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Abstract –Interaction of an electromagnetic wave, as the determined wave process spreading in an atmosphere and 
atmospheric turbulence, as stationary stochastic wave process is considered. The differential equation for eikonal fluctuations 
of an electromagnetic wave is received. On basis of this equation the occurrence of amplitude and a phase fluctuations of an 
electromagnetic wave at distribution of a radio signal into a turbulent atmosphere is investigated. In particular the differential 
equations for fluctuations of amplitude and a phase of the electromagnetic wave caused by turbulent pulsations of a parameter 
of an atmosphere refraction are received and solved. Fourier-spectra of two-point correlations of a parameter of an atmosphere 
refraction, amplitude and a phase of an electromagnetic wave are considered. Are received also by a method of introduction of 
Green’s function the differential equations for these correlations are solved. On basis of the analysis of various wave ranges of 
an atmospheric power spectrum of turbulence the dependences of amplitude and a phase Fourier-spectra of a radio signal on 
parameters of an electromagnetic wave and turbulence of an atmosphere are found.

Keywords – atmospheric turbulence; radio wave; amplitude and phase fluctuations; two-point turbulent correlations; 
turbulence spectrum.

Introduction
Random changes in atmospheric parameters 

have a significant impact on the operation of radio 
lines  [1]. The properties of radio lines in the tropo-
sphere, stratosphere, and ionosphere are determined 
by many parameters, including solar activity, thermal 
regimes [2; 3], air humidity [4; 5], and medium density. 
High-quality radio signal transmission is the main 
goal of the development of communication networks 
in the Russian Federation [6]. Random turbulent air 
fluctuations play an important role in high-quality 
radio signal transmission.

In this study, based on the model of interaction 
between the deterministic wave process of propa-
gation of a radio wave transmitting an information 
signal in a turbulent atmosphere and the stochastic 
wave process of atmospheric turbulence [7], we con-
sider the fluctuations (or pulsations) in the amplitude 
and phase of an electromagnetic wave that affect the 
quality of the received radio signal. In radiophysics, 
the term fluctuation is commonly used, whereas the 
theories of turbulence more often use the term pul-
sations. In this study, we assume that fluctuations 
in radio wave parameters arise from atmospheric 
turbulence.

1. Fluctuations in electromagnetic 
wave eikonal

In Ref. [7], the equation for the electric field in an 
electromagnetic wave is expressed in the following 
form:

curlcurl ,k =D E2  (1)

where ( )n′= +D E1 2  is the electric field induction [7], 
E is the electric field strength, n′  is the turbulent 
pulsations of the refractive index of the atmosphere, 
and k is the wave vector of the electromagnetic wave.

By substituting the quantity ( )n′= +D E1 2  into 
Eq.  (1) and using the well-known vector analysis 
equation, we obtain k k n′+ ≈E E2 22 graddiv .−∆ +E E  
By neglecting the second term on the right side, in 
accordance with the equation div ,=D 0  we derive 
the following expression:

.k k n′∆ + ≈ −E E E2 22  (2)

For any Cartesian component E of vector E, Eq. (2) 
can be presented in scalar form, as follows:

.E k E k n E′∆ + ≈ −2 22  (3)

Similar to Ref. [7], we assume that, for some con-
ditionally allocated volume V (Fig. 1) with turbulent 
pulsations of the atmosphere, a plane electromagnet-
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Fig. 1. Interaction of a plane electromagnetic wave in volume V 
with wave fluctuations Å′  arising due to turbulent pulsations
Рис. 1. Взаимодействие плоской электромагнитной волны в 
объеме V с флуктуациями волны Å′ , возникающими за счет 
турбулентных пульсаций

ic wave is incident to the electric field strength in the 
wave, which can be expressed as follows:

,iA e= kXE p0 0  (4)

where X is the coordinate of propagation of the inci-
dent wave; p is the unit vector in the plane of oscil-
lation of vector E0 perpendicular to the direction of 
wave propagation, i.e., wave vector k; A0 is the wave 
amplitude; and kX is the wave phase. Volume V is in 
the region X > 0, and plane X = 0 is the left boundary 
of this volume.

