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Abstract – The spatial characteristics of a four-wave radiation converter in a transparent heterogeneous polydisperse medium 
are studied in this paper considering the nanoparticle flow caused by the gravity action with a normal size distribution of particle. 
Three ranges of average nanoparticle radii (small, intermediate and large), for which different types of spatial spectra of the 
object waves are characteristic, are distinguished. Shown that in the range of small average nanoparticle radii an increase in the 
standard deviation leads to an increase in the half-width of the spatial frequency band cut out by a four-wave radiation converter 
from the spatial spectrum of the object wave. In the range of intermediate average nanoparticle radii an increase in the standard 
deviation can lead to both an increase and a decrease in the width of the «ring» cut out by a four-wave radiation converter. At 
large average nanoparticle radii a change in the standard deviation doesn’t affect the spatial selectivity of the four-wave radiation 
converter.
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Introduction
Interest in four-wavelength radiation converters 

(FRCs) is associated with the possibility of their use 
in solving many fundamental and applied problems, 
from transmitting information through optical wave-
guides and real-time image processing to creating 
single-photon sources for quantum computers and 
visualizing nanosized objects, including components 
of living cells and particles of noble metals [1–8]. In 
all of these problems, the accuracy of the FRC recon-
struction of the wavefront of the wave incident on it, 
i.e., the correspondence between the spatiotemporal 
structures of the incident (signal) and reflected (ob-
ject) waves, plays an important role.

FRC can be implemented in various nonlinear 
media, particularly heterogeneous media (e.g., sus-
pensions and colloidal solutions), which have a non-
resonant nonlinearity mechanism because of the cre-
ation of concentration and temperature gradients [9]. 
In heterogeneous media, high values of the nonlinear 
refractive index n2 are achievable, which enables the 
use of low-intensity laser radiation when creating 
FRC [10; 11].

If we take a colloidal solution of nanoparticles as a 
nonlinear medium, then the energy of particles in the 
Earth’s gravitational field is comparable to the ener-
gy of the thermal motion of liquid molecules [12; 13]. 
Therefore, when considering FRC implemented in 
such media, along with diffusion and electrostriction 

flows, the additional flow of nanoparticles caused by 
the action of gravity on them needs to be analyzed.

In Refs. [14–19], in the approximation of a small 
conversion coefficient, the spatial and temporal char-
acteristics of FRC in a monodisperse transparent 
heterogeneous medium were investigated. The influ-
ence of interaction geometry, angular and frequency 
shifts, divergence of pump waves, absorption of the 
medium, and gravity flow on the spatial selectivity of 
FRC was analyzed.

In real heterogeneous media, the size distribution 
of nanoparticles [4; 20–23] affects both the temporal 
[24] and spatial characteristics of FRC. In this regard, 
this study examines the spatial selectivity of FRC in 
a transparent polydisperse heterogeneous medium, 
considering the flow of nanoparticles caused by the 
action of gravity on them.

1. Spatial spectrum of an object 
wave considering the force of gravity 
acting on nanoparticles of the same 

size in a transparent liquid
Let us consider the stationary mode of FRC opera-

tion in a transparent liquid with nanoparticles dis-
solved in it in a scheme with counterpropagating 
pump waves [17]. Two plane pump waves are incident 
on a horizontal layer of the medium located between 
the planes z = 0 and z = 1, propagating parallel to the 
Z-axis toward each other, with amplitudes A1 and A2 
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and a signal wave with amplitude A3. Because of a de-
generate four-wave interaction, an object wave with 
amplitude A4 appears, propagating toward the signal 
wave, with a wavefront facing the signal wavefront.

