonant frequency of the
spiral element is obtained in the following form:

C

0, =——=—; K=K +K. (14)
0 ,—SCHC /_K self int
2712 p2 2 2 2

N2R2 TNPR [(R+2r) R }(N -1

Kself= Zl + hl )
181n(j—1
r
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K - TcRr(R+r)N3
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Using Egs. (11) and (14), a dispersion model of the
chirality parameter is obtained

Q o,m
x 0 C
(o) =t 0y =——r; (15)
m%—wZ—iyo) JSCMC\/E
K:I<se11f+Kint;
TCN2R2

K =+
self
181n (le -1
r

*N2R? [(R +2r)? - RzJ(NZ - 1)
hi ;
nRr(R+r)N°
K. =

int l{\/z_z}os{z(f\ll)]

5. Considering metamaterial
heterogeneity

+

We consider the heterogeneity according to Max-

well Garnett’s law [2]:

1+2ae €. —¢€

—x; g =—F (16)
g + Zac

e=¢
C
1-ag,
where ¢ is the relative effective dielectric perme-
ability of the metamaterial (as a spatial structure that
is the

C
relative dielectric permeability of the container, g is

consists of a container and components), €

the relative dielectric permeability of the region oc-
cupied by the component, and o is the volumetric
dimensionless concentration of the components.

6. Dispersion model of the
dielectric permeability

To describe the frequency dependence of the die-
lectric permeability of the region occupied by a chiral
element, we use the Lorentz model [1]:

e (0) -

where @ is the resonant frequency of the chiral ele-

2
sto

2 2 .0
Wy —0" —1Y®

(17)

ment (determined from a quasistatic model for a spe-
cific type of element), y is the damping frequency,
and Q. is the “strength” of the dielectric permeabil-
ity resonance.

Substituting Eq. (17) into Eq. (16), we obtain a dis-
persion model of the CMM dielectric permeability
considering heterogeneity:

2 2 2 .
14 2ae, Q0% s (@) - 0" - it0)
g=g —=; g =

= . (18)
< 1-as, h Qamg +2¢g, (0)(2) — o’ —iym)

7. Material parameters of a CMM based
on thin-wire single-start spiral elements,
considering dispersion and heterogeneity

To describe the CMM, we use the following set of
material parameters determined from Egs. (15), (16),
and (18):

1+ 20, (w;a).

s(co;oc):s (19)

‘ 1-ag, (m;oc) ’

QX(DO (oc)(;)

X((D;(X) = w% (a)_o)2 _iyw’

ng(z) (a)—sc [0)(2) (a)—w2 - iyw} .

g, (oa)= ;
X( ) st(z) (OL)+28C [03(2) (oa)—o)Z—iyw]
- K(a)=Ky+Kip (@);
®q (OL) " K(OL) (0() self int (OL)
N2R?
Kself = -
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181n (ZZJ -1
r
m*N?R? [(R +2r)? - RZJ(NZ - 1)
hi ;
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(el

8. Material equations for a CMM based
on thin-wire single-start spiral elements,
considering dispersion and heterogeneity

+

Kine (a) =

The material equations for a chiral medium have
the form [3]:
D=¢EFiyH; B=pH=+iyE, (20)
where ¢ is the relative effective dielectric permeabil-
ity, u is the relative magnetic permeability, and y is
the relative chirality parameter of the metamaterial.

The material equations (20) are frequency-depend-
ent, and the material parameters of the CMM depend
on the volumetric dimensionless concentration of
chiral microelements a.
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ﬁ:s(m;q)ﬁiix(m;a)ﬁ; ﬁ:uﬁiix((o;a)fi, (21)
where
N 1+20LSX((D;OL)'
s(w,a)—ec —1—aax (m;a) ; (22)
Q o, (o)o
X((D;OL)Z - x 0( )

O (OL)—(DZ —iym’
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(DO ((X,) SCHC K(a) ((X. self lnt( )
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self = + )
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r
nTRr(R+r N3

P L

l \/E—Z cos| —

a 2(N+1)
The mathematical model defined by Egs. (21) and
(22) describes a CMM produced on the basis of uni-

formly placed thin-wire conductive single-start spiral
elements (Fig. 1).