Because of the influence of turbulent pulsations in 
volume V, the scalar components of the electric field 
in this volume can be expressed as follows:

,iSE Ae eϕ= =  (5)
where A is the amplitude of the electromagnetic 
wave, S is its phase, and

ln A iSϕ = +  (6)
is the so-called eikonal of an electromagnetic wave, 
which, for the incident wave ,E0  has the form 

ln .A iSϕ = +0 0 0
Eikonal fluctuations due to turbulent pulsations 

can be determined using the following equation:

( )ln ,A i S S iS
A

 
′ ′ ′ϕ = ϕ−ϕ = + − = χ +  

 
0 0

0
 (7)

where the parameter ( )ln /A A′χ = 0  characterizes the 
amplitude fluctuations and the magnitude S S S′ = − 0  
characterizes the phase fluctuations of the electro-
magnetic wave due to turbulent pulsations.

Considering ,′ϕ = ϕ + ϕ0  and therefore, E = e ′ϕ +ϕ0  
from the Eq. (2), we obtain the following expression:

( ) ( ) .k k n′ ′ ′∆ ϕ + ϕ +∇ ϕ +ϕ + = −2 2 2
0 0 2  (8)

In accordance with Eq. (4), the eikonal of the in-
cident wave is ϕ =0 ln ;A ikX+0  therefore, ik∇ϕ =0  
and ,∆ϕ =0 0  and Eq. (8) is transformed into the fol-
lowing form:

( ) .ik k n′ ′ ′ ′∆ϕ + +∇ϕ ∇ϕ = − 22 2  (9)

Eq. (9) is a nonlinear equation. However, consider-
ing the smallness of the turbulent pulsations of the 
eikonal ,′ϕ  we assume that ik ′∇ϕ2   and the equa-
tion of the eikonal fluctuations of Eq. (9) can be ex-
pressed in linear form, as follows:

.ik k n′ ′ ′∆ϕ + ∇ϕ = − 22 2  (10)
Let us apply Eq. (10) to a specific geometry (Fig. 1). 

The direction along the X coordinate is preferred be-
cause an electromagnetic wave propagates along this 
direction. Fluctuations of the eikonal ( )Õ′ϕ  along 
the X-axis can be considered the result of the super-

position of scattered waves in the dX layer of volume 
V on the electromagnetic wave (Fig. 1). Then, Eq. (10) 
can be rewritten as follows:

,ik k n
Õ
′∂ϕ′ ′∆ϕ + = −

∂
22 2  (11)

where

.
Y Z

′ ′∂ ϕ ∂ ϕ′∆ϕ = +
∂ ∂

2 2

2 2

Discarding / ,X′∂ ϕ ∂2 2  we assume that the main 
influence on the electromagnetic wave is exerted by 
scattered waves Å′  inside the flat layer dX (Fig. 1). 
At the front of a plane electromagnetic wave, partial 
scattering of this wave occurs because of turbulent 
fluctuations. The scattered waves immediately add 
up to a wave propagating along the X-axis. This ad-
dition occurs in a narrow dX layer at the wavefront.

Using Eq. (7) and accepting ,n n in′ = +1 2  we ob-
tain the equations for the real and imaginary parts of 

iS′ ′ ′ϕ = χ +  as follows:

,Sk k n
Õ
′∂′∆χ − = −

∂
2

12 2  (12)

,S k k n
Õ
′∂χ′∆ + = −

∂
2

22 2  (13)

where

.
Y Z

∂ ∂
∆ = +

∂ ∂

2 2

2 2

Based on the system expressed in Eqs. (12) and (13), 
and by determining the Laplacian Δ on the left and 
right sides of these equations, we obtain separate 
equations for ′χ  and S′  as follows:

