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Abstract – Calculation of the electromagnetic field exited by a charged particle flying close to dielectric object is one of the 
important problems of charged particle radiation theory. In some cases, geometric optics area is preferable for calculations. In the 
article, two methods of solution of such problem with dielectric prism possessing large size (in comparison with the wavelength 
under consideration) are considered. One of them is based on geometric optics method, another one is based on asymptotics of 
«aperture» integrals. It is shown that, in geometric optics area, the first method has a series of advantages. For example, ray tube 
cross-section expression obtained within geometric optics method allows one to find caustics or to show their abscence, which 
is demonstrated in the article for three objects of various shapes.
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Introduction

A problem in the physics of wave processes is 
determining the electromagnetic field excited by a 
charged particle or a collection of particles flying past 
or through a certain dielectric object. As a rule, exact 
solutions to such problems cannot be constructed 
because they are cumbersome, poorly interpreted, 
and require labor-intensive calculations. Simultane-
ously, numerical calculations require large computer 
resources. For this reason, most problems are solved 
using an approximation.

This article discusses in detail the application of 
the stationary phase method to aperture integrals, 
which provide a solution in the case of large (on the 
wavelength-scale) objects, including those in the geo-
metric–optical region. This approach has some dif-
ficulties; namely, systems of equations for finding the 
saddle point can often be solved only numerically, the 
second derivatives of the integrands for calculating 
the determinant turn out to be too cumbersome, etc. 
In contrast, when the saddle point is found for a sin-
gle integral, the stationary phase method greatly sim-
plifies the problems [1].

An alternative to this approach is geometric–opti-
cal calculation [2] based on the method for reflected 
rays described by V.A. Fok [3]. The essence of this 
method can be described in several steps. First, the 
field excited inside an object without external bound-

aries is calculated. Second, the field at the external 
boundary of the object is determined using Fresnel 
coefficients. Finally, the path of the rays and the ex-
pansion of the ray tubes in the area outside the object 
are considered.

Inverse problems exist, where the properties of the 
medium are determined based on the change in the 
field after reflection or transmission [4–6].

This work compares two approaches for determin-
ing the field in the geometric–optical region using 
the example of a problem with a dielectric prism, as 
described in Section 1, and calculates caustics in Sec-
tion 2 for some of the most common dielectric objects 
based on the use of equations for ray tube expansion. 
All studies were performed for the Fourier transform 
of the electric field (the calculation of the field itself, 
which reduces to the calculation of the correspond-
ing inverse Fourier integral, is beyond the scope of 
this work).

1. Advantages of the geometric–
optical method

Let us consider the advantages of the geometric–
optical method using the following problem as an 
example. A particle with charge q and speed V c= β



  
(where c is the speed of light) at a distance a from 
its lower boundary travels along the boundary of a 
dielectric prism with dielectric permeability ε and 
magnetic permeability .µ = 1  The size of the prism 
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Fig. 1. Central cross-section of the prism with main notations
Рис. 1. Центральное сечение призмы с основными обозначениями

is considered large compared to the wavelength un-
der consideration. The prism is located in a medium 
in which differences from vacuum are unsubstantial 
(Fig. 1). We assume that radiation is emitted only from 
a rectangular region centered at a point ( , , )c c cx y z  
with sides d and b parallel to the axes ξ  and ,η  re-
spectively; accordingly, the remainder of the prism is 
closed to radiation.

A geometric–optical solution is known for this 
problem [7]. Let us further consider the aspects of 
solving this problem using the “aperture” method 
(i.e., the method based on the Stratton–Chu equa-
tions). This solution is much more general because it 
enables the determination of the field in areas where 
geometric optics is invalid. However, this method 
also has certain disadvantages if the task consists of 
analyzing the field only in the region where geomet-
ric optics is valid.

