Physics of Wave Processes and Radio Systems
2023, vol. 26, no. 1, pp. 49-57

DOI 10.18469/1810-3189.2023.26.1.49-57

Received 16 December 2022
Accepted 17 January 2023

Comparison of geometric optics and «aperture» methods
for calculation of the electromagnetic radiation caused
by charged particles flying by dielectric objects

Ekaterina S. Belonogaya® ®, Dmitriy S. Klyuev?

1 Saint Petersburg University
7-9, Universitetskaya Embankment,
Saint Petersburg, 199034, Russia
2 Povolzhskiy State University of Telecommunications and Informatics
23, L. Tolstoy Street,
Samara, 443010, Russia

Abstract - Calculation of the electromagnetic field exited by a charged particle flying close to dielectric object is one of the
important problems of charged particle radiation theory. In some cases, geometric optics area is preferable for calculations. In the
article, two methods of solution of such problem with dielectric prism possessing large size (in comparison with the wavelength
under consideration) are considered. One of them is based on geometric optics method, another one is based on asymptotics of
«aperture» integrals. It is shown that, in geometric optics area, the first method has a series of advantages. For example, ray tube
cross-section expression obtained within geometric optics method allows one to find caustics or to show their abscence, which

is demonstrated in the article for three objects of various shapes.
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Introduction

A problem in the physics of wave processes is
determining the electromagnetic field excited by a
charged particle or a collection of particles flying past
or through a certain dielectric object. As a rule, exact
solutions to such problems cannot be constructed
because they are cumbersome, poorly interpreted,
and require labor-intensive calculations. Simultane-
ously, numerical calculations require large computer
resources. For this reason, most problems are solved
using an approximation.

This article discusses in detail the application of
the stationary phase method to aperture integrals,
which provide a solution in the case of large (on the
wavelength-scale) objects, including those in the geo-
metric-optical region. This approach has some dif-
ficulties; namely, systems of equations for finding the
saddle point can often be solved only numerically, the
second derivatives of the integrands for calculating
the determinant turn out to be too cumbersome, etc.
In contrast, when the saddle point is found for a sin-
gle integral, the stationary phase method greatly sim-
plifies the problems [1].

An alternative to this approach is geometric-opti-
cal calculation [2] based on the method for reflected
rays described by V.A. Fok [3]. The essence of this
method can be described in several steps. First, the
field excited inside an object without external bound-
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aries is calculated. Second, the field at the external
boundary of the object is determined using Fresnel
coefficients. Finally, the path of the rays and the ex-
pansion of the ray tubes in the area outside the object
are considered.

Inverse problems exist, where the properties of the
medium are determined based on the change in the
field after reflection or transmission [4-6].

This work compares two approaches for determin-
ing the field in the geometric-optical region using
the example of a problem with a dielectric prism, as
described in Section 1, and calculates caustics in Sec-
tion 2 for some of the most common dielectric objects
based on the use of equations for ray tube expansion.
All studies were performed for the Fourier transform
of the electric field (the calculation of the field itself,
which reduces to the calculation of the correspond-
ing inverse Fourier integral, is beyond the scope of
this work).

1. Advantages of the geometric-
optical method

Let us consider the advantages of the geometric-
optical method using the following problem as an
example. A particle with charge q and speed V =p¢
(where ¢ is the speed of light) at a distance a from
its lower boundary travels along the boundary of a
dielectric prism with dielectric permeability ¢ and
magnetic permeability u=1. The size of the prism
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Fig. 1. Central cross-section of the prism with main notations

Puc. 1. LleHTpanbHoe ceyeHHEe IPU3MBI C OCHOBHBIMHU 0603HAYEHUSIMHU

is considered large compared to the wavelength un-
der consideration. The prism is located in a medium
in which differences from vacuum are unsubstantial
(Fig. 1). We assume that radiation is emitted only from
a rectangular region centered at a point (x.,y.,z,)
with sides d and b parallel to the axes & and 1, re-
spectively; accordingly, the remainder of the prism is
closed to radiation.