,
n

k k n k
XÕ

   ∂∂ ′ ∆ + χ = − ∆ +   ∂∂   

2
2 2 2 2

12
4 2 2  (14)
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.
n

k S k n k
XÕ

   ∂∂ ′ ∆ + = − ∆ −   ∂∂   

2
2 2 2 1

22
4 2 2  (15)

We consider the turbulent pulsations of the refrac-
tive index to be a real value so that .n =2 0  Therefore, 
the previous equations are simplified as follows:

,k k n
Õ

 ∂ ′ ∆ + χ = − ∆
 ∂ 

2
2 2 2

12
4 2  (16)

.
n

k S k
XÕ

  ∂∂ ′ ∆ + =
  ∂∂ 

2
2 2 3 1

2
4 4  (17)

2. Two-point turbulent correlations
Let us consider the two-point correlation relation-

ships between the amplitude pulsations of the elec-
tromagnetic wave and the turbulent pulsations of the 
refractive index of the atmosphere for points X1 and 
X2 along the X-axis (Fig. 1). For this purpose, we de-
rive Eq. (16) for points X1 and X2 and multiply these 
equations, as follows:

k k
Õ Õ

  ∂ ∂  ∆ + ∆ + ×
  ∂ ∂  

2 2
2 2 2 2

2 2
1 2

4 4  (18)

( ) ( ) ( ) ( ) ,X X k n X n X′ ′× χ χ = ∆4 2
1 2 1 1 1 24

where the angle brackets denote the spatial averaging.
To solve Eq. (18), we present the two-point corre-

lation functions nnB = ( ) ( )n X n X1 1 1 2  and Bχχ =  
( ) ( )X X′ ′= χ χ1 2  using the Fourier transform 

on the Fourier spectra of turbulent fluctuations 
( ), ,nnF X X1 2ζ  and fluctuations of the electromag-

netic wave amplitude ( ), , ,F X Xχχ ′k 1 2  as follows:

( ), , ,i
nn nnB e F X X d−= ∫ 1 2

ζρ ζ ζ  (19)

( ), , ,iB e F X X d′−
χχ χχ ′ ′= ∫ k k k1 2

ρ  (20)

where ′k  is the wave vector of electromagnetic fluc-
tuations, ζ  is the wave vector of turbulent pulsations, 
ρ  are the radii vectors with the beginning at points 
on the X-axis in the planes of (Y, Z), whose mod-

ules are calculated using the equation Y Zρ = +2 2  
(Fig. 1).

By substituting Eqs. (19) and (20) into Eq. (18), we 
obtain the following expression:

.k k
Õ Õ

  ∂ ∂  ∆ + ∆ +
  ∂ ∂  
∫

2 2
2 2 2 2

2 2
1 2

4 4  (21)

Operators that do not depend on the integration 
parameters ′k  and ζ  are introduced under the inte-
gration sign.

Using i ie e− −∆ = ζ2 4ζρ ζρ  on the right side of Eq. (21) 
and /i ie k e′ ′− −∆ =k k2 4ρ ρ  on the left side, we obtain the 
following expression:

k k k k
Õ Õ

  ∂ ∂  ′ ′+ + ×
  ∂ ∂  
∫

2 2
4 2 4 2

2 2
1 2

4 4  (22)

( ), ,ie F X X d′−
χχ ′ ′× =k k k1 2

ρ

( ), , .i
nnk e F X X d−= ∆∫ 4 2

1 24 ζρ ζ ζ

At this stage of the analysis, the physical law of 
the influence of turbulent pulsations on the electro-
magnetic wave needs to be set. In further transfor-
mations, we assume that the correlations of turbulent 
pulsations are similar to those of electromagnetic 
wave parameters, which arise from turbulent pulsa-
tions. In particular,

,nnB Bχχ= µ  (23)

i.e.,

( )
( )

, ,

, , ,

i
nn

i

e F X X d

e F X X d

−

′−
χχ

=

′ ′= µ

∫
∫ k k k

1 2

1 2

ζρ

ρ

ζ ζ

where µ  is a constant scale proportionality factor.
Using Eq. (23), Eq. (22) can be rewritten as follows:

