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Bcepoccuiickas nayunast koHdepennus "MaremaTunka
1 MaTeMaTuvieckoe mMojeJanpoBanue"

C 28 mo 30 asrycra 2023 r. B CamapcKoM yHUBepcuTeTe Mpoxojuiia Bcepoccuiickasi HaydHass KOHQEepeH-
must "Maremaruka n Maremarmdeckoe MmojeaupoBanue" opranumzoBanHas CaMapCKUM IMOAPa3IeeHIEeM Peru-
OHAJIBHOTO HAyYHO-00Pa30BATEILHOIO MaTeMaTHIecKoro mnentpa lIpuBomkckoro denepanbroro okpyra. Caiit
koudepennuu: https://mmm-samara.ssau.ru.

Koudepennus npoxoania B OYHOM U OHJIAWH-PEXKUMAX II0 CJEIYIOIIMM TPEM HAIlpaBJIeHUsIM: QyHIaMeH-
TajibHAsI MaTeMaThKa W IPUJIOYKEHMs, MaTeMaTHIYeCKOe MOJIE/JUPOBAaHKE, MMPODJEMBl MaTeMaTUIECKOIO 00pa3o-
Banusd. B ee pabore yuacTBoBasO 0K0sI0 50 1UesoBeK, OoJiee MOJTOBUHBI 13 KOTOPBIX — MOJIOJIbIE UCCJIE/IOBATEIH.
3a Bpemsi pabOTBI Tpex CeKmmit ObLT caenan 31 TOKIaJl, W3 KOTOPBIX 7 IJIeHApPHBIX. [leHapHBIMU JTOKJIa/ 190~
KaAMH BBICTYIIAJIH BEAYIHE yYeHble POCCHIICKMX HAYYHBIX IIEHTPOB.

1. Besumes Muxann Uropesuu  (Cankr-Ilerepbyprckoe  orgenenne  MareMaTrndeckoro HMHCTHTYTA
um. B.A. CrekioBa), HasBanue nokjazga "BoJHOBOI CHEKTD MOJyOrpaHHYEHHOro oreparopa’.

2. Bukuenraes Aiipar Munxarosuu (Kazanckuii (IlpuBoskckuii) defepasibHbIi YHUBEPCUTET), HA3BAHUE
nokstazga "Tomosorust JOKaJIBHON CXOJUMOCTH 10 Mepe Ha U3MEepUMBIX oreparopax’.

3. Bounapenko Harambs Ilasinosra (Camapckuii yHUBepcuTeT), HaspaHue J0Kjaaaa "OBGpaTHBIE CIIEKTPAIIb-
HblE 3aJa9u Jist I PepeHInaJIbHbIX OEPATOPOB € KO3 duimeHTaMu-pacipeieseHusivu" .

4. Kanycrua Baagnvmup Bramuvuposnu (Cankr-IlerepGyprekoe otyesnenne MaTtemMaTwdecKoro MHCTUTYTA
um. B.A. CrekiioBa), nazsanue nokiazna "Ilapable KOppeadiuu mjisi MOCJIEJI0BATEILHOCTEH 1 BO3MYIIEHUS
CaMOCOIIPSI?KEHHBIX OIepaTopos'.
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HEJIOKAJIBHA4A 3AJAYA C MHTEI'PAJIbHBIMU YCJIOBUAMUN
ITEPBOI'O POJA 1J1d YPABHEHUA KOJIEBAHUNSA CTPYHBI

AHHOTAIIN A

B CTaTbe pacCCMaTPHUBACTCA 3aJada C MHTEI'PAJbHBIMU HEJIOKAJbHBIMHI YC.HOBI/IHIVH/I IIepBoOro pouaa. OCHOBHOﬁ
IEJBIO dBJIAETCA J0Ka3aTEJIbCTBO O,ZLHOSH&‘{HOIL/'I Pa3pemmmMOoCT HEJIOKAJIBHOM 3aa91 C HWHTEerpaJibHbIMHA
yejioBusiMu 1 pojsia, ecim siipa 3TUX YCJIOBUU 3aBUCAT HE TOJBKO OT IIPOCTPAHCTBEHHOW II€pEMEHHOI, HO
nu or BpelVIeHI/I. HOKaSaHa 9KBUBAJIEHTHOCTH HeJ'IOKa..HbHOfI 3a/1a491 C I/IHTeraJ'H)HbH\H/I yC.HOBI/IHl\/II/I 1 pO,ELa "
HeJIOKAJIbHOMN 3a/1a91 C UHTEI'PaJIbHBIMU yCJIOBUAMN 2 poaa. HOJIy‘IeHI)I OrpaHMYeHNrs Ha BXOJ/IHbI€ JTaHHbIE,
obecreanBaronue eIUHCTBEHHOCTh OOODIIEHHOr0 PEIeHNsT TMOCTABICHHON 3aatM.

KuroueBbie cioBa: runepbosindeckoe ypaBHEHWE, HeJOKaJbHAasl 3ajlada, WHTerpajbHbIE YCJIOBUS,
000DIIEHHOE peITIeHHeE.
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1. IlocraHoBKa 3ama4n

Pacemorpum B obaactu @ = (0,1) x (0,7), tae I, T < oo, ypaBHeHue

Ut — (a(xvt)uw)w = f(xat) (1)

U NIOCTABUM CJIEJIYIONIYIO 3aJady: HallTh B obsactu () pemenne ypasHerust (1), ymoBiaeTBOpsifoliee HAYATbHBIM
JIAHHBIM

u(z,0) = ¢(x), u(z,0) = P(x) (2)

U HEJIOKaJIbHbIM YCJIOBUAM

! l
/ Ki(z,t)u(z, t)dx = hl(t),/ Ky(z, t)u(x, t)de = ha(t). (3)
0 0

Bysem cunrats, uro a(z,t) >0 B Qp.
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OCOBEHHOCTh  TIOCTABJIEHHON 3a/aun  3aKJI0YaeTcsi He TOJIBKO B TOM, d9TO ycjaoBus (3) sIBJSIOTCS
HEJIOKAJIbHBIMU MHTETrPAJIbHBIMUA YCJIOBUSIME [EPBOrO POJa, HO W B TOM, 49To ux supa K;(x,t) 3aBucar u
OT NEPEMEHHON .

HaHOMHI/IM, YTO HEJIOKAJIbHbIMU YCJIOBUAMHA IIPUHATO Ha3bIBaATh COOTHOIIECHHA, CBA3bIBaIOIIUE 3HaAYCHUA
HUCKOMOro B objactu 2 penieHusa Ha HEKOTOPOM BHYTPEHHEM I\/IHOI‘OO6pa.3I/II/I 1 B TOYKaX I'DaHUIIbI obnacru €.

B caygyae omHOIl mpOCTpPAHCTBEHHOW MEPEMEHHOI HEJIOKAJIbHbIE HHTEIPAJILHBIE YCJIOBHS MOTYT OBITh
IIpeJICTaBJIeHbl CJIEYIONIAM COOTHOIIEHUEM:

l
au(x,t) + Pug(z,t) + )\/0 K(x,t)u(x,t)de = 0. (%)

Ecim o u § He obpamarorcss B HOJIb OJHOBPEMEHHO, TO YCJIOBUE HA3bIBAETCS WHTEIPAJIBHBIM YCJIOBHEM
BTOPOr'O POJiA.
Ecim o = 8 =0, To ycoBHe Ha3BIBAETCS MHTErPAJLHBIM YCJIOBHEM IIEPBOrO poja. [3]

K mnacrosmemy BpemMeHM wuMeeTCs 3HAYUTEIbHOE KOJUIECTBO CTATEH, MTOCBSINEHBIX HCCJIEI0BAHUIO
HEJIOKAJIbHBIX ~ 33JIad € MHTerpajbHbIMu  ycjoBusamu [5-8; 11]. Paspaboranbl MeToAbl UCCIeI0BAHUS
Pa3permMOCTH  HEJIOKAJBHON 3aJadM ¢ WHTETPANBHBIME YCJOBUSMEH BTOporo pozma [2; 5; 10]. Ecm B
(x) B #0, To a3cbdeKTUBHBIM OKA3aJICsI METOJ, BIIEPBBIE PEAJN30BAHHBINA B (4] 1JIsI MHOrOMEDHOrO ypaBHEHUSI.
Eciu xe B (%) a = f = 0, TO ecThb HEJOKAJIbHBIE YCJIOBHUs IEPBOTO DPOJA, NPH OOOCHOBAHWU DACCYKJIEHHsI
BO3HUKAET MHOIO TPY/JHOCTEH, OTMeYeHHBIX M B crarbsx [2; 6; 9]. OgHuM u3 crmocoGoB IPeOIoseTh
BO3HUKAIOIINE TPYIHOCTU SIBJISIETCS CBEJEHWE YCJOBUI MEPBOTO POJA K YCJOBUSIM BTOPOTO POJA, MIPUIEM
TakK, YTOObI OHM OKA3AJIMNCh IKBUBAJEHTHLIMU. YCJIOBUSI HA BXOJHbBIE JAHHBbIE, 0DECIEYMBAIONINE BO3MOXKHOCTD
3TOI IIpOoLEelypbl, OTPaXKEHbI B CJEAYIOLIEH JeMMe.

Jlemma. Ilycrn

Ki(xvt) € Cz(@T)a¢(x) € W21 (Ovl)»¢($) € LQ(Ovl)vhz(t) € CQ(OaT)v
f(z,t) € La(Qr), alx,t),a.(x,t) € C(Qr),
A= Kl(O,t)KQ(l,t) — Kl(l,t)Kg(O,t)) 7& O,Vt S [O,T]

U BBIIOTHAIOTCS YCIOBHUA COTJIACOBAHUS
!
| Kile.0p0(a)de = o),
0
!
/ Ko, 0)4 () + s, 0) ()] dax = HL(0).
0
Toryia HeJOKaJIbLHBIE YCIOBUS MEPBOTO poja (3) SKBUBAJEHTHBI HEJOKAJBHBIM YCJIOBHSIM BTOPOTO POJA
1 1
ug(0,t) = a11u(0,t) + au(l, t) + / Py (x, t)u(z, t)dx + 2/ Py(x, t)ug(x, t)de + G1(t),
0 0
1 1
uz(l,t) = agu(0,t) + asu(l,t) + / Ps(z,t)u(z,t)dx + 2/ Py(z, t)us(z, t)dx + Go(t),
0 0
e oy, Pi(x,t), Gi(x,t) Boipaxkatorcs depes K;(x,t),a(x,t), f(x,t), hi(t) n nx mpousBosHbIE.