In the approximation of a given field over pump 
waves and a small conversion factor, the intensity of 
radiation propagating in a nonlinear medium can be 
represented by the sum of the intensities of the pump 
waves and the terms because of the interference of 
the first pump wave and the signal wave. The spatial 
heterogeneity of radiation intensity as a result of dif-
fusion, electrostriction, and the effect of gravity on 
nanoparticles leads to a spatial change in the con-
centration of nanoparticles. Because of the Dufour 
effect, a spatial change in the medium temperature 

Tδ  also occurs. At particle concentrations less than 
1012 cm−3 [4; 25], the change in the refractive index is 
determined mainly by the change in temperature, as 
follows:

d ,
dl

nn n T
T

≈ + δ 	 (1)

where n1 is the refractive index in the absence of ra-
diation and (dn/dT) is the thermo-optical coefficient.

In Ref. [17], for a heterogeneous monodisperse non-
linear medium consisting of a transparent liquid and 
nanoparticles, under the condition of quasi-collinear 
propagation of interacting waves, an analytical ex-
pression that describes the relationship between 
the spatial spectra of the object ( ),A mκ4

  and sig-
nal ( )A κ30

  waves on the upper face of the nonlinear 
layer, considering the force of gravity acting on nano-
particles, was obtained, as follows:
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where k is the wave number; κ  is the spatial frequen-
cy of the object wave; A10 and A20 are the amplitudes 
of pump waves 1 and 2 on the upper and lower faces 
of the nonlinear layer, respectively; P is the phase 
shift that occurs when pump waves propagate in a 
nonlinear medium; D11 and D12 are the thermal con-
ductivity and diffusion coefficients, respectively; D12 
and γ  are coefficients describing the Dufour effect 
and the phenomenon of electrostriction, respectively; 
m is the effective mass of one nanoparticle corrected 
for the Archimedes force; gz is the projection of the 
acceleration of gravity on the Z-axis directed verti-
cally; kB is the Boltzmann constant; and T0 is the tem-
perature of the medium in the absence of radiation.

Eq. (2) was obtained using the following bound-
ary conditions for changes in concentration and 
temperature:

(1) the absence of a complete flow of particles 
through the faces of the nonlinear layer [17; 26; 27],

(2) the constant temperature on the faces [15;  
17; 18].

The analysis of Eq. (2) reveals that, for a hetero-
geneous monodisperse medium, provided that the 
signal wave is a wave from a point source located on 
the upper edge of the nonlinear layer ( ) const,A κ =30

  
without considering the force of gravity acting on na-
noparticles, with increasing spatial frequency, the 
modulus of the spatial spectrum of the object wave 

( ),A mκ →4 0  increases and reaches a constant value 
at high spatial frequencies , kκ → 0 1  [15; 18].

The flow of nanoparticles caused by the action of 
gravity on them leads to the appearance of a maxi-
mum in the module of the spatial spectrum of the 
near-zero spatial frequency κ → 0  [17]. In the spa-
tial spectrum of the object wave, there is the spatial 
frequency minκ  at which the spatial spectrum has a 
value of zero, i.e., ( )min , .A mκ =4 0



11
Physics of Wave Processes and Radio Systems, 2023, vol. 26, no. 1, pp. 9–17
Физика волновых процессов и радиотехнические системы. 2023. Т. 26, № 1. С. 9–17

2. Accounting for the size 
distribution of nanoparticles

Let us consider a four-wave interaction in a het-
erogeneous polydisperse medium containing spheri-
cal nanoparticles with radius a, the fraction of which 
varies in accordance with the distribution function 
f(a). Then, the spatial spectrum of the object wave on 
the nonlinear layer upper face can be represented as 
a coherent “sum” of spatial spectra determined using 
Eq. (2), as follows:

( ) ( ) ( ), ,
a

a

A A a f a da′ κ = κ∫
2

1

4 4
  	 (3)

where a1 and a2 are the smallest and largest radii of 
nanoparticles in the medium, respectively.

The equations for the effective mass, diffusion co-
efficients, Dufour effect, and electrostriction can be 
expressed as follows [9; 24; 28]:
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where np and C0 are the refractive index and concen-
tration of nanoparticles in the absence of radiation, 
respectively; ST is the Soret coefficient; η  is the liq-
uid viscosity; lρ  and pρ  are the densities of the liquid 
and particles, respectively; and c is the speed of light 
in vacuum.