9. Dispersion equations for normal
waves of a CMM based on thin-wire
single-start spiral elements that
consider dispersion and heterogeneity

The dispersion characteristics (propagation con-
stants) of normal waves of a CMM with right-handed
and left-handed circular polarizations are calculated
using the following equations:

?[. la(m;oc)u + X(m;(x)},

1+20e, (co;cx)'

1-oe, (m;oc) ’

kR’L (m;a) = (23)

where
s(m;oc) =g

C

QX(DO (oc)oa

1(e0)=—

mo((x)—o)2—iyc0,

ngg (oc)—sc [(og (oc)—wz —iyw} .

Qcoo( )+28 [ (a) O] —lyco]’
)

(a = self+K1nt( )

€y ((o;a)—
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181n(21j 1
r

n*N2R? [(R +2r)? —RZJ(NZ —1) .
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+

Kint (a) =

10. Generalization of the CMM model
while simultaneously considering
dispersion and heterogeneity

Let us present the capacitance coefficient K(a)=
= K¢ + K (@) in the form

K(a) Kself+K1nt( )

TCN2R2
e
181n(2lj 1

r
2 N?R? [(R+2r)2 —RZJ(NZ —1)
hi ;
ko
K. =
1nt( ) 1- €\/_

B nRr(R+r)N3

9 = >
2| ™ cos{n}
\4a 2(N+1)
2

=

The equation for resonant frequency as a function

(24)

Koeif =kq =

+

of dimensionless volume concentration can be sum-
marized as follows:

o @):T
e

where v= c/(@) is the phase velocity of the elec-
tromagnetic wave in the container medium, coeffi-
cients kj(j :1,2) have the dimension of the square
of the length and are determined by the geometric

(25)

dimensions of the chiral elements and their type, and
¢ is a dimensionless constant.

Using Eq. (25), we obtain a generalized dependence
of the relative chirality parameter on the dimension-
less volume concentration:
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quency ® and dimensionless volume concentration

of chiral elements o.

Conclusion

We discuss the principles of building a mathemati-
cal model of a CMM based on a periodic matrix of

Similarly, using Eq. (26), we obtain a generalized arbitrarily oriented conducting thin-wire cylindrical

dependence of the effective dielectric permeability spiral elements located in a homogeneous isotropic
on the dimensionless volume concentration: container medium.

a(m;oc):a

1+ 208, (m;a) Our proposed mathematical model of a CMM

¢ 1-0g, (0;0) based on a periodic matrix of arbitrarily oriented

conducting thin-wire cylindrical spiral elements con-
siders the heterogeneity of the CMM, the dispersion

of the dielectric permeability, the dispersion of the
chirality parameter, and the dependence of material
parameters on the concentration of spiral inclusions.

Our proposed method for constructing a math-
ematical model can be applied to CMMs based on pe-

Egs. (26) and (27) describe the generalized depend- riodic matrices of conducting elements of arbitrary

ence of the material parameters of a CMM on the fre- mirror asymmetric spatial configuration.
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Pa3pa60TKa MaTeMaTH4eCKOM MO E/IN KHPAJIBHOT'O
METaMaTepHruaia Ha OCHOBE HWINHAPHUICCKHUX CITUPATBbHBIX
JIEMECHTOB C YI€ETOM MTUCIIEPCHUHN U KOHICHTPpAINU

HU.IO. Byunes, [1.C. Knwoes ©, }O.C. Mamowuna, O.B. Ocunos, [].H. [lanun

ITOBOJKCKHMM FOCYyAapCTBEHHBIN YHUBEPCUTET TEJIEKOMMYHHUKALUH 1 HHGOPMATUKU
443010, Poccus, r. Camapa,
yn. JI. Toncroro, 23