/ /k k
k kÕ Õ

     ∂ ∂     + + ×     ∂ ∂       
∫

2 22 2 2 2

2 2
1 2

2 2
 (24)

( )

( )

, ,

, , .

i

i
nn

e F X X d

e F X X d

′−
χχ

′−

′ ′× =

µ ′ ′= ζ∫

k

k

k k

k k

1 2

4
1 24

ρ

ρ

By equating the integrands, we obtain the follow-
ing expression:

k k
k kÕ Õ

     ′ ′∂ ∂     + + ×     ∂ ∂       

2 22 2 2 2

2 2
1 2

2 2
 (25)

( ) ( ), , , , .nnF X X F X Xχχ
µ′ ′× = ζk k4

1 2 1 24

By solving Eq. (25) under the initial condition 
( ), ,Fχχ ′ =k 0 0 0  (Fig. 1), we determine G using Green’s 

function, as follows:

( )

( ) ( )

, ,

, , , , , , , .
X X

nn

F X X

G X X F d d

χχ ′ =

µ ′ ′= ζ υ ξ υ ξ υ ξ∫ ∫

k

k k k
1 2

1 2

4
1 2

0 0
4

 (26)

where X1 and X2 are the observation coordinates of 
the two-point correlations on the X-axis and υ  and ξ  
are the coordinates of the source of the influence of 
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turbulence on the electromagnetic wave (Fig. 1) using 
the so-called influence function ( , , , , , ).G X X′ υ ξk k 1 2

Let us use the following property of the Dirac 
δ-function:

( ), ,nnF X X′ =k 1 2  (27)

( ) ( ) ( ), , .
X X

nnX X F d d′= δ − υ δ − ξ υ ξ υ ξ∫ ∫ k
1 2

1 2
0 0

Substituting Eqs. (26) and (27) into Eq. (25), we ob-
tain the following expression:
X X

k k
k kÕ Õ

     ′ ′∂ ∂     + + ×     ∂ ∂       
∫ ∫

1 2 2 22 2 2 2

2 2
1 20 0

2 2
 (28)

( ) ( )

( ) ( ) ( )

, , , , , , ,

, , .

nn
X X

nn

G X X F d d

X X F d d

′ ′× υ ξ υ ξ υ ξ =

′= δ − υ δ − ξ υ ξ υ ξ∫ ∫

k k k

k
1 2

1 2

1 2
0 0

From Eq. (28), we obtain the following auxiliary 
equation:

k k
k kÕ Õ

     ′ ′∂ ∂     + + ×     ∂ ∂       

2 22 2 2 2

2 2
1 2

2 2
 (29)

( ) ( ) ( ), , , , , .G X X X X′× υ ξ = δ − υ δ − ξk k 1 2 1 2

If X ≠ υ1  and ,X ≠ ξ2  i.e., outside the points of in-
fluence, and therefore, ( )Xδ − υ1 ( ) ,Xδ − ξ =2 0  then 
a particular solution to Eq. (29) can be expressed as 
follows:

( ), , , , ,G X X′ υ ξ =k k 1 2  (30)

( ) ( )
sin sin ,

k X k X
B

k k

′ ′− υ − ξ
=

2 2
1 2

2 2

where B is the integration constant.
Thus, the solution to Eq. (25) according to Eq. (26) 

has the following form:

( ) ( )
, , sin

X X
k X

F X X B
kχχ

′ − υµ′ = ζ ×∫ ∫k
1 2 2

14
1 2

0 0
4 2

 (31)

( ) ( )sin , , .nn
k X

F d d
k

′ − ξ
′× υ ξ υ ξk

2
2

2

Considering that χ  and n are dimensionless quan-
tities, and Fχχ  and nnF  have the same dimension, we 
select the integration constant B from the condition 

.B = 4
If at the wavefront X X L= =1 2  (Fig. 1), then the 

solution to Eq. (31) has the following form:

( ) ( )
sin

L L k X
F

kχχ
′ − υ

′ = µζ ×∫ ∫k
2

14

0 0
2

 (32)

( ) ( )sin , , ,nn
k X

F d d
k

′ − ξ
′× υ ξ υ ξk

2
2

2

where ( ) ( ), ,F L L Fχχ χχ′ ′=k k  is derived. Notably, 
a single point is considered along the X-axis to ob-
serve the effect of turbulent pulsations on an electro-
magnetic wave.