The field components obtained using the aperture 
methods are seen in [8]. They have the following form:
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The dashed line marks the coordinates of the prism 
surface (integration variables). For clarity, the electric 
field strength is divided into two components, as indi-
cated by the superscripts (e) and (h), and the integrand 
functions depend on the electric and magnetic field 
strength on the prism surface. The projections E



 and 
H


 of the electromagnetic field in the integrands de-
note the field on the upper outer surface of the prism 
(they are given in [8]). In Eqs. (1) and (2), the following 
notations are used: /k c= ω  is the wave number; i is 
the imaginary unit, '∆ξ = ',ξ − ξ  '∆η = ',η−η  'R =



( ', ', ),= ξ η 0  and ( ' )G R∆


 is Green’s function:
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To calculate the integrals of Eqs. (1) and (2), the sta-
tionary phase method can be used. N-fold integrals 
with a large positive parameter of the form Ω
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where di is the eigenvalue of the matrix

,
is js

q
x x
∂

∂ ∂

2
 , , ..., ,i j n= 1

and xjs are the coordinates of the stationary point. To 
determine these coordinates, we must determine the 
points of simultaneous zeroing of the derivatives of 
the phase of the integrand with respect to ',ξ  '.η

In Eqs. (1) and (2), considering the field on the 
prism surface, equations for which are given in [8], 
a phase is identified that is identical for all compo-
nents, which are sixfold:

( ) ( )' ' ,ikΦ = ξ − ξ + η−η + ζ
2 2 2

1  (6)

,ya kΦ = − κ +2 2
2

( ) ,mi x a gΦ = −3

,yik yΦ =4

,ik z−Φ = β 1
5

/iΦ = − π6 4
where

,k
κ = −β

β
21  

( )

'
,

'sin '
y

c

k
k

x a

εβ − η
=
β + ξ α − + η

2

2 2

1

( )
,m y

k
g k

εβ −
= −

β

2 2
2

2

1
 'sin ,cx x= + ξ α

',y = η  'cos .cz z= − ξ α

The results of differentiating the imaginary part of 
the phase Φ  are presented below:
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The stationary point is the solution of the follow-
ing system of equations with respect to ( ', '):ξ η

,
'

f∂Φ
= =

∂ξ 1 0  (8)
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This nonlinear system of equations can be solved 
numerically. For the problem under considera-
tion, Newton’s method was chosen for the greatest 
convenience.

Newton’s method involves searching for a solution 
over a certain number of iterations until the absolute 
difference between the new and previous values is 
less than a predetermined threshold.

To solve the system ,
f

f

 
  =
 
 

1

2
0  we use the following 

recursion:
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where ' ' '
n n n+δξ = ξ − ξ1  and ' ' '

n n n+δη = η −η1  are chang-
es in the values of the required points at the n-th step, 
respectively. These changes are easy to calculate 
using Cramer’s method, and the result can then be 
compared with a predetermined value. To stop recur-
rence, both increments in absolute value must be less 
than a predetermined threshold. It is also necessary 
to set the starting point ' '( , ),ξ η0 0  for example, at the 
origin with a slight offset.

The results of differentiating ,f1  f2  are given 
below:
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Fig. 2. Example of «blind spot» for stationary phase points 
calculations. Areas of undefined stationary points are shown in black.  
All the distances are in / .c ω  Parameters for calculations: ,ε = 2  

,a = 1  / ,α = π 6  , ,β = 0 9  ,ζ = 30  b d= = 50
Рис. 2. Пример «слепой зоны» точек для вычисления стацио-
нарной фазы. Черным обозначены области, в которых не вы-
числяется точка стационарной фазы. Для наглядности рас-
стояния измеряются в единицах / .c ω  При этом использованы 
следующие параметры: ,ε = 2  ,a = 1  / ,α = π 6  , ,β = 0 9  ,ζ = 30  
b d= = 50
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All results obtained were programed and compared 
with those described in [7]. However, first, the sta-
tionary point within the framework of this problem 
cannot be calculated analytically, which reduces the 
accuracy of the calculations. Second, when searching 
for stationary points, “blind zones” for calculations 

appear, i.e., observation points for which the point 
of the stationary phase cannot be determined using 
the described methods. For example, in the plane 

const,obsζ =  where obsζ  is the distance from the 
top surface of the prism (Fig. 1), areas (with a peak 
field value) can be seen where the stationary point is 
not located. The further the plane is from the prism 
surface, the larger the area. Such a blind zone is pre-
sented in Fig. 2.