Let us assume that the size distribution of nano-
particles is described by the following normal distri-
bution [24; 29]:
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where a0 is the average radius of nanoparticles and σ 
is the mean–square deviation.

By substituting Eqs. (2), (4), and (5) into Eq. (3), we 
obtain the following equation for the spatial spec-
trum of the object wave on the upper face of the 
nonlinear layer, considering the size distribution of 
nanoparticles:
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When deriving Eq. (6), we assume that the phase 
shift caused by the propagation of pump waves in 
a nonlinear medium can be neglected ( ).P π

When considering the size distribution of nanopar-
ticles, the moduli of the spatial spectrum of the ob-
ject wave near-zero A =40

 ( )A′ κ →4 0  and at high 
spatial frequencies maxA =4

 ( ),A k′ κ →4 0 1  are de-
termined as follows:
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It follows from the analysis of Eqs. (6) to (8), con-
sidering Eqs. (2) and (4) that the intensity of the pump 
waves, viscosity, Soret coefficient, and thermo-opti-
cal coefficient of the liquid do not affect the spatial 
selectivity of FRC.

3. Discussion of the results
Fig. 1 shows the normalized modules of the spatial 

spectra of the object wave at different average radii 
of nanoparticles. Normalization was performed to 
obtain a constant value of the module of the spatial 
spectrum max .A4



Given the size distribution of nanoparticles (in 
this case, the numerical integration of Eq. (3) was 
performed from a =1 1  nm to a =2 300  nm) does not 
qualitatively change the form of the modules of the 
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Fig. 1. Spatial spectra modules of the object wave without regarding 
the size dispersion of nanoparticles at = 1   mm, =a0 100  (1), 
150 (2), 200 nm (3)
Рис. 1. Модули пространственных спектров объектной волны 
без учета дисперсии наночастиц по размерам при = 1   мм, 

=a0 100  (1), 150 (2) и 200 нм (3)

spatial spectra of the object wave. An increase in the 
mean–square deviation leads to a change in the val-
ues of the modules of the spatial spectrum of the ob-
ject wave A40

  and maxA4
  to a shift in the spatial 

frequency minκ  to the region of higher values.
As in Ref. [17], we introduce the parameter ξ  char-

acterizing the ratio of the modules of the spatial 
spectrum of the object wave near-zero and at high 
spatial frequencies:

max
.

A

A
ξ = 40

4





	 (9)

Let us use the parameter ξ  to analyze the influence 
of the parameters of the size distribution of nanopar-
ticles on the spatial selectivity of FRC. Let us intro-
duce the boundary values ,ξ =1 0 5  and .ξ =2 2  From 
the analysis of the spatial spectra of the object wave, 
three types of spectra, which correspond to different 
values of the average radius and mean–square devia-
tion, can be distinguished.

If ,ξ < ξ1  then the FRC filters the high spatial 
frequencies of the object wave by cutting out the 
low-frequency band (Fig. 1, curve 1), as shown, for 
example, in Refs. [14; 17]. Spatial selectivity can be 
characterized by the half-width of the spatial fre-
quency band ∆κ  of cutout FRCs from the spatial 
spectrum of the object wave, which is determined by 
the level max .A4 2

For a nonlinear medium containing nanoparticles, 
for which the condition ξ ≤ ξ ≤ ξ1 2  is met, the modu-
lus of the spatial spectrum of the object wave has the 
form of a cutout ring with a diameter of minκ2  (Fig. 1, 

curve 2). In this case, the spatial selectivity of FRC 
can be characterized by the radius minκ  and width 
of the ring Δκ1, determined using the following equa-
tion [16; 17]:

,∆κ = ∆κ − κ1 1 	 (10)

where the spatial frequency κ1 is determined under 
the condition

( ) max min, .A A′ κ = κ = κ < κ4 1 4 12 

Under the condition ,ξ > ξ2  a pronounced maxi-
mum is recorded in the spatial spectrum of the object 
wave near-zero spatial frequency (Fig. 1, curve 3). Spa-
tial selectivity in this case can be characterized by the 
half-width of the maximum, determined by the level 