For a two-point correlation ( ) ( )SSB S X S X′ ′= 1 2  
characterizing fluctuations in the phase of an electro-
magnetic wave, Eq. (17) has the derivative /n X∂ ∂1  on 
the right side. Therefore, in Eq. (30) at the point X =1

,X L= =2  the sines for the Fourier spectrum of phase 
fluctuations are replaced by cosines, as follows:

( ) ( )
cos

L L

SS
k L

F
k

′ − υ
′ = µζ ×∫ ∫k

2
4

0 0
2

 (33)

( ) ( )cos , , ,nn
k L

F d d
k

′ − ξ
′× υ ξ υ ξk

2

2

where ( ) ( ), ,SS ssF L L F′ ′=k k  is also derived.
Because it is assumed that X =1 ,X L=2  a single 

coordinate of the source of the influence of turbu-
lence on the electromagnetic wave with the influence 
function G is also logically assumed, i.e., .υ = ξ  Con-
sequently, ( ), ,nnF ′ υ ξ =k ( ), .nnF ′ ξk

Eqs. (32) and (33) characterize the relationship be-
tween turbulent pulsations of the refractive index of 
the atmosphere and fluctuations in the amplitude 
and phase of the electromagnetic wave.

Let us perform some transformations in Eq. (32). 
We determine the integral of υ  as follows:

( ) ( ) ( )
/

sin
L L k L k LkF d

k kk
χχ

′ ′− ς − ς
= −µζ ×∫ ∫k

2 2
4

2
0 0

2
2 2

 (34)

( ) ( )

( ) ( )

sin ,

sin cos sin

nn

L

k L
F d

k

k L k Lk k L
k k kk

′ − ξ
′× ξ ξ =

 ′ ′− ξ − ξ′ζ  = µ − ×
 ′  
∫

k
2

2 24 2

2
0

2

2
2 2 2

( ) ( )

( ) ( )

, sin

sin sin , .

L

nn

nn

k LkF d
kk

k Lk F d
k k

 ′ − ξζ ′× ξ ξ = µ −
′ 

 ′ − ξ′ ξ   ′− − + ξ ξ
 

 

∫k

k

24

2
0

22

2
2

21
2 2 2

Given that L is close to ξ  but not equal to ,ξ  we 
can replace

( ) ( )
sin .

k L k L
k k

′ ′− ξ − ξ
≈

2 2

2 2

Notably, the main influence on the electromagnetic 
wave occurs immediately after it arrives in the turbu-
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lent region of volume V (Fig. 1). We use the condition 
,ξ → 0  therefore,

sin k k
k k
′ ′ξ ξ

≈
2 2

2 2
 and cos .k

k
′ ξ

≈
2

1
2

Thus, Eq. (34) is transformed into the following 
form:

( ) ( )L k LkF
kk

χχ

 ′ − ξζ ′ = µ −
′ 
∫k

24

2
0

2
2

 (35)

( ) ( )

( )

sin ,

sin

nn

L

k Lk F d
k k

k k k kL L
k k kk

 ′ − ξ′ ξ   ′− − + ξ ξ =
 

 

 ′ ′ ′ζ ξ= µ − ξ + − +
′ 
∫

k
22

4 2 2 2

2
0

21
2 2 2

2

( )

( )

cos ,

sin
cos

, .

nn

L

nn

k k L F d
k k

k L kkL L
L kk L

k
F d

′ ′ξ ′+ ξ ξ =



 ′
  ′ξ  = µζ − − − ×

  ′   
 
′× ξ ξ

∫

k

k

2 2

2
2

4
2

0

2

1 1
2

Similarly, from the Fourier spectrum of phase fluc-
tuations expressed in Eq. (33), we obtain the following 
equation:

( )SSF ′ =k  (36)

( )

sin
cos

, .