Let us compare the electric field obtained using the 
stationary phase method and by considering the ray 
tube, for lines constζ =  and const.ξ = The distribu-
tion pattern of the field amplitude in space is iden-
tical, and the field magnitude is of the same order. 
However, with increasing distance from the prism 
within the framework of the geometric optics ap-
proximation and increasing the dielectric permeabil-
ity at peak values, the discrepancy in field strength 
can be up to 15 %.

Both approaches correctly reflect the structure and 
direction of the field, but the stationary phase meth-
od provides a smoother solution.

Figure 3 shows a comparison of the field at vari-
ous charged particle velocities and distances from the 
prism surface.

2. Calculation of caustics
According to [11], caustics can be calculated (or 

their absence can be shown) using equations for the 
cross section of the ray tube D(l). For this purpose, 
the equation ( )D l = 0  must be solved together with 
the system of ray path equations. Let us consider 
three dielectric objects: a cone, a prism, and a sphere 
(Fig. 4). The source of radiation, as before, is a moving 
point charge. Geometric–optical solutions to these 
problems, as well as equations for the cross section 
of the beam tube, are given in [2; 7; 12], respectively.

Calculating caustics for a cone with a channel 
(Fig. 4, left) is not difficult. Because 

'
( ) cos tD l ρ

ρ
= θ  [2], 

the solution is as follows:

, ,t n nπ
θ = + π ∈

2
  (11)

.ρ = 0

Thus, caustics can form on the surface of the cone 
at the limiting angle of total internal reflection or on 
the axis of the cone. Both situations are of no practi-
cal interest.

For a prism (Fig. 4, center), the situation is also 
quite simple. The equation for the cross section of the 
ray tube is as follows [7]:
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Fig. 3. Comparison of two methods for Fourier transform electric field magnitude measured in V s / m⋅  for prism where: q = 1  nC, ,ε = 4  
/ ,a c= ω  / ,α = π 6  b d a= = 50

Рис. 3. Сравнение результатов, полученных методом стационарной фазы и методом геометрической оптики, для Фурье-образа 
электрического поля в Â ñ / ì⋅  для призмы с параметрами: q = 1  нКл, ,ε = 4  / ,a c= ω  / ,α = π 6  b d a= = 50

Fig. 4. Considered dielectic objects in central plane cross section with main notations
Рис. 4. Центральное сечение рассматриваемых диэлектрических объектов
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During the generation of Cherenkov radiation, 
sin pθ  takes real positive values, so Eq. (13) cannot be 
satisfied that indicates the absence of caustics.

For a sphere (Fig. 4, right), the equation for the ray 
tube cross section has the following form [12]:
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The quadratic equation ( )D l = 0  has two solutions:
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where ( , , )R θ ϕ  and ( ', ', ')R θ ϕ  are the spherical coor-
dinates at the observation point and the point on the 
sphere surface, respectively.

To determine the relationship between the coor-
dinates of the caustic points, we use the following 
equation for the ray length:

( )' 'cos ' .l R R RR= + − θ− θ2 2 2  (16)

Because of the cylindrical symmetry of the prob-
lem, it is sufficient to consider a section through 
the channel axis, and without loss of generality, we 
can proceed from the surfaces of the caustics to the 
lines they formed in the section under consideration. 
Hereinafter, such lines will be called caustic lines. Let 
us first determine whether such lines are located on 
the rays. For this purpose, we use the initial condi-
tion that at the point of the ray exiting the sphere, we 
have ,l = 0  ',R R=  and '.θ = θ  In this case, we obtain 
two solutions of Eq. (15), 1) a nonphysical solution 