HoxkazaresnberBo. [lycrs u(x,t) ynosiersopsier ypasaenuto (1) u ycaosusm (2), (3). duddepenmupys
paBeHCTBO (3) ABaXKJBI 10 ¢, HOJIYyIUM

l
/ (K1 (z, t)ug(z,t) + 2K14 (2, )ue(x, t) + Kip(z, t)u(z, t))de = h71 (1),
0
l
/ (Ka(z, t)ug(z,t) + 2Koi(z, t)ug(z,t) + Kope(z, t)u(z, t))dx = h72(t).
0
Tenepb Bbipasum u3 ypasHenust (1) uy(z,t) m mopcrasum B (6), momyanmM

l
/0 (K1(x,t)(f + (a(z, t)ug)s) + 2Kt (z, t)ue(z, t) + Kige (2, t)ul(x, t))de = b7 (t),

l
/0 (Kao(x,t)(f + (a(z, t)ug)s) + 2Ko(z, t)ug(x, t) + Ko (x, t)u(x, t))de = h75(t).
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HpOI/IHTerI/Ipyel\l Telepb CjlaraeMble, COJAEP2Kalllue Ug, ABazK/Abl, W IIOJIYYINM

/ Ky (z,t)(a(z, t)ug)zde = Ky (1, t)a(l, t)us (I, t) — K1(0,t)a(0, t)u, (0,t)+
0

!
+K71,(0,t)a(0,t)u(0,t) — K1(1,t)a(l, t)u(l,t) +/0 (Kiz(z,t)a(z, t)pu(z, t)d,

/O Ko, ) (a(z, t)ug)wde = Ko(l, t)a(l, t)us(l,t) — K2(0,)a(0, t)uy (0, )+ "
K2, (0,t)a(0,£)u(0,t) — Koo (1, t)a(l, t)u(l,t) + /0 Z(Kgm(x,t)a(x,t))xu(x,t)dx.
Toxcrasmv (8) B (7)
/ K (z,t) fda + K1 (1, a(l, tyug (1, t) — K1(0,1)a(0, t)ug(0,t) + K1(0, )a(0, t)u(0,t)—
—Ki.(I, t)a(l, t)u(l, t) + /Ol(Klm(x tha(z,t))su(z,t) dx+2/ Kz, t)uy (z, t)dz+
/ Koz, yu(w, )dz = b1 (b), o

/ Ko(x,t) fda + Ko (I, t)a(l, tyu, (I, t) — Ka(0,£)a(0, t)u, (0, 1) 4+ Koy (0, )a(0, t)u(0, t)—
— Ko, (I, t)a(l, t)u(l, t) / Kog(z,t)a(x,t))zu(z,t) dx+2/ Koy (z,t)uy (, t)da+
/ Ko (2, t)u(z, t)dz = h7o(t).
Tak kax

A=K (0,0) Ko (1, t) — K1 (1, 1) Ka(0, 1)) # 0,

10 (9) MOXKHO DPa3pEeNUTh OTHOCHTENBHO U, (0,t) m uy(l,t). Bopasum nx u3 (9) M MOSyIMM HEJOKAJIBHBIE
YCJIOBHsI BTOPOLO POJia:

1
ug(0,1) = a11u(0,t) + arou(l, t) + / Py(x, t)u(z, t)dx+
0
+2 / P, g (2, )z + G (8),
ug (1, t) = ag1u(0,t) + asou(l, ) / Ps(z,t)u(x,t)de+

+2/ Py(z, t)ue(z, t)dx + Ga(t),
rie
oy = (K1 (0,0 (1, ) — Ka(1, 1)K (0,1)],

1o = —a?éf;’;)ﬁ [K1o(l, ) Ka(l, 1) — Ky (1, 8) Ko (1, 1)),

Py(x,t) = a(O,lt)A [a(z, t) K1 (2, 1) Ka(l,t) — (a(z, t) Koy (x, 1)) Ko (1, )+

—|—K1tt($, t)Kz(l, t) — K3 (l, t)tht(JI, t)],

P, 1) 1= - (O’It) K 0 (1, 1) — a1, Koy, 0],

Gi(t) = — s t)A fo Ky (x, t)Ka(l,t) — K1(1,t) Ko (x, t)] fdz+

Fhae () Ka(l,t) — Ky (1, t)haw(t)),

oy = ﬁ[Ku(O,ﬂKz(O’t) K1 (0,6) K (0, 1)),
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99 1— 7%[K1T(l,t)K2(O,t) — Kl(O,t)Kgm(l,t)],

Ps(z,t) = ol t)A[(a(x,t)le(x,t))xKg(O,t) — (a(z,t) Koz (z,t)) . K1(0,t)+
+K1tt($7t)K2(O,t) — Kl(O,t)tht(x,t)L
Py(x,t) := m[Klt(a:,t)Kg(O,t) — K1(0,t) Kot (z, t)],
l
Ga(t) := o 1t)A(/O [K1(x,t)K2(0,t) — K1(0,¢) Ko (z,t)] fdz—
_hltt(t)K2(07 t) + K4 (O, t)hgtt(t)).
ITycts remeps u(z,t) — pemenuwe ypabrenus (1), yuaosiersopsitomnee yeaosusiv (2) u (5). JomHOXKEM

ypasaenue (1) va K;(z,t) u npounrerpupyem 1o orpesky [0,[]. AHAJOIHYHYIO IPOIE/YPY IPOJIEIAEM C SIIPOM
Ks(z,t), nomyanm

! ! !
/ Kl(ac,t)utt(x,t)dx—/ Ky(z,t)(a(z, t)uy)dx :/ Ki(x,t)fdx,
O 0 p (10)
/ Kg(x,t)utt(x7t)dm—/ Ko(x,t)(a(z, t)uy)dz :/ Ko(x,t) fdz.
0 0 0

IToncrasum (8) B (10). Ho rmorma BbimmosnHstorcst u paseHcTBa (6), M3 KOTODBIX HOJydeHbl yciaous (5).
PaBencra (6) 3amummmeMm B BHJE

l

/0 (K (2, O, )ud — B4 (1) = 0,
l

/0 (Ka(x, t)u(x, t))wdr — b2 (t) = 0.

OTH yCJIOBHUS MOXKHO CBEPHYTb TaKUM 00pa3oM:

32 l
% [/0 Ki(z,t)u(z, t)dx — hl(t)] =0,
(12)
82 l
o2 [/O Ko(z, t)u(z, t)dx — hz(t)] =0.
U3 ycnosuii cornacoBanus (4) BBITEKAIOT HAYAJIbHbBIE yCJIOBH
l
K;(x, 0)u(w, 0)dz = hy(0),
(13)

0
) l
—/ Ki(z, t)u(x, t)dz|i—o = h}(0),Vi = 1,2.
at J,
Bagaga Komm (12), (13) nMmeer eamHCTBEHHOE DeIEHHE
1
/ K (o, t)ulx, )dz = ha (1),
0
1
/ Ko, u(w, )da = ha(t),
0

9TO W O3HAYAET BBINOJIHEHHE yciaoBuil (3).

2. EamHCcTBEHHOCTH pelieHusd 3a0a4n

Tenepb paccMOTpUM YACTHBIH ciaydait sroit s3amaunm (1)—(3), B KOTOpPOH $IpO IIPEACTABIEHO B BUJIE
Ki(z,t) = ®;(x2)V;(t). Torna ycaoeus (3) MOXKHO 3aIUCATh TAKUM 0OpaA30M:

/l D, (2)V; (H)u(z, t)dx = hi(t),i =1,2. (14)
0
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hi(t
Bynem cuaurars, uro U;(t) # 0 seroxy B [0,7] n o6o3HavYnM \IIZ((t) = T;(t), rorga (14) MOXKHO NpeJICTABUTDL TaK:
7

!

/0 Oy (x)u(z, t)de = T1(t),
!

/0 Oy (z)u(z, t)dr = Ta(t).

VYeqosust (5) [JIst 9TOrO WACTHOTO CJIyHasi BBITJISIAAT CIEIYIOMUM 00pa3soM:

(15)

l
w0 (0,1) = a1 (0, 8) + arsu(l,t) + / Pulx, ulx, )dz + Ga (1),
0

1
Uy (1,1) = ao1u(0,t) + agau(l,t) + / Py(z, t)u(z, t)dx + Ga(t),
0

. L[8}(0)02(1) — @1 (1B (0))

LD g )0,(1) - 1 ()@50),

Pa(o.) i= e @1(0) = &1 ()95,

- s @11 Ba(a) — 1 (2)2 (1)
T ()0(0) + @1 (T (1),

a(0,t)

a21 = a(z,i) X [21(0)2(0) — @1(0)2}(0)], (1

L@, (1), (0) - @, (0)@} (1)),

a9 = _A
Py(x,1) := (l“t) 5 [@D2(0) — 01(0)95),
1 l
Galt) = (| @1(02a0) — 1 (@) (0)) -

=T (£)22(0) + 21(0)T5/(2)),

A= 21(0) P2 (1) — D1 (1)2(0) # 0.
Beenem nonsitue 0606mennoro pemenus. Ciemysi usBecTHOl mnpoueaype [l|, cuuras dro u — Kiaccudeckoe
pellieHre, YMHOXKUM paBeHCTBO (1) Ha riiagkyio QYHKIUIO, POMHTErpupyeM 10 o0sacTu (Qr U, MOCTABJIsAL
KpaeBble yCJIOBUHA, IIOJIYIHNM PaBEHCTBO:

/ / —ugVy + aug v, |daedt + /T ag1v(l, t)a(l, t)ve (0, t)dt+
0
—|—/ anav(l, t)a(l, t)ve (1, t)dt—|—/ / Py(z, t)v(l, t)a(l, t)u(z, t)dedt—
0 T
7/ a110(0,%)a(0,)v. (0, t)dtf/ a120(0,t)a(0, t)vy (1, t)dt— (18)
0

//Plxt (0,)a(0, yu(, t)dadt —

_/( dm+// (1) fdadt.