.A40 2

The analysis of Eq. (3) shows that, for a fixed thick-
ness of the nonlinear medium, the shape of the spa-
tial spectrum of the object wave is mainly determined 
by the average radius of the nanoparticles. Therefore, 
we refer to spatial spectra with ,ξ < ξ1  ,ξ ≤ ξ ≤ ξ1 2  
and ξ > ξ2  as the spectra corresponding to the small, 
intermediate, and large average radii of nanoparti-
cles. Thus, the modules of the spatial spectra of the 
object wave shown in Fig. 1 correspond to the small 
(Curve 1), intermediate (Curve 2), and large (Curve 3) 
average radii of nanoparticles.

Fig. 2 shows that, for different thicknesses of the 
nonlinear medium, the parameter ranges in the size 
distribution of nanoparticles correspond to the small, 
intermediate, and large average radii of nanoparti-
cles. An increase in the layer thickness leads to a shift 
in the boundary values ξ1  and ξ2  to the region of 
smaller average radii of nanoparticles. At l ≥ 1  mm, a 
change in the mean–square deviation in the size dis-
tribution of nanoparticles within ≤ σ ≤0 40  nm has 
only a slight effect on the boundary value .ξ2

The analysis of Eq. (2) reveals that, for a heteroge-
neous monodisperse medium, the ratio of the moduli 
of the spatial spectra of the object wave near-zero and 
at high spatial frequencies depends not only on the 
mass of one nanoparticle but also on the layer thick-
ness, which can be expressed as follows:
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For a fixed size of nanoparticles, an increase in 
the thickness of the heterogeneous medium leads to 
an increase in the parameter ξ  and, consequently, 
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	 a	 b

c
Fig. 2. Areas of average radii of nanoparticles depending on their average radius and standard deviation at = 1  (a), 2 (b) и 10 mm (c)
Рис.  2. Области средних радиусов наночастиц в зависимости от их среднего радиуса и среднеквадратичного отклонения  
при = 1  (а), 2 (б) и 10 мм (в)

to  a  decrease in the size of nanoparticles, at which 
this parameter reaches boundary values. This finding 
explains the shift in the boundary values ξ1  and ξ2  
(Fig. 2) to the region of smaller average radii of na-
noparticles with the increase in the thickness of the 
nonlinear layer.

Fig. 3 shows the dependence of the half-width of the 
cutout spatial frequency bands on the mean–square 
deviation at various average radii of nanoparticles. 
With an increase in both the average radius and the 
mean–square deviation, an increase in the half-width 
of the cutout spatial frequency bands is noted.

Fig. 4 shows the dependence of the width of the 
cutout ring on the mean–square deviation of nano-
particles corresponding to the intermediate average 
radii. In terms of the dependence of ∆κ1  on ,σ  a 
minimum value, which shifts to the region of smaller 
mean–square deviation values with the increase in 

the average radius of nanoparticles, is recorded. No-
tably, for any fixed value of σ ≤ 35  nm, the value of 
∆κ1  monotonically decreases with the increase in a0, 
which is also observed in the case of a heterogeneous 
monodisperse medium ( )σ→ 0  [17].

For nanoparticles with an average radius in the 
range of large radii, the half-width of the maximum 
near-zero spatial frequency increases with the in-
crease in the average radius of the nanoparticles, and 
at σ ≤ 40  nm, it does not depend on the mean–square 
deviation.

Here, we present estimates of the influence of the 
size distribution of nanoparticles on the spatial selec-
tivity of FRC at a thickness of 1 mm in a heterogene-
ous polydisperse nonlinear medium.