L

nn

k L kkL L
L kk L

k
F d

 ′
  ′ξ  = µζ + − + ×

  ′   
 
′× ξ ξ

∫

k

2
2

4
2

0

1 3
2

The condition ξ → 0  enables us to further simplify 
Eqs. (35) and (36), as follows:

( ) ( )
sin

, ,
L

nn

k L
kF L F d

k L
k

χχ

 ′
 
 ′ ′= µζ − ξ ξ
 ′
 
 

∫k k

2

4
2

0

1  (37)

( ) ( )
sin

, .
L

SS nn

k L
kF L F d

k L
k

 ′
 
 ′ ′= µζ + ξ ξ
 ′
 
 

∫k k

2

4
2

0

1  (38)

The analysis performed in Ref. [8] enables us to 
conclude that

( ) ( ),
L

nn nnF d F′ ′ξ ξ = π∫ k k
0

.

Hence,

( ) ( )
sin

,nn

k L
kF L F

k L
k

χχ

 ′
 
 ′ ′= πµζ −
 ′
 
 

k k

2

4
2

1  (39)

( ) ( )
sin

.SS nn

k L
kF L F

k L
k

 ′
 
 ′ ′= πµζ +
 ′
 
 

k k

2

4
2

1  (40)

If ,k L
k
′2

1  then, using the Taylor series expansion

sin ,k k k LL L
k k k

 ′ ′ ′
 ≈ −
 
 

32 2 2 3

6

we obtain the following expressions:

( ) k k LF L L
k kk L

k

χχ

 
   ′ ′  ′  = πµζ − − ×   ′     

 

k
32 2 3

4
2
11

6
 (41)

( ) ( ) ,nn nn
kF L F
k

 ′
′ ′ × = πµ ζ

 
 

k k
22

3 41
6

( )SS
k k LF L L
k kk L

k

 
   ′ ′  ′  = πµζ + − ×   ′     

 

k
32 2 3

4
2
11

6
 (42)

( ) ( ) .nn nnF L F′ ′× = πµ ζk k42

Thus, the Fourier spectrum of fluctuations in the 
amplitude of an electromagnetic wave is proportional 
to the cube of the distance traveled by the wave in a 
turbulent medium, proportional to the fourth power 
of the wave number of wave fluctuations, and inverse-
ly proportional to the square of the wave number of 
the wave. The Fourier spectrum of fluctuations in the 
phase of an electromagnetic wave is proportional to 
the first power of the distance traveled by the wave. 
The dependence of the fluctuation parameters of an 
electromagnetic wave on the wave number of the tur-
bulence is clarified in the subsequent section.

3. Influence of the energy spectrum 
of turbulence on the radio signal

The shorter the electromagnetic waves used for 
a  radio signal, the more they are affected by turbu-
lence, which is logical because, at shorter waves, their 
size approaches the size of turbulent fluctuations that 
distort the signal.
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Fig. 2. Spectrum of turbulence. Dependence of the turbulence  
energy on the wave number of turbulent pulsations
Рис. 2. Спектр турбулентности. Зависимость энергии турбу-
лентности от волнового числа турбулентных пульсаций

Eqs. (41) and (42) include the spectral function of 
pulsations of the wave number of the electromagnetic 
wave ( ) ( )~ .nnF F′k ζ  Initially, in Eq. (19), the spectral 
function nnF  used the dependence on the wave num-
ber of turbulence. We assume that the wave numbers 
of turbulent pulsations are similar to the fluctua-
tions in the wave number of an electromagnetic wave 