Onpepenenne. O6o6menubiM permennem 3agaan (1),(2), (16) 6yaem HaseiBarh GyHKIMO u(T,t) €
€ W3 (Qr), ynosnersopstiomyto ycaosuio u(x,0) = ¢(z) u ToxaecTBy

/ / —upvs + aug v, Jdrdt — / o(l, )a(l, t)ug(l, t)dt+/T (0,t)a(0, t)u, (0, t)dt =

:/( dx—|—// (2, 1) fdadt

s moboit dynknun v(x,t) € WQI(QT),
rie WHQr) = {v(z,t) : v(z,t) € WHQr),v(z,T) = 0}.

(19)
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Teopema. Eciu BBIIOHEHBI yCJIOBUS
a(z,t),a,(z,t) € C(Qr),
®; € C?[0,1],9,(t) £0 Vte[0,T]
a12a(0,t) + agra(l, t) =0,
a11a(0,0)&F + 2012a(0,0)&1€2 — aa(l, 0)€5 > 0,

TO CyIIeCTByeT He 0oJiee OJHOro OOOOIIEHHOTO pEeIeHUsl TOCTABJIECHHON 3a/1atu.
HokazaTesabcTBo. [lokakem, 9TO cyimiecTByeT He 0oJiee OTHOTO pemnrenus 3ajadu. lIpeamomoxkmm, 91O
CYNIECTBYET JiBa PEIIeHUs U] U Ug. 1OTJa u = U3 — Ug Y/IOBIETBOPSIET TOXKJIECTBY:

/ / —ugvy + aug v, |daedt + /T ag1v(l, t)a(l, t)ve (0, t)dt+
Jr/o agiv(l JHa(l, t)ve (1) dtJr/ / Py(z, t)v(l, t)a(l, ) u(x, t)dedt—
—/ a110(0,t)a (O,t)vt(O,t)dt—/ a120(0,t)a(0, t)v (1, t)dt—

0 0

- /T /l Py (z,t)v(0,t)a(0, t)u(z, t)dzdt = 0.
o Jo

Beibepem B Toxgecrse (18) ¢ f(z,t) =0 u ¢(z) =0

v(z,t) = /Tt u(z,n)dn,

[IpounTerpupyeM mo 9acTsiM HEKOTODBIE CJiaraeMmble:

//utudxdt —f/ 2(z,7)dx,
/ /auwvmdmdt —7/ /atv dmdt—i—/ a(z,0)v2(x,0)dz).

IMoncrasass B (20), mosydaum:

(20)

St (21)
T

;/OIW( ) + alz, 0)02 / /atv dxdt+/0 aonv(l, t)a(l, oy (0, £)dt+

—|—/O aggv(l,t)a(l,t)vt(l,t)dt—|—/0 /OPQ (z,t)v(l, t)a(l, t)u(z, t)dedt—

—/T allv(O,t)a((),t)vt(O,t)dt—/ a120(0,t)a(0, t)vy (1, t)dt—
0 0

- /T /l Py (z,t)v(0,t)a(0, t)u(z, t)dxdt.
o Jo

IIponnTerpupyeM 1o 4YacTsM U MOACTABAM B (22) Takue HHTErpaJibl:
T 1 1 T
/ 0110(0,%)a(0,t)v(0,t)dt = —iaua(0,0)vz(0,0) - 5/ ar1a:(0,t)v%(0,t)dt,
0 0

/OT a120(0, £)a(0, tyvy (I, t)dt = —a2a(0,0)0(0,0)v(l,0) — /OT ag2a:(0,t)v(0, t)v(l,t)dt—
—/T 041203(0,t)Ut(O,t)U(lat)dta
0

T 1 1 T
/ anov(l, t)a(l, t)ve (1, t)dt = —iagga(l, 0)v*(1,0) — 5/ agoaq (1, t)v?(1,t)dt.
0 0

(22)

YunreiBas yciobusi TeopeMbl a2a(0,t) + anra(l,t) = 0, momyunm:

l T l
Wz, 7) + a(z,0)v(x T = — avidz ay1a(0, v? ,
/0[ (2.7) + a(z, 0)2(z,0)]d / / 2dudt + [on1a(0, 0)0%(0, 0) +

+2a12a(0,0)v(0,0)v(1,0) — agza(l, 0)v3(1,0)] + /OT a11a¢(0,t)v%(0, t)dt — (23)

T T l

—/0 aggat(l,t)UQ(l,t)dt+2/O a12at(0,t)v(0,t)v(l,t)dt—2/0 /0[—P1(x,t)v(0,t)a(0,t)—|—
+Pa(x, t)o(l, t)a(l, t)|u(z, t)dxdt.
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U3 pasenctBa (23) BBITEKaeT HEPABEHCTBO M, eciu ydecThb yciosue Teopembl aiia(0,0)E7 4+ 2a12a(0,0)E & —

— aga(l,0)£3 > 0, nosyunm:
/ / apv; 2dxdt| +

/ a2a: (0, £)0(0, t)u(l, t)dt‘ + (24)

0

/Ol[u2(x 7) + a(z,0)v] / allat(o,t)UQ(O,t)dt‘ n

/ Oéggat(l,t) (l,t)dt‘ +2
0

+

T l
2/0 /0[—Pl(z,t)v(O,t)a(O,t)—|—Pg(z,t)v(l,t)a(l,t)]u(x,t)dxdt.

O6parumcs Tenepb K npasoii actu (24) Komm, Komu — Byusikosckoro u

(x4, t 2l/ (z,t)dx + = / 2(z,t)de,

BBIBOZl, KOTOpO#l mokasaH B (3, ¢. 107]. YuurbiBast ckasaHHOe BBIIIE, MOJYYUM OIEHKH JJIsl TAKUX CJIATAEMbIX
npaBoil uacTu HepapeHCTBa (24):

/ a11a4(0,t)v%(0, t)dt’ / lai1a:(0,8)0%(0,¢) | dt < / |11 |]a¢ (0, 1) |02 (0, t)dt <
0

<A1/ v%(0,t 21A1// xtdmdt—&——// (z,t)dxdt,
0

/ algat(O,t)v(O,t)v(l,t)dt‘<2 / 1oy (0, £)0(0, £)u(l, £)] dt <
0 0

< 2/ oz |ac (0, )] |0(0, )||v(l, t)|dt < AQ/ [02(0, 1) + v2(1, t)]dt,
0 0

rae Al = b1 cag,

2

riae A2 = b2 - ag,

/azgat(l,t)UQ(l,t)dt‘g/ ]aggat(l,t)UQ(l,t)]dt</ lusa|an(l, £)[02(1, £)dt <
0 0

T T l 24
<A3/ vQ(l,t)dtgzlAg/ /vi(x,t)dde 3/ / (2, t)dzdt,
0 0 0

rae Ag = C2 - a2,

T rl
2/ /[fPl(x,t)v(O,t)a(O,t)+Pg(x,t)v(l,t)a(l,t)]u(x,t)da:dt <

/ / Py (2, £)0(0, )a(0, £)u(z, t)\dxdt—i—Z/ / Py, ol Oall, tyule, 1) dadt <
/ / 1Py (2, )| [0(0, )] |a(0, )| [u(z, t)\dxdt—|—2/ / \Po(, D)o, )l]all, 8)][u(z, 8)|dedt <
<D1z/0 v (l,t)dt+D21/0 v2(0,t)dt + (Dy + D) / / (z, ) dxdt,

rae D1 = d1 . al,DQ = dQ caq.
Hpeo6pa3yeM (24), y4uThiBad OICHKHN, HallMCaHHbIC BbIIIC:

/l[u2(x 7) + a(z, 0)v? / / a2 dadt —|—21A1/ / (z,t)dzdt+

2A1// xtd:vdt-l-Az/[ (Ot)+v(lt)]dt+2lf43// (, t)dwdt+

2A3/ / (2, t)dzdt + Dy z/ (l,t)dt+D21/ 2(0,t)dt+
0

+(D;1 + D») / /uQ(x,t)dxdt.
o Jo

2
Ol = 2l(A1 + Ag),CQ = A2 + D21703 = A2 + Dll,04 = D1 + DQ,C5 = Z(Al + Ag)

(25)

BBeﬂeM HEKOTOpPbIE 0003HaYECHHA:
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ITpeoGpasyem (25):

atv 2dxdt

/Ol[u2(x,r) + a(z,0)v? + Cl/ / (z,t)dzdt+
+C /OT v2(0,t)dt+C'3/ 2(1, t)dt+04/ / (2, t)dzdi+ (26)

+C5 / / (z, t)dzdt.
Ucnonb3yst HEpaBeHCTBO, HOJLydYeHHOE B [2], mosydnm:

!

/ 21/ / (x,t)dzdt + ~ / / v (x, t)dxdt,

0 ! 0

/ (I,t)dt < 21/ / (z,t)dxdt + 5 / / v? (, t)ddt,

0

/ / (z,t)dxdt < / / t)dxdt.