A geometric-optical solution is known for this
problem [7]. Let us further consider the aspects of
solving this problem using the “aperture” method
(i.e., the method based on the Stratton-Chu equa-
tions). This solution is much more general because it
enables the determination of the field in areas where
geometric optics is invalid. However, this method
also has certain disadvantages if the task consists of
analyzing the field only in the region where geomet-
ric optics is valid.

The field components obtained using the aperture
methods are seen in [8]. They have the following form:
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The dashed line marks the coordinates of the prism
surface (integration variables). For clarity, the electric
field strength is divided into two components, as indi-
cated by the superscripts (e) and (h), and the integrand
functions depend on the electric and magnetic field
strength on the prism surface. The projections E and
H of the electromagnetic field in the integrands de-
note the field on the upper outer surface of the prism
(they are given in [8]). In Egs. (1) and (2), the following
notations are used: k=w/c is the wave number; i is
the imaginary unit, A&'= £-&', An'=n-n', R'=
=(&''m",0), and G(|AR'|) is Green’s function:
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To calculate the integrals of Egs. (1) and (2), the sta-

tionary phase method can be used. N-fold integrals
with a large positive parameter of the form Q
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where d; is the eigenvalue of the matrix
82q
OX;50X g
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and x;; are the coordinates of the stationary point. To
determine these coordinates, we must determine the
points of simultaneous zeroing of the derivatives of
the phase of the integrand with respect to &', n'.

In Egs. (1) and (2), considering the field on the
prism surface, equations for which are given in [8],
a phase is identified that is identical for all compo-
nents, which are sixfold:
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The results of differentiating the imaginary part of
the phase @ are presented below:
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The stationary point is the solution of the follow-
ing system of equations with respect to (§',1"):
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This nonlinear system of equations can be solved
numerically. For the problem under considera-
tion, Newton’s method was chosen for the greatest
convenience.

Newton’s method involves searching for a solution
over a certain number of iterations until the absolute
difference between the new and previous values is
less than a predetermined threshold.

To solve the system [ ! ] =0, we use the following

2
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where Bﬁln = i;Hl —a'n and 61];1 :n;z+l _n'n are chang-

es in the values of the required points at the n-th step,
respectively. These changes are easy to calculate
using Cramer’s method, and the result can then be
compared with a predetermined value. To stop recur-
rence, both increments in absolute value must be less
than a predetermined threshold. It is also necessary
to set the starting point (<";'0,n'0), for example, at the
origin with a slight offset.

The results of differentiating f;, f, are given
below:
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Fig. 2. Example of «blind spot» for stationary phase points
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All results obtained were programed and compared
with those described in [7]. However, first, the sta-
tionary point within the framework of this problem
cannot be calculated analytically, which reduces the
accuracy of the calculations. Second, when searching
for stationary points, “blind zones” for calculations

appear, i.e., observation points for which the point
of the stationary phase cannot be determined using
the described methods. For example, in the plane
Cops =const, where ( ,  is the distance from the
top surface of the prism (Fig. 1), areas (with a peak
field value) can be seen where the stationary point is
not located. The further the plane is from the prism
surface, the larger the area. Such a blind zone is pre-
sented in Fig. 2.

Let us compare the electric field obtained using the
stationary phase method and by considering the ray
tube, for lines { =const and § = const. The distribu-
tion pattern of the field amplitude in space is iden-
tical, and the field magnitude is of the same order.
However, with increasing distance from the prism
within the framework of the geometric optics ap-
proximation and increasing the dielectric permeabil-
ity at peak values, the discrepancy in field strength
can be up to 15 %.

Both approaches correctly reflect the structure and
direction of the field, but the stationary phase meth-
od provides a smoother solution.

Figure 3 shows a comparison of the field at vari-
ous charged particle velocities and distances from the
prism surface.

2. Calculation of caustics

According to [11], caustics can be calculated (or
their absence can be shown) using equations for the
cross section of the ray tube D(l). For this purpose,
the equation D(I)=0 must be solved together with
the system of ray path equations. Let us consider
three dielectric objects: a cone, a prism, and a sphere
(Fig. 4). The source of radiation, as before, is a moving
point charge. Geometric-optical solutions to these
problems, as well as equations for the cross section
of the beam tube, are given in [2; 7; 12], respectively.