' ,nθ = π  0,n =  1,±  2,±  … and 2) a solution suggested 
by the geometry of the problem, namely, the condi-
tion ' ,i pθ = θ + θ  where the sign of iθ  is determined 
by the position relative to the normal (positive on the 

left and negative on the right if viewed on the sphere 
in Fig. 4). Considering Snell’s law sin tθ = sin ,iε θ  
we obtain the following final equation for the ray exit 
points from the sphere:

' arcsin , , , , ...p n nθ = θ ± + π = ± ±
ε

1 0 1 2  (17)

The rays emitted from the resulting points cut off 
the areas with the intersections of the rays from the 
side of the sphere, as shown in Fig. 5. Now, we need 
to determine the curved lines of the caustics, which 
are clearly visible in Fig. 5 with simulated rays.

If the caustics are not located on the rays, the ini-
tial conditions cannot be applied to determine them, 
and a different approach is required. To begin with, 
we connect ,θ  ',θ  and R  from the three Eqs. (15)–(16) 
above, containing l:
R =  (18)

( )
( )

( )cos sin
' cos ' sin ' ,

sin
t i

t i

R
 θ θ = θ− θ ± − θ− θ
 θ − θ  

4 2
2

2

R =

( )
( )

( )sin '' cos ' sin ' .
sin t i

R
 θ = θ− θ ± − θ− θ
 θ − θ 

2
2

2

However, to construct caustic lines, a connection 
of R and θ  is required, and the angles ,tθ  iθ  are ex-
pressed through 'θ  and the constants of the problem. 
Therefore, we will use the ray equation as an addi-
tional equation:
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Here, ,κ  * ,κ
  and N



 are the vectors directed along 
the incident and refracted rays and the normal re-
stored at the point of incidence, respectively.

Because of the transformations and considering 
the cylindrical symmetry of the problem, we obtain 
the following equation:
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Fig. 5. Dielectric ball caustics for case of ,ε = 4  , .β = 0 999  Thin (red in online version of the article) lines are rays and thick (blue in online 
version of the article) lines show caustics
Рис. 5. Каустики шара. Для примера рассмотрен случай с ,ε = 4  , .β = 0 999  Тонкими (красными в онлайн-версии статьи) линиями 
изображены лучи, жирными (синими в онлайн-версии статьи) – вычисленные линии каустик
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The equation for connecting points is a complex 
transcendental equation, so the problem of deter-
mining points on the caustic line was solved numeri-
cally when only the points that obeyed Eqs. (18) and 
(23) were selected simultaneously. In Fig. 5, thick 
blue lines indicate caustics (located on the rays and 
curves), and thin red lines indicate the rays emitted 
from the sphere, for clarity.

Conclusion
The use of geometric optics, which involves deter-

mining the path of rays and the expansion of beam 

tubes, allows for improved visualization of the field 
for complex cases compared with the stationary 
phase method. In addition, after obtaining the cross 
section of the beam tube, the wave field can be fur-
ther examined for the presence of caustics, the analy-
sis of which enables us to determine the weak points 
of the geometric–optical approach. The use of geo-
metric optics is often less labor-intensive than calcu-
lating aperture integrals using the stationary phase  
method.
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Аннотация – Нахождение электромагнитного поля, возбуждаемого зарядом, пролетающим вблизи диэлектрического 
объекта, является одной из важных задач теории излучения заряженных частиц. Нередко необходимо знать главным 
образом поле излучения в геометрооптической области. В настоящей статье на примере диэлектрической призмы 
большого (в масштабе рассматриваемой длины волны) размера сравниваются два подхода к решению подобной задачи. 
Один из них основан на применении геометрической оптики, а другой – на асимптотическом расчете «апертурных 
интегралов». Показано, что в геометрооптической области первый способ обладает рядом преимуществ. Например, 
выражение для сечения лучевой трубки, получаемое при использовании геометрической оптики, позволяет вычислять 
каустики или показывать их отсутствие, что и продемонстрировано в статье на примере трех объектов различной формы.

Ключевые слова – излучение Вавилова – Черенкова; геометрическая оптика; метод стационарной фазы; лучевая трубка; 
каустики.
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