YuunrbsiBast OI€HKHU, HallMCaHHbI€ BbIIIE, ITOJIYYHUM:

l T l
/ [u?(x,T) + a(z,0)v2(z,0)]dr < / / (a2 + B1)v2(z,t) + Bou?(z,t)] dadt, (27)
0 o Jo
rie
2
By :=C1 + 2[(02 + 03), By = I[Bli:jlﬂ)]({j(CQ + 03)7'2 + Cy + C5T2}.
t
Tenepb BBesieM dyHKIMO W(X,t) = / uzdn. Torma, ucrosb3yst mpecTaBjieHust MYHKIUMH U, [OJLYIUM
0
v2(2,0) = w(x,7), v(z,0) = —w(x,7), ve(z,t) =w(x,t) —w(z, 7).
Torma B (27) v2(z,t) < 2w?(x,t) 4+ 2w?(x, 7). [lomcTaBasAs 3TO HEPABEHCTBO, TOJYHTHM:
l T l
/ [u?(z,7) + a(z,0)w?(x, 7)]dr < / / [2(az + By)(w?(z,t) + w’(z, 7)) + Bou?(w,t)] dadt. (28)
0 o Jo

Bamerum, uro w?(z,7) me sapucut or t u a(w,t) =ag >0 Vr,t € Qp. Torma

l T
2 2 2 2
/0 [u(z,T) + apw*(z, 7)]dx < /0 /0 [2(?2 + By)w*(z,t) + Bau (x,t)] dadt+

+27(az + Bl)/ w?(z, 7)dz.
0

(29)

BeiGepem T Tak, 9To0bl ag — 27(az + B1) > 0. Torga nociennee ciaraemoe B (29) MOXKHO IIEPEHECTH B JIEBYIO
qacTh:

l Tl
/0 [w?(x, ) + vw?(z, 7)]dr < /0 /0 [2(az + B)w?(z,t) + Bou?(w,t)] dadt, (30)

e v =ag — 27(az + B1). Beibepem B (30) m = min{l;v} u M = maz{2(az + By); B2}, nonyunm

l T rl
m/o [u(z,7) + w(z, 7)]dz < M/o /0 [w?(z,t) + u*(z, t)] dadt. (31)

ag
2(0,2 + B 1) '
Taxk xke, kak u B [1, c. 212|, nmoBropsia paccyxkuenusa mjusa t € [7,71], ybequmcs, aro u(z,t) = 0 Ha 3TOM
npomexxkyTke (7 < 71 <7T'). I Tak B KOHEYHOE YHUCJIO MIATOB JOKAXKeM obpailneHue B Hylb Jjist Beex t € [0, 7.
Takum o6pa3oM, JOKa3aHO yTBEP:KJEHUE O TOM, UTO HE MOXKET CyIecTBOBaTh 6oJiee OJHOIO PelieHus:
IIOCTABJICHHON 3a/1a4u.

[Tpumenus K mocjegneMy HepaBeHCTBY JiemMy ['ponyosuta, moiayauMm u(z,t) =0 B [0,7], rme 7 <
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A NON-LOCAL PROBLEM WITH INTEGRAL CONDITIONS OF THE
FIRST KIND FOR THE STRING VIBRATION EQUATION

ABSTRACT

In this article, we consider a problem with nonlocal integral conditions of the 1st kind for the one-dimensional
wave equation. The kernels of the integral conditions depend on both spatial and time variables. In order to study
this problem we reduce first the integral conditions of the 1st kind to he integral conditions of the 2nd kind. Under
certain additional assumptions these nonlocal conditions are equivalent. Obtained restriction on input data enable
to show uniqurness of generalized solution to the problem.

Key words: hyperbolic equation; nonlocal problem; integral conditions; generalized solution.

Citation. Buntova Y.S. A non-local problem with integral conditions of the first kind for the string vibration
equation. Vestnik Samarskogo universiteta. Estestvennonauchnaya seriya / Vestnik of Samara University. Natural
Science Series, 2023, vol. 29, no. 3, pp. 8-17. DOI: http://doi.org/10.18287,/2541-7525-2023-29-3-8-17. (In Russ.)

Information about the conflict of interests: author and reviewers declare no conflict of interests.

(© Buntova Y.S., 2023
Yana S. Buntova — postgraduate student of the Department of Differential Equations and Control Theory, Samara
National Research University, 34, Moskovskoye shosse, 443086, Russian Federation.



Becmnux Camapcerozo ynusepcumema. FEcemecmeennonaywnasn cepus 2023. Tom 29, M 3. C. 8-17

Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 8—-17 17

References

[1] Ladyzhenskaya O.A. Boundary value problems of mathematical physics. Moscow: Nauka, 1973, 407 p.
Available at: https://djvu.online/file/Rh97R3cVXNcZE?ysclid=Intxmubmb390280080. (In Russ.)

[2] Pul’kina L.S. Boundary-value problems for a hyperbolic equation with nonlocal conditions of the I and II kind.
Russian Mathematics, 2012, vol. 56, issue 4, pp. 62--69. DOI: https://doi.org/10.3103/S1066369X12040081. (In
English; original in Russian)

[3] Pul’kina L.S. Problems with non-classical conditions for hyperbolic equations: monograph. Samara: Izdatel’stvo
"Samarskii universitet", 2012, 194 p. (In Russ.)

[4] Dmitriev. V.B. A non-local problem with integral conditions for a wave equation. Vestnik of
Samara  State  University. Natural Science Series, 2006, mno. 2 (42), pp. 15-27. Available at:
http://vestniksamgu.ssau.ru/est/2006web2/math/200620002.pdf. (In Russ.)

[5] Cannon J.R. The solution of the heat equation subject to the specification of energy. Quarterly of Applied
Mathematics, 1963, vol. 21, pp. 155-160. DOI: https://doi.org/10.1090/QAM/160437.

[6] Ionkin N.I. The solution of a certain boundary value problem of the theory of heat conduction with
a nonclassical boundary condition. Differential Equations, 1977, vol. 13, no. 2, pp. 294-304. Available at:
https://www.mathnet.ru/rus/de2993. (In Russ.)

[7] Kamynin L.I. A boundary value problem in the theory of heat conduction with a nonclassical boundary
condition. USSR Computational Mathematics and Mathematical Physics, 1964, vol. 4, issue 6, pp. 33—59. DOLI:
https://doi.org/10.1016,/0041-5553(64)90080-1. (In English; original in Russian)

[8] Pulkina L.S. The L; solvability of a nonlocal problem with integral conditions for a hyperbolic equation.
Differential Equations, 2000, vol. 36, issue 2, pp. 316-—318. DOI: https://doi.org/10.1007/BF02754219. (In English;
original in Russian)

[9] Pulkina L.S. A non-local problem for a hyperbolic equation with integral conditions of the 1st
kind with time-dependent kernels. Russian Mathematics, 2012, wvol. 56, issue 10, pp. 26-37. DOL:
https://doi.org/10.3103/S1066369X12100039. (in English; original in Russian)

[10] Pulkina L.S., Savenkova A.E. A problem with second kind integral conditions for hyperbolic
equation.  Vestnik of Samara  University. Natural Science Series, 2016, no. 1-2, pp. 33-45.
Available at: https://www.mathnet.ru/rus/vsgud99; https://www.elibrary.ru/item.asp?id=29345215. EDN:
https://www.elibrary.ru/wfyota. (In Russ.)

[11] Pulkina L.S. A Nonlocal Problem with Integral Conditions for a Hyperbolic Equation. Differential Equations,

2004, vol. 40, no. 7, pp. 887-892. DOIL: https://doi.org/10.1023/B:DIEQ.0000047025.64101.16 (In English; original
in Russian)



Becmnux Camapcerozo ynusepcumema. Ecmecmeennonaywnan cepus 2023. Tom 29, N 3. C. 18-23
18 Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 18-23

BY

DOI: 10.18287/2541-7525-2023-29-3-18-23

VK 372.851; 372.853 Hara: moctyminenns: cratbu: 10.07.2023
rocJie periensupoBanust: 15.08.2023
npuaaTHa cratou: 30.10.2023

E.B. I'aauesa

Camapckuii TOCyIapCTBEHHBINA COINUAILHO-TIEIANOMTIECKUIl YHUBEPCUTET,
r. Camapa, Poccuiickass Peneparus

E-mail: galieva@pgsga.ru. ORCID: https://orcid.org/0009-0005-7011-5115
JI.H. Eseauna

Camapckuii TOCYyIapCTBEHHBIN CONUAIBHO-TIEAArOMTIECKUl YHUBEPCUTET,
r. Camapa, Poccuiickast @enepariust

E-mail: evelina@pgsga.ru. ORCID: https://orcid.org/0000-0003-0147-6839

METOINKA OBYYEHNA — KAKOBA EE POJIb B OBPASOBAHUN
N KAK EE OIIEHUTDH

AHHOTAIIA
B cTraTbe OIIMCaH OIIbBIT HpOBe,ZLeHI/IEI ,ZLeMOHCTpaHI/IOHHOFO dK3aMeHa JJIs CTy,ZLeHTOB neJJarorn4eCKmux By30B
Ha IIpuMepe ,HByX JUCHUITJIMH — METOJUKN O6y‘I€HI/IH MaTeMaTUuKe U METOJUKU O6y‘IeHI/IH CbI/ISI/IKe. ABTOpr

JeJIaloT AKIEHT Ha 3HAYUMOCTh Takoil (DOPMBI 3K3aMeHa i JEeMOHCTPAIUU CTYIAEHTOM BO3MOYKHOCTH
pellieHusT TPAKTUIEeCKUX 33Jad, MaKCHMAaJIbHO MIPHUOJJMKEHHBIX K PEAJHHBIM YCIOBUSM Oymyineil TpyIoBOi
JeATeJIbHOCTH.

KuirodyeBbie cioBa: 1ejaroruyeckoe o0Opas3oBaHUe, IIpeJIMeTHasi IIOJINOTOBKa OyAylmux yduTesei,
npodecCHOHATbHBIA CTaHAapT IIe1arora, KOMIETEHTHOCTHBINA ITOJXO0J, JEMOIK3aMEH.

IIuntupoBanme. Tammesa E.B., Esemmna JILH. Meroguka o0y4yenns — KakoBa ee pOJb B
obpazoBanuu u Kak ee oneaurb // Becruuk Camapckoro yHuBepcurera. EcrecrBeHHOHAYYHAS
cepus / Vestnik of Samara University. Natural Science Series. 2023. T. 29, N 3. C. 18-23.
DOTI: http://doi.org/10.18287,/2541-7525-2023-29-3-18-23.

Nuadopmarnus o KoHPINKTE UHTEPECOB: aBTOPHI W PEIEH3EHTHI 3aBJSIIOT 00 OTCYTCTBUU KOH(MIMKTA
HHTEPECOB.

(© Tamuesa E.B., Esenuna JI.H., 2023

Eaena  Baadumuposna laauesa — KaHAUZAT NEJATOTHYECKUX — HAYK, JOIEHT, JOMEHT  Kadeapnl
dbuszuku, 3aBenyoommii  kKadeapoit  dusmku, MaremMaTnku u  Meroguku  obydenusi, Camapckuii
rOCYJIAPCTBEHHBIN  COlUaIbHO-TIegarorudeckuit  yuusepcurer, 443099, Poccmiickass @enepanus, 1. Camapa,
yi. Makcuma Topbkoro, 65/67.