~ ′kζ  that arise from turbulent pulsations.
Determining the spectral function of turbulent 

pulsations is a complex and ambiguous task. First, 
pulsations of the refractive index n′  are determined 
by pulsations of air pressure p u′ ′= ρ 2  [9], where ρ  
is the average air density and ~u E′2  is the square 
of pulsations of the longitudinal air velocity, which 
is proportional to the turbulence energy [9]. Conse-
quently, nnB = ( ) ( ) ( )~ .n X n X E1 1 1 2 ζ  The rela-
tionship between the functions ( )F ζ  and ( )E ζ  was 
investigated by many well-known scientists, includ-
ing Heisenberg [10], Karman [11], Kovazhny [12], and 
Obukhov [9]. These scientists proposed various com-
munication equations. Stewart and Townsend [13] 
showed that the function

( )F d
ζ

ζ ζ∫
0

represents the product of two factors, the first of 
which is the integral from ζ  to ∞  and the other one 
is the integral from 0 to ,ζ  irrespective of the exact 
equation of these factors.

For isotropic turbulence, we limit ourselves to the 
relatively simple Kovazhny equation:

( ) ( ) ,F d E d
ζ ∞

ζ

 
 ζ ζ = − α ζ ζ ζ  
 

∫ ∫
3 3
2 2

0

22
3

 (43)

where α  is a constant.
In the turbulence spectrum (Fig. 2), as the wave 

number of turbulence ζ  increases, the size of the tur-
bulent vortices decreases. At the maximum of the tur-
bulence spectrum, there is a region of the so-called 
energy-containing turbulent vortices. Further along 
the spectrum of turbulent wave number ,ζ  i.e., small-
er vortices, there is the so-called inertial region of the 
spectrum. For the turbulence energy in the inertial 
region of the turbulence spectrum (Fig. 2), we employ 
the equations independently obtained by Kolmogo-
rov [14], Onsager [15], and Weizsäcker [16] to obtain 
the following expression:

( ) ,E C
−

ζ = ζ
5
3  (44)

where C is a quantity independent of the wave num-
ber of the turbulence .ζ

The inertial region of wave numbers is character-
ized by the fact that turbulence in this region is in 
statistical equilibrium, where the flow of energy from 
larger to smaller turbulent vortices is determined 
by the viscous dissipation of the smallest vortices. 
The smallest vortices are already beyond the inertial 
region, i.e., in the region described by Heisenberg’s 
law ~ .−ζ 7  The viscous dissipation of turbulent vor-
tices in the inertial region itself is insignificant. Tur-
bulence in the inertial region does not depend on ex-
ternal conditions.

If we substitute Eq. (44) into Eq. (43), then we ob-
tain ( ) const,F dζ ζ ζ =∫0  and therefore, ( ) ,F ζ = 0  
which, naturally, does not reflect the general proper-
ties of the spectrum for any turbulence wave number.

To obtain a more complete description of the spec-
tral function of turbulence than that expressed in 
Eq. (44), we use the result obtained by Kovazhny:

( ) ,E C
−  

 ζ = ζ −η ζ
 
 

25 4
3 3

1 11  (45)

where C1 and η  are quantities independent of the 
wave number of turbulent pulsations.

By substituting Eq. (45) into Eq. (43), we obtain the 
following expression:

( ) ( )F d E d
ζ ∞

ζ

 
 ζ ζ = − α ζ ζ ζ =  
 

∫ ∫
3 3
2 2

0

22
3

 (46)

C d

C d

∞ −

ζ

∞ −

ζ

    = − α ζ − η ζ ζ ζ ≈     
  
  ≈ − α ζ − η ζ ζ ζ =     

∫

∫

345 3
32 2

1 1

45 3
32 2

1 1

22 1 2
3

22 1 6
3
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.

Ñ

Ñ Ñ

−−   = − α ζ − η ζ ζ =    

= − α + α η ζ

13 3
62 2

1 1

4
3

1 1 1

2 22 36
3 3

8 48
9

Hence,

( ) .F Cζ ≈ α η ζ
1
3

1 164  (47)

We conclude that, in Eqs. (41) and (42), the depend-
ence on the turbulence wave number has the form 

/+ζ =4 1 3 / .ζ13 3  A detailed comparison of four differ-
ent spectral equations for turbulence energy is per-
formed in Ref. [17]. A rather strong influence on the 
electromagnetic wave of the turbulent atmosphere, 
up to more than the fourth power of the wave number 
of the turbulence, is noteworthy.