Calculating caustics for a cone with a channel
(Fig. 4, left) is not difficult. Because D(l) = gcos 0, [2],

the solution is as follows:

0 (11)

T
, =—+mn, neiz,
2

p=0.

Thus, caustics can form on the surface of the cone
at the limiting angle of total internal reflection or on
the axis of the cone. Both situations are of no practi-
cal interest.

For a prism (Fig. 4, center), the situation is also
quite simple. The equation for the cross section of the
ray tube is as follows [7]:
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Fig. 3. Comparison of two methods for Fourier transform electric field magnitude measured in V-s/m for prism where: g=1 nC, ¢=4,
a=c/o, a=n/6, b=d=50a

Puc. 3. CpaBHeHUe pe3yabTaTOB, MOTyYEeHHBIX METO/IOM CTAllMOHAPHOM $pasbl U METOMOM reOMEeTPUYeCKON onTuKH, it Oypbe-o6pasa
9JIEKTPUYECKOTO Mot B B-c/M mnis mpusmel ¢ mapamerpamu: =1 uKn, ¢=4, a=c/o, a=n/6, b=d=50a

Fig. 4. Considered dielectic objects in central plane cross section with main notations
Puc. 4. LleHTpanpHOe ceyeHHe pacCMaTPUBAEMbIX AUAIEKTPUIECKUX OOBEKTOB
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During the generation of Cherenkov radiation,
sin Op takes real positive values, so Eq. (13) cannot be
satisfied that indicates the absence of caustics.

For a sphere (Fig. 4, right), the equation for the ray
tube cross section has the following form [12]:
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The quadratic equation D(l)=0 has two solutions:
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where (R,0,9) and (R',0',¢') are the spherical coor-
dinates at the observation point and the point on the
sphere surface, respectively.

To determine the relationship between the coor-
dinates of the caustic points, we use the following
equation for the ray length:

l=\/R2+R'2—2RR'cos(9—6'). (16)

Because of the cylindrical symmetry of the prob-
lem, it is sufficient to consider a section through
the channel axis, and without loss of generality, we
can proceed from the surfaces of the caustics to the
lines they formed in the section under consideration.
Hereinafter, such lines will be called caustic lines. Let
us first determine whether such lines are located on
the rays. For this purpose, we use the initial condi-
tion that at the point of the ray exiting the sphere, we
have [=0, R=R', and 6=0". In this case, we obtain
two solutions of Eq. (15), 1) a nonphysical solution
0'=mn, n=0, +1, +2, .. and 2) a solution suggested
by the geometry of the problem, namely, the condi-
tion 0'=0; +6,, where the sign of 0; is determined
by the position relative to the normal (positive on the

left and negative on the right if viewed on the sphere
in Fig. 4). Considering Snell’s law sin6, = x/gsinei,
we obtain the following final equation for the ray exit
points from the sphere:

.1
9':9piarcsm—+nn, n=0,+1,%+2, ... (17)
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The rays emitted from the resulting points cut off
the areas with the intersections of the rays from the
side of the sphere, as shown in Fig. 5. Now, we need
to determine the curved lines of the caustics, which
are clearly visible in Fig. 5 with simulated rays.

If the caustics are not located on the rays, the ini-
tial conditions cannot be applied to determine them,
and a different approach is required. To begin with,
we connect 0, 0', and R from the three Egs. (15)-(16)
above, containing I:

R= (18)
=R’ cos(O—@')i C()'S:et—smzei—sinz(e—e') ,
sin (e[—ei)
. L
=R’ cos(G—G')i Sin—Zev—sinZ(e—G') .
sinz(et—ei)

However, to construct caustic lines, a connection
of Rand 0 is required, and the angles 0,, 0; are ex-
pressed through 0' and the constants of the problem.
Therefore, we will use the ray equation as an addi-
tional equation:

1 1

X=X Z—2Z

* - * ) (19)
I<X KZ
where [12]:
« sin0 sin(0, —0.) _
P —h 3 (_‘ ’)N, (20)
sin0; sin0;
N, cos@'sin@’
N= Ny =|sin@'sin0" |, (21)
N, cos0'
K, cos<p'sin9p
K=K, |=|sing smep (22)
K, cosGP

Here, K, Tc*, and N are the vectors directed along
the incident and refracted rays and the normal re-
stored at the point of incidence, respectively.