Jhobosv Huxonaesra FEeeauna — KaHIUIAT IEJArOTHYECKUX HAYK, JOIEHT, JONEeHT Kadeapbl (QU3NKH,
MaTeMaTUKH W MeTOAuKu o0ydenusi, CaMapCKuii TOCYJApCTBEHHBIN CONMAIBLHO-TIEATOTMIECKAN YHUBEPCUTET,
443099, Poccuiickas Penepanus, r. Camapa, yia. Makcuma Topbkoro, 65/67.

Ob6pazoBaHre TpaKTyeTCs KAaK OCBOEGHUE HAKOIJIEHHBIX YeJOBEYeCTBOM (DAKTOB 00 OKpPYKAIOIIeM MUpe
u GOpMUpPOBaHWE COOCTBEHHOI'O OIBITA [0 WX IPUMEHEHWIO, COBEPIIEHCTBOBAHUIO W DPA3BUTHIO. eJI0BEK
cHavayia npuodbperaer 3HAHUSA U (HOPMUDPYET YMEHUsS IIOJIB30BATHCS HMHU B IIPOIECCE B3AMMOJIEHCTBHUSA C
IpUPOJIO 1 OOIECTBOM W JIMIHL 3aTeM BbIpAOATHIBAET B cebe TOTOBHOCTH CO3/1aBaTh HOBBIE (DOPMBI IMO3HAHUS
Mupa Uisi JApyrux. A 3Ha4YuT, Iepejada OIbITa KaK I[IEPBOOCHOBA O0OPa30BaHUsl HE MOXKET OCTABAThCA 0e3
BHUMAHUsI B JaHHOW CHCTeMe, IpeXKe BCero, cpeam ydureseit m Bocnurareseir. [lemarormyeckme By3bl
WrPAIOT B JTOH CHUCTEME TVIABHYIO POJIb U IOJATOTOBKA KBAJMMUIMPOBAHHBIX YUHUTEIel BO MHOIOM 3aBUCHUT
OT ypOBHS TPOheCcCHOHATBHBIX KOMIIETEHITNI IpernogaBaTeseil By30B, KOTOpPbIe C IMOJHON oTmadeil mepemaroT
CBOW 3HaHWsI W ONBIT Oymyrmum yuaureisM. OIeHKa ypPOBHs IOJIOTOBKHU CTYJIEHTOB — OyIymux yduresieit
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OCYIIECTBJISIETCS] B II€IaIOMMYECKUX By3aX CHCTEMATUYECKH Uepe3 pa3jiudHble BHJBI U (DOPMbI ATTECTAIAN
(Tekymiasi, mpoMexkyTo4IHast, urorosasi) [1; 2|. 1 ecam TeKyIyo U NPOMEXKYTOIHYIO aTTECTAINIO, KAK [IPABUIIO,
OpPraHU3yeT KaXKJIbIil IPEernoJaBaTelb B paMKax CBOEH [UCIUIIAHBI, TO WTOTOBAas ATTECTAINS IIEPEXOIUT
B paHr OOsI3aHHOCTEH HE3aBUCHUMOM aTTecTarmoHHON Komuccuu. s 3Toro pa3pabaTbiBalOT MIPOrPAMMBI
UTOTOBBIX UCHBITAHUI JJIsT 0OYYAIOMINXCs, CO3/IAI0T dK3aMeHAIMOHHbIE MaTepuaJibl. [yt mpoBeieHnsT NTOrOBBIX
UCIBITAHUNH B COCTAB KOMHCCHU IIPUIVIAINAIOT OIBITHBIX yYHUTesell, PyKOBOAWUTesell u3 00pa30BaTeIbHBIX
yupexaeHuii — Oymymmx paborojaresieil, YTOObI OIEHUTH YPOBEHb IOJAIOTOBKU BBIIIYCKHUKA HE TOJIBKO C
o3uruy TpeboBaHmilt 06Pa30BATEILHOIO CTAHIAPTA, ¢ MO3UIUU [IPEIOIaBaTe/ el By3a, HO U BbISIBJIEHUs yPOBHS
WX COOTBETCTBHUS COBPEMEHHBIM TPeDOBAHUSAM 0OpPa30BATEIbHBIX OPraHU3AIUil, MPO(ECCHOHAIHFHOTO CTAHIAPTA
[1e/1arora.

IIpemmernast moaroToBKa OyIyIMUX yIuTe el HAUNHAETCS C MEPBBIX JIHEH 00ydeHUsl B By3€ U IPOIOJIZKAETCS
BILUIOTH JI0 €r0 OKOHYaHHUs. Y 9e0HbIe ILUIAHBI M MIPOrPAMMBI [IOJITOTOBKH YUUTENEH COIepKAT B cebe ImepedeHb
BCEX HEOOXOMMMBIX JUCIUIJIMH C yYEeTOM HX IPEIMETHOIO HAIIOJHEHUS BCEMU PA3JIEJAMH HM3y4IaeMbIX
gucnuiuine. MeToauka pacKpbITUs OCOOEHHOCTElH IIPeJIMETHOIO COJEp:KaHUsl WrpaeT B IIPOQECCHOHAIBHOM
MMOJIPOTOBKE OYAYIIUX ydIuTe/ el OIPOMHYIO POJib. BCeM M3BECTHO, 9TO B METOJUKEe OOyUeHWs IPEIMETY BCETJa
BBIIEJIAIOT Pa3zes obuiell Meroquku (IPUMEHUMBIH K U3y9eHHI0 OCOOEHHOCTElH JII0060ro pas/ieia JUCIUNJIMHBL B
CHJIY JIOTUKH €r0 COJEePXKAHUsI: [OHATUS, UX CBONCTBA U IPU3HAKH, IPABUJIA, IPUMEDPbI) U MHOXKECTBO YACTHBIX
METOIMK, OTHOCSIINXCA K OCODEHHOCTSAM IIPEIMETHBIX PA3JIEeJIOB.

OO6yuasich B T€JIJarOTUYIECKOM By3e, OyyIMe YUUTesIsl CHAYAJIA PACHIMPSIOT W yrIyOJIsiiOT CBON YDOBEHD
MIPE/IMETHON ITOATOTOBKU Y€pe3 COAEPXKAHME MPEIMETHBIX MUCHUIUIMH M PA3JIMYHBIX Pa3/ejioB B Hux. Tak,
6y}lyHH/Ie yauresd MaTeMaTHKU B PaMKaX IIpe)IMeTHOI‘/JI IIOATOTOBKU U3YyYalOT TaKHe palJ/ie/Ibl MaTeMaTUuKU,
KaK MaTeMaTWYeCKuil aHaJIn3, IeOMeTpHUs, TEOPHUsl YHCeJ, YUCJOBbIE CHCTEMbI, TEOpHUs BEPOSITHOCTEH u
MaTeMaTHJIecKasl CTATUCTUKA, MaTeMaTHJdecKasl JioTmka u japyrue. Kaxkawlit w3 pazmenoB Oasupyercs
Ha HAYaJbHBIX CBEJICHUSAX W3 KypCca MATEMATUKW CPEJHel IIMKOJbI, HO IIOCTEIIeHHO HAIIOJHSAETCS HOBBIM
COZIEp’KaHNEM, YPOBEHb CTPOTOCTH WM3JIOKEHWsI MATepuaja M 3a7ad Bospactaer [2; 3|. Baxwuo, 9T06BHI 3TOT
HOBBIfl IIJIACT COJIEPKAHUS HUMeJI IPOYHyIo 0a3y, B MPOTHBHOM CJydae IIPUCBOEHNE HOBBIX 3HAHHUI He
[POUCXONUT WJIM CTAHOBUTCS OUYeHb I10BepXHOCTHBIM [1]. Takum o6pasom, Mbl HabIIOIaeM KPYroBOPOT B
cucTeMe MaTeMATHYIeCKUX 3HAHUI: HadaB H3ydYeHWe MaTeMATHKH Ha yPOBHE IIKOJILHOIO Kypca, Oymaymumit
VUIUTEJb HEIPEeMEeHHO I[IOJHUMAEeTCs Ha HOBBIH YPOBEHb — YPOBEHb IIPENOIaBaTe si-IIPOGhEeCCHOHAA,
00JIAAIONIET0 HE TOJBKO (DOPMATHHBIMU 3HAHUSMH, HO W HPAKTHIECKAMM HABBIKAMH €r0 IIPUMEHEHHHA WU
[epeJadu CBOUM BOCIUTAHHUKAM. B 9TOM CMBIC/IE METOIMKA OOyUeHUsS CTAHOBUTCS TEM BAXKHBIM CBA3YIONIIM
3BEHOM, KOTOPBIl I[IOMOTAaeT KaXXJIOMy OyJyIIeMy VUYATEJ 0 MaTeMaTWKW BBIOMPATh JJIsi 3TOr0 Hambojee
pamumoHajibHble U 3(P@EKTUBHBIE B KOHKPETHBIX VCJIOBHUSX METOAbI W TEXHOJIOTMH, CPEJICTBA W IIPUEMbI
[2, c. 21].

Takum o0pazoM, HauwHAasi U3ydaTh METOJMKY OOyYeHWsI Ha TPETheM Kypce IpH IISATUJIETHEM CPOKe
00yJeHusl, CTYJIEHT HE TOJHKO IOTOB K CAMOCTOSATEIHLHOMY W3JIOXKEHUIO TEOPETHUYECKUX CBEIEHUN U3 KarXKIOro
COJZIEPKATEILHOTO Pa3/iesia, HO U CIIOCOOEH IPEIBU/IETh BO3MOXKHBIE TPYJAHOCTH WX MOHUMAHUS U YCBOEHUSI
Gstarosapst cobcrBennoMy onbiTy. CoryiacHO y4eOHOMY IIAHY I1€/IArOTHIECKOr0 By3a U3yUeHHe KypCa METOJUKN
o0ydeHusT JJIATCS JIBA TOJ@ W 3aBEPIIACTCS JK3aMEHOM. IJTOT 35K3aMEH MOXKHO CYATATH WTOTOBBIM JIJIst
Meromuku obyuenusi. C cenrsiopst 2023 roma Camapckuii rocyIapCTBEHHBIN  COIUAIBHO-IIEIArOT MIeCKU
VHUBEPCUTET IPUHUMAET ydYacTue B CcOBMeCTHOM ¢ MuHucrepcrBom obpasoBanumss u Hayku (Camapckoii
00JIaCTH TPOEKTe, HAIPABIEHHOM Ha O00eCHeYeHre HENPEPHIBHON MPAKTUYIECKON IMOJTOTOBKYU CTY/IE€HTOB
BBIIIYCKHBIX KypcoB. Jlms sToro B ydebHble 1wraHbl mo HampasieHusMm mnoaroroBku 44.03.01 u 44.03.05
Iledazozuneckoe 06pasosaHue BKJIOYEHA TONMYHAsl IIPAKTUYECKas IIOJATOTOBKA Ha 06ase 00pasoBaTeIbHBIX
yupexjenuii. 1 sK3aMeH 110 MEeTOJMYECKOMY MOJYJIF0 CTAHOBUTCS BO3MOXKHOCTBIO OIIEHUTH TI'OTOBHOCTH
CTYJ/IEHTa K MpaKTU4Ieckoil pabore B 1mkoje. Kakum J10/2KeH ObITh UTOT U3Y4YeHUsl KypCa METOJUKN ODydIeHus ?