In the region of parameters corresponding to small 
average radii of nanoparticles, with a mean–square 
deviation of 40 nm compared with a monodisperse 
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Fig.  3. Graph of the dependence of the half-width of the cut 
spatial frequency band on the standard deviation at = 1   mm, 

=a0 100  (1), 110 (2), 120 (3), 130 nm (4)
Рис. 3. График зависимости полуширины полосы вырезанных 
пространственных частот от среднеквадратичного отклонения 
при = 1  мм, =a0 100  (1), 110 (2), 120 (3), 130 нм (4)

Fig. 4. Graph of the dependence of the cut “ring” width on the stan-
dard deviation at = 1  mm, =a0 144  (1), 148 (2), 156 (3), 190 nm (4) 
Рис. 4. График зависимости ширины вырезанного «кольца» от 
среднеквадратичного отклонения при = 1   мм, =a0 144   (1), 
148 (2), 156 (3), 190 нм (4)

nonlinear medium, the half-width of the cutout spa-
tial frequency band for a0 of 100 and 130 nm increases 
by 3,1 % and 6,0 %, respectively.

In the region of parameters corresponding to inter-
mediate average radii of nanoparticles, at the same σ 
value of 40 nm, compared with a monodisperse non-
linear medium, the width of the cutout ring at a0 of 
180 nm increases by 6,0 % and at a0 of 144 nm de-
creases by 1,9 %. In this case, the radius of the ring 
increases by 7,3 % and 12,7 %.

Notably, without considering the flow of nanopar-
ticles caused by the action of gravity on them, the 
spatial selectivity of FRC in a heterogeneous polydis-
perse medium ceases to depend on the mean–square 
deviation in the size distribution of nanoparticles; 
only the FRC reflection coefficient changes [24].

Conclusion
The dependence of the parameters characterizing 

the spatial selectivity of FRC in a transparent poly-

disperse heterogeneous medium, considering the 
flow of nanoparticles caused by the action of gravity 
on them, on the mean–square deviation and average 
radius of nanoparticles was analyzed.

If, in the range of small average radii of nanoparti-
cles, the half-width of the spatial frequency, cut out 
from the module of the spatial spectrum of the object 
wave, increases with the increase in the mean–square 
deviation, then, in the range of intermediate aver-
age radii of nanoparticles, where the module of the 
spatial spectrum of the object wave has the form of a 
cutout ring, an increase in the mean–square deviation 
can lead, depending on the average radius of nano-
particles, to an increase or a decrease in the width of 
the ring.

At large average radii of nanoparticles, the mean–
square deviation in the size distribution of nanopar-
ticles does not affect the half-width of the maximum 
of the spatial spectrum of the object wave near-zero 
spatial frequency.
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Влияние дисперсности наночастиц в прозрачной 
жидкости на пространственные характеристики 
четырехволнового преобразователя излучения

В.В. Ивахник, М.В. Савельев 
Самарский национальный исследовательский университет имени академика С.П. Королева  

443086, Российская Федерация, г. Самара,  
Московское шоссе, 34

Аннотация – В работе исследованы пространственные характеристики четырехволнового преобразователя излучения 
в прозрачной гетерогенной полидисперсной среде с учетом потока наночастиц, обусловленного действием силы тяжести, 
при нормальном распределением частиц по размерам. Выделено три диапазона средних радиусов наночастиц (малые, 
промежуточные и большие), для которых характерны различные виды пространственных спектров объектной волны. 
Показано, что в диапазоне малых средних радиусов наночастиц рост среднеквадратичного отклонения приводит 
к увеличению полуширины полосы пространственных частот, вырезаемых четырехволновым преобразователем 
излучения из пространственного спектра объектной волны. В диапазоне промежуточных средних радиусов 
наночастиц рост среднеквадратичного отклонения может приводить как к увеличению, так и к уменьшению ширины 
вырезаемого четырехволновым преобразователем «кольца». При больших средних радиусах наночастиц изменение 
среднеквадратичного отклонения не влияет на пространственную селективность четырехволнового преобразователя 
излучения.

Ключевые слова – четырехволновой преобразователь излучения; прозрачная среда; нормальное распределение.
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