Annomauyua - O6ocHoBanue. VHTepec K uccnenoBanuio MeramartepuanoB CBY-guamasoHa CBsi3aH C BO3MOXKHOCTBIO HX
WCIIOIB30BAHMS [IIS1 JOCTHXKEHHUs 3apaHee TPeOGyeMbIX YACTOTHO U MOJISIPU3ALHMOHHO CEJIEKTHBHBIX CBOMCTB B3aUMOENCTBHUSI C
3/IEKTPOMArHUTHBIM U3JIy4€HNEM, KOTOpPble HEBO3MOXKHO MOJIYYUTD [UIsl CTPYKTYP Ha OCHOBE TOMOreHHbIX cpefi. Llens. B pabore
pPacCMOTPEHO IIOCTPOEHHE MaTeMaTUYeCKOW MOJeNN KHUPaJIbHOTO MeTaMarepuaga Ha OCHOBE MEPUOAUYECKOH MaTpPULbI
[IPOM3BOJIBHO OPUEHTHPOBAHHBIX IPOBOASIINX TOHKOIIPOBOIOYHBIX LIUIHHAPUYECKUX CIIHPATbHBIX 3JIEMEHTOB, PACMIOIOKEHHBIX
B OJHOPOJIHOM M30TPOIHOW Cpefe-KOHTeliHepe. B oT/iM4Me OT M3BECTHBIX MOAeJeH, OHA YYUTBIBAET SIBHBIM BUJ 3aBUCHUMOCTH
2¢PeKTUBHON UITEKTPUYECKOM TPOHULIAEMOCTH U OTHOCUTEIBHOIO NIapaMeTpa KUPAIbHOCTH OT KOHLEHTPALMU CIIMPAIbHBIX
MUKpOBKJIIoUeHUH. Mertonpl. [Ipy HOCTpOEHHMHM MaTeMaTHYeCKOM MOMENHU YIUTBIBAETCS TIeTepPOreHHOCTh KHPaJIbHOTO
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MeTaMaTepuasa nocpenctsoM ¢popmynbl Makcseiuia TapHerTa, M0O3BOMSIOLEH ONpenensTh 3PpPeKTUBHYIO [UIIEKTPHIECKYIO
NPOHHULAEMOCTh [0 3HAYEHUsSM MPOHHMLAEMOCTEN Cpefbl-KOHTelHHepa W 067acTH, 3aHATOM MNpPOBOASIIMMH 3€pKaIbHO
aCMMMETPUYHBIMU BKIIOYEHUSIMH. B Mojenu yuyTeHa AMCIepCHsl AUAJIEKTPUYECKON INPOHMLIAEMOCTH C HCIOIb30BaHHEM
KBagpaTudHod ¢opmyinbl JlopeHlIa, a TakXe OUCIEPCUsl MapaMeTpa KUPaJbHOCTH Ha OCHOBaHMM Monenu KoHmoHa.
Pesynprarel. [ MCClleflyeMOro KHpPaabHOrO MeTamaTepHasa IMOoIydeHbl aHaTUTHYECKUEe YaCTOTHO-3aBUCHMBIE BBIPAXKEHUsI
115 3G PeKTUBHOM NMITEKTPUIECKON IPOHULAEMOCTH U IApaMeTpa KUPaJIbHOCTH, YYUTHIBAOIHE KOHLEHTPALMIO CIIMPaIbHBIX
BKJIIOUEHHH U UX reoMeTpHryecKre napamerpbl. [lonydeHna ¢opmyna cBsa3u 6e3pasMepHON 06beMHOM KOHLEHTPALUHU BKIIOYEHHUH
OT pacCTOSIHUSI MeXAy COCeJHUMHU 3JeMeHTaMH. [Jis pacyeTa pe30HAHCHOW YacTOThl MPOBOASIIUX TOHKOIPOBOJIOYHBIX
LWINHAPUYIECKHUX CIMPATBHBIX 3JIEMEHTOB GbUI IPUMEHEH KBa3UCTATHYECKUH Moxoj. 3akaoueHue. [IpennoxeHHast MeTOAUKA
[IOCTPOEHHUs] MAaTEMATHYECKON MOJENId MOXKET GbITh MPUMEHEHA [UISl KHUPAIbHBIX METAMAaTePUaIOB Ha OCHOBE MEPUOJUYECKHUX
MaTpHI MPOBOALINX dJIEMEHTOB IPOU3BOIILHON 3€PKAIIbHO ACHMMETPHUYHOMN MPOCTPAHCTBEHHOM KOHPUTYpaALMH.

Kniouesvle cnosa — KupanbHasi Cpefa; KUPaJIbHBIM MeTaMaTepHa; MeTaMaTepra; CIHUpasb; IPOCTPAHCTBEHHAS AUCIIEPCHUS;
mopenb Makcsenna Tlapnerra; mopmenb KoHpgoHna; mopens JIopeHLa; KOHLIEHTpaLMsl 3J1€MEHTOB; MapaMeTp KHUPaJabHOCTH;
2¢deKTHBHAS [UBTIEKTPUYECKAs TPOHUIIAEMOCTb.
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