YT1006BI OTBETUTH HA ITOT BOIPOC, HEOOXONMMO OOPATHUTHCH K Ppa3HBIM MCTOYHUKAM. Bo-IepBbIX,
npodeccnoHaNbHbI  cTaHmapT Iegarora [4] npembsiBisier TpeGoBaHUS K NPOQECCHOHAIBHBIM KAYeCTBAM
YUUTEJIsI, KACAIOMMMCs OOIeneIarorndecKknX ¢ TPYIAOBBIX (DYHKIMIA, a TaKXKe CBA3AHHBIX C MPEIMETHBIM
obyuenmem. Karkmasa m3 mponmcaHHBIX (QYHKIHUI 6a3upyercs Ha CQPOPMHUPOBAHHLIX B IEPHOM BY30BCKOI
MIOJITOTOBKN YHUBEPCANBHBIX W O0mEenpodecCHOHATBHBIX KOMIETeHIMAX [5]. A 3HAUMT, KaxKmoil u3 HUX
HEODOXOJIMMO VIEJIATh B Iepuoy oOydeHHs CIleNabHOe BHUMAHUE, COCTaBJIsAS JJIs 3TOrO HYKHBIE 3aJaHud,
noabupasi COOTBETCTBYIOIINE MaTepuasbl U (GOpMbl B3auMomehcTsus [6].

Henbsza 3a0bIBaTh [ 3HAYUMOI B cucreMe 11eJIarOrn4ecKoro oOpa3oBaHUSsT KOHIIEIIIAT
podeCCHOHAIBHO-TIEIATOTMYECKOIl  HAIpaBIeHHOCTH O0ydeHust, paspaborannoii A.I. Mopakosuuem [7] un
OOSI3BIBAIONIEN  KaXKJOr0 IIPEroiaBaTesis IIeJarorudeckoro By3a B paMKax CBOEH JUCIUIIUHBI YIEJIATh
BHUMAHNE HE TOJBKO JEATEJHHOCTH II0 YCBOEHWIO IIPEIMETHOIO COJEpXKAHUSI NUCIUAILUINHBI, HO W IIPOIECCY
o ero TpancdopManuu U IepeHocy Ha 0GoJsiee BBICOKHUiT ypoBenb u3soxkenus [1-3; 6]. Cpemu meponpusruii
I0/IOOHOT0  3HAYEHUS] MOXKHO BBIJIEJIUTL COCTABJIEHHE OJIOK-CXeM U MEHTAJBHBIX KapT II0 KaXKJIOMy U3
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U3ydaeMbIX I[PEIMETHBIX pa3J/ieJiOoB, COCTaBJIeHHEe AHHOTHPOBAHHBIX CIIMCKOB HCTOYHHKOB II0 W3JIOXKEHUIO
TeMbl C Y4Y€TOM WHJMBUYaJbHBIX U BO3PACTHBIX OCOOEHHOCTEH O0YydYaloNuXCsl, MOJ00PKA CIIMCKA OIOPHBIX
3aJ1a4 10 KaxKJI0i TeMe, pa3paboTKa IPEe3eHTAIMOHHBIX MATEPUAJIOB [0 TEME, YCTAHOBJEHUE MEXKIPEIMETHBIX
CcBaA3El JUIsi KaXKJIOM M3ydaeMoil TeMbl Kypca, pa3paboTKa KOHTPOJIbHBIX BOIPOCOB W 33JaHUIl B YCTHOH u
nucbMeHHOM Gopme m mHOTrOe Apyroe [1-3; 6].

OI'OC BO mno mampapjienuio moaroroBku Iledazozuueckoe 06paszosanue st JIOOOTO YPOBHSI COJEPIKHAT
B cebe TpebOBaHUsI K pe3yjbTaTaM OCBOEHHsS IPOrpaMM OakajiaBpuaTa W MaruCTParypbl, CYTh KOTOPBIX
3aK/II0YAeTCsT B HEOOXOIMMOCTH JIOCTUYKEHMsS KaXKJIBIM BBIIIYCKHUKOM OIPEJEJEeHHBIX YHUBEPCAJbHBIX,
06menpodecCuoHaANbHBIX U IPOGEeCcCHOHANbHBIX — KommereHnmit  [5].  PopmupoBanume KaxKIoro Bujia
06eCcIreanBaeTCst Yepe3 caMOCTOSITEbHY IO MTO3HABATEIBHYIO JIEATETLHOCTD OYIyIUX yauTesieil, OpraHn30BaHHY O
B paMKax BY30BCKOH HOAroToBku. OT KarKJ0ro MpenojaBaTess By3a 3aBHCAT yPOBEHBb YCIENTHOCTH Oy Iymiero
yauressd. A 3HaYNT, ydeOHBI NPOIECC JIOJKEH OBITh IIOCTPOEH € YYETOM AKTYAJbHBIX HAIIPABJIEHUI
[IPEIMETHOI MMOJINOTOBKY U BOCIUTAHUS ITKOJBHUKOB Ha YPOKAX M BO BHEYpO4YHOe Bpemsi. Meromuka oOydeHuUst
3/1eCh CTAHOBUTCS IIPUOPUTETHON muciuiinHoii. ViMeHHO MeTonmKka oOydeHust 0OObeIuHsIET B cebe BCe ACIIEeKThI
dopmupoBanus TPodeCCHOHATBLHBIX KAd4eCTB OyJIyIIero y9IuTesss: IICHXOJIOrO-MeJarornIecKue, MpeMeTHBIE
u obmekyabTypHble. C 3TOI IEJIhI0 PENoaBaTeIn METOAUKA ODYUYeHHs pa3pabaThIBAIOT Pa3JIMIHbIE BUJIBI
3aJaHUN I CTYAEHTOB, BKJIIOYAIONINE B cebsi: HAOOp TPOOJEMHBIX CUTYAIUil, COOTBETCTBYIOIIUX OyIyIeit
PO eCCHOHANBHON JIeATENLHOCTH; 3aJ[aHUsl NPAKTHIECKOro Xapakrepa (paspaboTKa KOHCIEKTOB YDPOKOB U
BHEYPOYHBIX MEPOIPUSITUN, HAIJISIHOIO COIPOBOXKJIEHNUsI, TJIAHA UTOTOBOTO MOBTOPEHUS B PAMKAX IOJATOTOBKU
k OT'D u EI'S, onucanue cucrembl 337a4 U T. J.); CHEHAPUH JIEJOBBIX UID; MPOrPAMMBI JEKTUBHBIX KyDPCOB
n T o [1-3; 6]

He wmenee 3HaumMmbiM 3TanoM B OpPOMECCHOHAJIBHOW MOJArOTOBKE OyIAyIUX yduTeseill  sBJIsieTCst
[IPOU3BOJICTBEHHAS] TPAKTHKA, B pPaMKaX KOTOPOH OyAyIIUM YYUTEJIIM [PEJIOCTABJSIeTCs BO3MOXKHOCTH
[PAKTUYIECKH Peain30BaTh BCe pa3pabOTAHHBbIE Ha AyJUTOPHBIX 3aHSTUSIX MaTEepPUAJIBl U IOATOTOBUTH
MHOXKECTBO JIDyI'MX C y4YeTOM C(QOPMUPOBAHHBIX KOMIleTeHIwmii. Takum oOpasom, pasBuTHe U
COBEPIIIEHCTBOBAHUE TIPOMECCHOHANBHBIX ~ KAYECTB OyJyIUX y4IdATesell MPOUCXOAUT HEIMPEPBIBHO, eCJIn
MpernojaBaTe/isiM  By3a, MpeXkKJie BCEro IPEnoJaBaTesgM METOIUYECKUX JTUCIUIIINH, yJIAeTCsd O00eCHednTh
€JIMHCTBO BCEX Y4YEOHBIX 3aJa9 Ha UPOTSKEHUH Bcero 1epuoja obydenus. DopmasbHas MeTOIUYIecKast
[IOJIFOTOBKA B IEJArOTMYECKOM By3€ 3aBEpIIAeTCsl IK3AMEHOM.

B osrom yuebHOM roxy Ha Kadeape QGU3NKH, MaTEMATUKH U MeToauku obydenust CamapcKoro
rOCYIaPCTBEHHOI'O  COIUAJIBHO-TIEIANOTUIECKOI0 YHUBEPCUTETA TAKOW 3K3aMEH BIEpBble ObLI OPraHU30BaH B
HOBOM HEOOBIYHOM (hOpMATe JIEMOHCTPAIIMOHHOINO 3K3aMEHA. IJTO CTAjI0 BO3MOXKHBIM B CBSI3H C CO3JIAHUEM
B By3€ HOBBIX MPOCTPAHCTB llefarormveckoro TexXHONApKa, MOSBUJIACH CIEIUaIbHAsT 30HA JIJIs OPraHU3AINN
U TPOBEJEHWsT JEMOHCTPAIMOHHOIO 9K3aMeHa. B ero pamMkax CTYJIEHT pelaeT NpaKTUIeCKue 3aJ1a9d B
YCJIOBHUSIX, MAKCUMAJILHO MPUOJIMKEHHBIX K peasusaM Oyiyieit TpyoBoil mesreabHocTH. CyTh 3aKII0YaIaCh B
CJIEMIYIOMIEM: CTYJEHT 3apaHee IOJydaJ OUJIeT, B KOTOPOM Ha IIPUMEPE OJHON TeMbl 10 MaTeMaTuke/pusnke
[IpeJJIarajioch IIPOJEMOHCTPUPOBATh pPEIeHre KOHKPETHOU ydeOHoit 1pobsembl. [yt 3TOrO  CTymeHTy
PaspeInagoch HUCHOJIb30BATh JIO0ble HUCTOYHMKYM (y4eOHUK, METOIUYecKue U JIUJAKTHYECKHE [0COOHs,
cpeacra KT, na6oparophoe obopymosanue u T. 1.). Ipyrumu ciaoBamu, OyIylmil yduTesb, ONUPAsICh HA
chopMUpPOBaAHHBIN Yy HETO METOJUYIECKHUIl OIBIT, JIOJKEH OBLI MPOJAYyMATh B JIETAJsIX CBOW (bparMeHT ypoka
U TPOBECTH €ro CO CTYJIeHTaMH-BOJOHTepaMHd (B KadeCTBE BOJIOHTEPOB OBLIM NPUBJIEUYEHBI CTYJEHTHI 1-r0
kypca). IlpuBeseM cozpep:Kanue OJHONO U3 IK3AMEHAIMOHHBLIX OUJIETOB.