Because of the transformations and considering
the cylindrical symmetry of the problem, we obtain
the following equation:
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Fig. 5. Dielectric ball caustics for case of =4, B=0,999. Thin (red in online version of the article) lines are rays and thick (blue in online

version of the article) lines show caustics

Puc. 5. KaycTuku mapa. [/t mprMepa pacCMOTpeH cinydaii ¢ € =4, B=0,999. ToHKuMU (KpPaCHBIMU B OH/IAMH-BEPCUH CTATHH) THHUSIMU
M306paskeHbl JIyYH, XKUPHBIMH (CHHUMH B OHJIAHH-BEPCUU CTATHHU) — BEIYMCIEHHBIE TMHUU KayCTUK

R'sin0,

R dn(0,v0-0) 23

The equation for connecting points is a complex
transcendental equation, so the problem of deter-
mining points on the caustic line was solved numeri-
cally when only the points that obeyed Egs. (18) and
(23) were selected simultaneously. In Fig. 5, thick
blue lines indicate caustics (located on the rays and
curves), and thin red lines indicate the rays emitted
from the sphere, for clarity.

Conclusion

The use of geometric optics, which involves deter-
mining the path of rays and the expansion of beam

tubes, allows for improved visualization of the field
for complex cases compared with the stationary
phase method. In addition, after obtaining the cross
section of the beam tube, the wave field can be fur-
ther examined for the presence of caustics, the analy-
sis of which enables us to determine the weak points
of the geometric-optical approach. The use of geo-
metric optics is often less labor-intensive than calcu-
lating aperture integrals using the stationary phase
method.
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Science Foundation grant No. 18-72-10137.
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AnHomayug - HaxoXneHue 571eKTPOMATHUTHOTO MOJIsl, BO36Y>KIAEMOT0 3apPALOM, POJIETAIOLIMM BOIM3H JUSTIEKTPUIECKOTO
06BeKTa, SIBISETCS ONHOM M3 BaKHBIX 3alay TEOPHUU M3IyIeHUsl 3apsUKEHHBIX 9acThl. Hepenko HEOOXONMMO 3HATH [VIABHBIM
06pa3oM Mojie W3Iy4eHHs] B T€OMETPOONTHUYECKOM o6rmacTu. B HacTOsilied cTaThbe HA TNPUMEpE AUIIEKTPUYECKOU MPU3MBI
Gosbroro (B Macirabe paccMaTpUBaeMOM JUIMHBL BOJHBI) padMepa CPaBHUBAIOTCS [BA MMOAXOAA K peLIeHHI0 Mof06HOM 3amadn.
OnuH M3 HUX OCHOBAH HAa NPUMEHEHWM [eOMETPUYECKOH ONTHKH, a APYroi — Ha aCHMITOTHYECKOM pacueTe «amepTyPHBIX
uHTerpanos». [1oKazaHo, 4TO B [eOMETPOONTHYECKOM 06/acTH MepBbli Cnoco6 obnafaeT psaaoM MperMyliecTB. Hampumep,
BBIP2XKEHUE [UIs CEYEHUs JTy4eBOU TPyOKH, MOMy4aeMOe MPU UCIIOIBb30BAHUH F€OMETPUYECKON ONTHUKH, MO3BOJIAET BHIYMCIIATD
KayCTHKH WX [IOKa3bIBaTh UX OTCYTCTBUE, YTO U IPOAEMOHCTPHUPOBAHO B CTAThE HA IPUMepe TPeX 06bEKTOB PasInYHOM GOPMBL.

Kniouesvle cnosa — uanydenne Basunosa - YepeHKOBa; reOMeTpUYECKas ONITHKA; METOJ CTALLMOHAPHOM $asbl; TyueBas TpyoKa;
KayCTHKH.
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