Conclusion
Based on the model of interaction between the de-

terministic wave process of propagation of electro-
magnetic waves in the atmosphere and the random 
wave process of turbulent pulsations of the atmos-
phere, the occurrence of fluctuations in the eikonal 
of an electromagnetic wave, which depends on the 
amplitude and phase of the wave and affects the qual-
ity of the transmitted radio signal, has been investi-
gated. The influence of turbulent pressure pulsations 
in the atmosphere leads to pulsations of the refrac-
tive index, which in turn leads to pulsations of the 
electromagnetic wave parameters, particularly eiko-
nal pulsations.

The resulting differential equation for eikonal 
fluctuations is split into two interrelated equations. 
Eq. (1) is for amplitude fluctuations, and Eq. (2) is for 
phase fluctuations.

Differential equations were derived for two-point 
turbulent correlations of the refractive index, with 
parameters depending on amplitude and phase 
fluctuations.

Using the Fourier transform and Green’s function 
method, a detailed solution to the differential equa-
tion for the parameter associated with the two-point 
correlation of turbulent fluctuations of the electro-
magnetic wave amplitude is obtained. A solution to 
the equation for the parameter associated with the 
two-point correlation of turbulent fluctuations in the 
phase of an electromagnetic wave is also presented. 
In this case, a physical assumption regarding the 
similarity of two-point correlations of turbulent pul-
sations and two-point correlations of fluctuations of 
electromagnetic wave parameters that arise from tur-
bulent pulsations was used.

The Fourier spectrum of the two-point correlation 
of pulsations of the amplitude of an electromagnetic 
wave is proportional to the cube of the distance trave-
led by the wave in a turbulent medium, proportional 
to the fourth power of the wave number of wave fluc-
tuations, and inversely proportional to the square of 
the wave number of the wave. The Fourier spectrum 
of the two-point correlation of phase fluctuations of 
an electromagnetic wave is proportional to the first 
power of the distance traveled by the wave.

The analysis performed, as well as the use of the 
turbulence energy spectrum, revealed that the de-
pendence of the Fourier spectra of the two-point cor-
relations of turbulent pulsations of the amplitude and 
phase of the electromagnetic wave is proportional to 
the wave number of turbulence to the power of 13/3.

In conclusion, a turbulent atmosphere has a rath-
er strong influence on the quality of radio wave 
transmission.
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Аннотация – Рассмотрено взаимодействие электромагнитной волны, как детерминированного волнового процесса, 
распространяющегося в атмосфере и атмосферной турбулентности, как стационарного стохастического волнового 
процесса. Получено дифференциальное уравнение для флуктуаций эйконала электромагнитной волны. На основе этого 
уравнения исследовано возникновение флуктуаций амплитуды и фазы электромагнитной волны при распространении 
радиосигнала в турбулентной атмосфере. В частности, получены и решены дифференциальные уравнения для флуктуаций 
амплитуды и фазы электромагнитной волны, вызванных турбулентными пульсациями показателя преломления 
атмосферы. Рассмотрены Фурье-спектры двухточечных корреляций показателя преломления атмосферы, амплитуды и 
фазы электромагнитной волны. Получены и методом введения функции Грина решены дифференциальные уравнения 
для этих корреляций. На основе анализа различных волновых диапазонов энергетического спектра атмосферной 
турбулентности найдены зависимости Фурье-спектров амплитуды и фазы радиосигнала от параметров электромагнитной 
волны и турбулентности атмосферы.

Ключевые слова – турбулентность атмосферы; радиоволны; флуктуации амплитуды и фазы; двухточечные турбулентные 
корреляции; спектр турбулентности.
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