Saganne 1. Ha mnpumepe ¢dparmenra ypoka MareMaTuku 10 Teme "Bekropbl" mpojeMoHCTpHUpYiiTE
BO3MOXKHOCTH (OPMUPOBAHUST MOTHBAIMN K yYEHUIO W PaCIIdpeHre Kpyrosopa ydammxcs 9 kiacca.

Bamanue 2. Ha npumepe dparmenTa ypoka dpusukn mo teme "KunemaTnka paBHOYCKOPEHHOIO JIBUKEHUs"
MIPOJIEMOHCTPUPYUTE BO3ZMOKHOCTH — PEAJU3AIM  TEXHOJOTMHA IO3TAIHOrO (DOPMUPOBAHUST  YMCTBEHHBIX
JIeCTBUA.

Bcee zamanmsa ObLin HApaBeHbl HA MPOBEPKY CHOPMHUPOBAHHOCTU Y CTYIECHTOB OOIIENPOdEeCCHOHATBHBIX
KOMIIETEHIIMIi: CIIOCOOEH OCYIIECTBJIATH MPO(ECCUOHABHYIO JeATeIbHOCTh B COOTBETCTBUU C HOPMATHBHBIMU
npaBoBbIMU akTaMu B cdepe obpazoBanus u HOopMamu npodeccuonanbuoit sruku (OIIK-1); cnocoben
MMPOEKTUPOBATH  OCHOBHBIE W JIONIOJIHUTEJIbHBIE — 0Opa3oBaTebHble  HOPOrpaMMbl W pa3pabaTbiBATh
Hay4JHO-MeToAu4ueckoe obecnedenne wux peaimsaruu  (OIIK-2); conocoben pa3pabaTbiBaTh — IPOrPaMMbL
MOHUTOPHHTa PE3yJbTATOB 0OpA30BAHUS O00YydAIONUXCSA, pPa3pabaThlBATh U PEAJN30BBIBATH TPOrPAMMBI
upeoosierns: TpyaHocreii B o6yuernu (OIIK-5); crnocobeH mMpoeKTHpoBaTh MeJArOrnvIecKyro JesTeJIbHOCTh Ha
OCHOBE CIIeNMAaJIbHBIX HAy4IHBIX 3HaHWil u pesyabraros ucciegoanuii (OITK-8) [5]. Mcxonst n3 0603HAMEHHBIX
KOMITETEHIH (DOPMYIUPOBKA 3aIaHUll ObLIa HAIpaBJeHa HA BbISIBJIEHUE YPOBHsI TOTOBHOCTU CTYJEHTA K
BBIIIOJHEHUIO CBOUX MTPOMECCHOHAJBHBIX OOsI3aHHOCTENl B KOHTEKCTE OOO3HAYEHHOW IIPOOJIEMBI.

Cpein akTyaJIbHBIX [POOJIEM, TOJJIEXKAINX MPOBEPKE Ha JEeMOYK3aMeHe, ObLIM BBIJIEJIEHBI CJIeIyIOIIne:
dopMupoBaHne MOTHUBAIMKM K YYEHUIO W PACIIUPEHHEe KPyrozopa; (GOPMHUPOBAHUE KPUTUIECKOTO MBIIIIEHUS
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y IIKOJIbHUKOB, COBPEMEHHBbIE METOIMKH, TEXHOJOIMH ¥ MeTOJbl JIMarHOCTUPOBAHWS  JIOCTHXKEHUIA
00yJaOINUXCsl; 3HAYEHNE WCTOPUYECKUX ACIEKTOB pa3BUTHS MaTeMaTUKH U (PUBUKH B  IOBBIIMIEHAN
MO3HABATENBbHON AKTHUBHOCTH; OPraHU3AIMs IIPOEKTHOW JESTEeJbHOCTA YUAIIAXCs; HIPUEMBI  Dean3aliin
MIPUHIIAIIE, WHAABUIYAJIHHOTO MOAXO0[a B O0ydeHHH; (DOPMUPOBAHME KOMMYHUKATHBHOW KOMIIETEHTHOCTHA Y
IIIKOJIbHUKOB; (DOPMUPOBAHIE IIO3HABATEIbHBIX YHUBEPCAJIbHBIX YIE€OHBIX NEUCTBUI U HABBIKOB pedJIeKCUu y
yyamumxcsi; (POPMHUPOBAHUE UCCJIEJI0BATEILCKAX —CIIOCOOHOCTEH; MEeCTO JIEMOHCTPAIMOHHOIO 3KCIEPUMEHTA
B mporecce oOyueHuss dusnke; (HOPMUPOBAHME JIOTMYECKOTO MBIILIEHUsI y IIKOJBHUKOB; CYIIHOCTh
[PUHIINAIE, [UKJAIHOCTU Tpu oOyvueHun dusnke; HOPMUPOBAHME TEOPETHIECKUX O0ODINeHmit mpu o0ydeHun
dusuke; dopMupoBaHHE TPOCTPAHCTBEHHOTO MBIIJIEHNS; BO3MOYXKHOCTH CTAHOBJICHUS SKCIEPUMEHTAJbHBIX
YMEHU! IKOJbHUKOB; (POPMBI PeaTH3aIii JOIMOJTHUTEIHHOIO MaTEMATHIECKOIO O0OPA30BAHUS C YUAIIMMUCH;
dopMupOBaHUEe Y IIKOJIBHUKOB MeTAIPEJIMETHBIX O0PA30BATENIbHBIX PE3YIbTATOB U JIPYTHE.

IIpu mogroroBre K KaxXaoMy (parMeHTy YpOKa CTYIEHTHI PYKOBOJCTBOBAJIUCH CJIEIYIONIMMHI OOIUMUI
YKA3AHUSMU:

— cocraBuTh (DparMeHT KOHCIEKTa YPOKa/BHEYPOUHOIO 3aHATUSI C UCIOJIH30BAHUEM OJHON U3
0003HAYEHHBIX TEXHOJIOIUil Jyid uiocTpanyuu 3pdEeKTUBHOCTH BBIOPAHHBIX METO/IOB;

— IIOKa3aTh pPOJIb W (YHKIWU TIEJarora B yIPABJIEHUN MO3HABATEIBHON IeSITEIbHOCTHIO NIKOJIbLHUKOB,;

— PaCKpPBITh OCOOEHHOCTH BOCHPHUSATHUS YUAIIUMUCS yIeOHOIO MAaTepHaja [0 TeME C y9YeTOM BO3PACTHBIX
U WHIUBUYAJIbHBIX DPa3/IMIHii;

— pa3paboraTh WHCTPYMEHTBI OIEHOYHOW JesTeJbHOCTH JIJIsi I[POBEJEHUs] TEKYIIEero OIeHUBAHUS,
pediiekcun 00y IAIOIINXCST;

— DPAaCKPBITh BOCIHUTATEJHHBIH MOTEHITHAJ YIeOHOrO 3aHATUS.

B kaxjaom Oumjiere mOMUMO BBINIEOOO3HAYEHHON y4eOHON IPoOJIeMbl OBLIM BBIJEJIEHBI COJIEPXKATEIbHbBIE
acleKThl M yKa3aH KJacc, /I KOTOPOro cJiefoBajo paszpaborars dparmenT ypoka. Kaxknaplit cTyiaeHt
MMOATOTOBWJI JJIsT JIEMOHCTpAInuu (parMeHTa ypOKa IPE3EHTAINIO, PA3/aTOYHbIE MAaTE€PUAJIBbI, BOIPOCHL U
3a/aHus JJIs JUATHOCTUKU PE3YJIbTATOB, OOOPY/IOBAHWE W MATEPUAbl JJIs IIPOBEEHUsl OIBITOB. BO BpeMms
JeMOHCTpaIu (dparMeHTa CTYAeHT-y4YuTesb oOpamaJjcs K yd4eOHOH ayIuTopuud C BOIPOCAMH, IIPEJJIaraJl
COBMECTHO OOCYIMTh U OIeHUTb uHpopmanuioo. llocsie OKOHYaHWsi (pparMeHTa 3KCIEPTHl MOIVIM 3aJaBaTh
BOITPOCHI.

Cama mporeaypa cadd TaKoro 3K3aMeHa I KaxkJoro cryiaeHta 3anmmaja 25-30 munyt. OreHky
poeCcCHOHANBHBIX KOMIIETEHIIUI B IpOIlecce MpOBeleHuss GparMeHTa ypoKa JaBajii [PUTJIAIIEHHbIE
HE3aBUCHMbBIE SKCIIEPTHI U3 00pa30BaTeJbHBIX yupexienuit r.o. Camapa.

B  BbICTyIJIeHUSIX HE3ABUCHMBIX —9KCIIEPTOB 10 PE3yJbTaTaM IPOBEJIEHHBIX HUCIBITAHUNA OTMEYEH
BBICOKHUI yPOBEHb TOTOBHOCTH OVIyIIUX yYUTEJEHl K OCYIIECTBJCHWIO CBOUX TPYAOBBIX MTPOMECCHOHAIBHBIX
obs3aHHOCTEI: 3HaHUME (DAKTUIECKOrO0 MaTepruaja [0 IMPEIMEeTy, YMEHHUs B3aUMOJIEUCTBOBATH C ayJAUTODPUEN,
UCIIOJIb3Ysl IS 9TOr0 HEOOXOJMMble IMIAKTHYECKHE pecypchbl (Ipe3eHTalyu, TabIMIbBl M CXEMbl, ydueOHOe
06opyIoBaHue U Jp.), TPOJEMOHCTPUPOBAIN BCE CTYJEHTHI.

V4eHUKH-BOJIOHTEPhl TAaKXKE BBICKA3AJUCh O CBOUX BIEYATIIEHUSIX OT ydYacTUs B SKCIEPUMEHTE TII0
MTPOBEJIEHUIO JIEMOHCTPAIIMOHHOTO dK3aMeHa: "BBIIo 0YeHb KJIACCHO MOCMOTPETh, KaK pedsiTa CTapIiero Kypea
MIPOBOJIAT YPOKH, BEIb TO OIBIT, KOTOPBI IIOMOXKET HAM B JaJIbHEMIIeM, TaK KaK HaM TOXE IPEICTOUT ITO
BCcé mpoittu"; "MHE OYeHb IMOHPABUJIMCH PADOTHI KaXKJOrO SK3aMEHYEMOI'O, OHH BCE HEOOBIUYHBI U OTJIMYAIOTCS
Apyr oT jpyra. ¢ yBepeH, 4To mxX HapabOTKHU MOMOIYT UM B ux Oymymieil pabore. Takke s aymaro, 9TO JETSM
[0 UX MEeTOoJWKaM OyJeT JIerko paboTaTh W MOHMMATh TaKHe CJIOXKHBIE HAYKH, KaK MaTeMaTuka u ¢usmka'.

OrHoIlleHNEe CcaMUX CTYIEHTOB-y4duTeaell K JaHHoi (opMe 3IK3aMeHa COBIAJAeT C MHEHHEM SKCIEPTOB
u obyvaromuxcs: "BogaurensHo. WHTepecHo. JIeMOHCTpAIMOHHBIA SK3aMeH — OTJIUYHBIA UHIUKATOP
IpOPECCUOHAJIBHON TIOJAIOTOBKH. B Iporiecce MoAroToBKu (pparMeHTa ypoKa OBbLIM HCIIOJIB30BaHbI BCE 3HAHUS,
PEKOMEHIAIMU U OIBIT, I[OJyYeHHBI Ha JEKIUAX ¢ TPAKTUIECKUX 3aHATUSIX 110 METOJIUKEe O0yJeHWUs.
[Mommep:xkka m coBer mpemnomaBaTeseil ObLIM caMOW TUVIABHOIM OIOPO#l IIpM IOATOTOBKE K BBICTYIJICHUIO";
"' IeMOHCTPAIMOHHBIN 9K3aMeH ObLIO ¢JaBaTh HAMHOIO HWHTEpecHee, YeM B TpajuimoHHOM dopmare. Besb
3/eCh MBI TIOKa3bIBaE€M M TIPOBEPsSeM CBOU HABBIKKA Oyaymieil mpodeccuu — yuauTess. XOTeJI0Ch, YTOOBI
dopMmar ciaum dK3aMeHa COXpaHWjCcs B JasbHeiimem!"; "B jmanHOM opMaTe IPOBE/EHUs] IK3aMEHA MOXKHO
[IPOJIEMOHCTPUPOBATH CBOM I€JArOTMYEeCKUEe HABBIKM U yMEHUsI, [POSIBUTH CBOE TBOPYECKOE HAYAJIO, & TaKXKe
OKa3aTh CBOM 3HaHWA 10 jgucnuiuimaaM. OdYeHb MOHPABUJIOCH IIPOBEJIEHHE yPOKA 10 MaTeMaTWKe U (DU3UKe
B o0beuHeHHOM (hopMmare B oauH JieHb. Cnacubo 3a TperocTaBIeHHBIH ombIT".

Anaym3upyst ONBIT TPOBEJEHUsT JIEMOHCTPAIIMOHHOTO 9K3aMeHa [0 MEeTOJNYIECKUM JIUCIIUILTHHAM,
MBIl IPUXOJWM K BBIBOLY O I[E€JeCO00Pa3HOCTH Takoro ¢opMara ¢ pasiudHbiX mosuruii. CryaeHTb
JEMOHCTPUPYIOT C(OPMHUPOBAHHBIN OMBIT TEPEPADOTKE  YIEeOHOIO COJEPXKAHUS ¥ €ro IIPEJCTABJICHUs] C
YIE€TOM HE TOJIBKO COJI€PXKAHUS ydIeOHOro IpeaMera, HO U €ro WHTEJJIEKTYaJbHOH, OOIIeKyIbTyPHOM
W BOCIHUTATEJbHONW 3HadYnMocTu. llpemomaBaresm MeTOAMYECKMX JUCIUIIMH B PEAJBHOCTH OIEHUBAIOT
copMupoBaHHblE y CTYIEHTOB B paMKaxX AayJATOPHBIX 3aHATAN KOMIETEHIIUH, HAMEYalOoT IEePCIIEKTUBDI
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JAJIbHERIIIEro COBEPIIEHCTBOBaHUS y4IeOHOro Imporecca. HezaBucruMble 9KCIIEPTHI HA PA3JIMIHBIX KOHKPETHBIX
npuMepax HaOJIIOJAI0T CUTYaIlud, B KOTOPBIX OyIyIlue y4uTejs JIeMOHCTPUPYIOT CIOCOOHOCTH K Pa3peIIeHuto
METOIMYECKAX BOIPOCOB U IPOOJIEM, OIEHMBAIOT UX C HPAKTHUIECKONH, MPO(ECCHOHATHLHON TOUYKM 3pPEHUs,
JAI0T PEKOMEHIAIHH.

B 3aBeprienne Henb3sd He CKa3aThb O MHEHHH PYKOBOAWUTEsEH Y 49eOHO-METOIUYECKOIO YIIPABJIEHUS
yHuBepcureTa o NIpU3HaHNN JdeMO3K3aMeHa 110 METOAUIECKOMY MO/IYJIIO IIOJIOZKUTEJIbHBIM OIIBITOM,
PEKOMEHIOBAHHBIM K €ro IpPOJoJRKeHnt. Takoil BUJ 3K3aMeHa IOBBIMAET Yy CTYJAEHTOB MOTHUBAIUIO K
O0yJYeHUIO, OpHUEHTHUpYyeT IMpernomaBarTeeii Ha pa3paboTKy HOBBIX OIEHOYHBIX MAaTe€pPUAJOB B CBI3U C
M3MEHEHNEM OPTaHM3AIMOHHBIX IMOJIX0J0B K 00y4ueHn0. BaxkKHO U TO, YTO COTPYAHUYIECTBO C MPOGECCUOHATIAMA
[IOMOTaeT CTYIAEHTaM, IIPEIoJaBaTeIsIM M CaMOMY YYeOHOMY 3aBEJIEHUIO B IEJIOM 0Ojiee TOYHO MPEJICTABIISATH
cebe TpeboBaHUsI, MPEIbIBIIsIEMble K IpOrpaMMe OOYUEeHHSI U €ro Pe3y/IbTaTaM.
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ABSTRACT

The article describes the experience of conducting a demonstration exam for students of pedagogical
universities on the example of two disciplines - methods of teaching mathematics and methods of teaching
physics. The authors emphasize the importance of this form of examination to demonstrate to the student
the possibility of solving practical problems as close as possible to the real conditions of future employment.
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O TFTOMOTOIINMYECKN IIJIOTHBIX IIOAIIPOCTPAHCTBAX
ITPOCTPAHCTBA IIOJIHBIX CHEIIJIEHHBIX CHUCTEM

AHHOTAIINA

B nanvOll cTaThe paccMATPUBAIOTCS TOMOJOTHYECKAE U T€OMETPUYECKHE CBOHCTBA MHOYKECTBA CIEILJIEHHBIX
cucrteM £ W CBOHCTBA €ro MOIIPOCTPAHCTB, SIBJISIONINXCS TOMOTOINYECKHU IIOTHBIME. [IpemcraBiieHbl TeopeMbl
IJIS METPHU3yeMOr0 HEBBIPOXKIEHHOIO KOHTHHYYMa, OIIPEJEJIEHbl YCJIOBHSA I TOMOTOIUYECKH ILJIOTHOTO
MHO2KECTBA KOMITAKTa U yCJIOBUS OIIPEJIEJIEHUS] MHOTOOOPa3us /I KOHEYHOMEPHOIO MHOXKECTBA B 3aBUCHMOCTHU
OT TOrO, YTO OHO HE COJIEPXKHUT THUILOEPTOB KYO.

KuroueBble cjioBa: MOJAIIPOCTPAHCTBO; TOIIOJOTHYECKUE CBOMCTBA MHOXKECTBA; I€OMETPHUUIECKNE CBONCTBA
MHOXKECTBA; TOIOJIOTUYECKOe MHOrooOpasme; TOMOTONMYECKH IIJIOTHOE IOIIPOCTPAHCTBO; MeTPU3yeMbIil
HEBBIPOXKICHHBII KOHTUHYYM; KOHEYHOMEPHOE MHOXKECTBO; TMIb0epTOB KyO.

IIuntupoBanume. J[onromosoB M.B., 2Kysomor K.P. O romoronudeckn TJIOTHBIX MOIIIPOCTPAHCTBAX
[IPOCTPAHCTBA HOJIHBIX crelieHHbix cucreM // Becrnuk Camapckoro ynusepcurera. EcrecTBeHHOHAYYHAS
cepust / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3. C. 24-30.
DOTI: http://doi.org/10.18287,/2541-7525-2023-29-3-24-30.

NMuadopmanusa o KOHPINKTE UHTEPECOB: aBTOPHI U PEIEH3EHTHI 3asBJSIOT 00 OTCYTCTBUU KOHMIUKTA
MHTEPECOB.

© Hoaronosos M.B., »Kysonos K.P., 2023

Muzaua Bauecaasosuy /[0420m0406 — JOIEHT, KaHIUIAT (DU3MKO-MATEMATHIECKUX HAYK, Kadeapa BbICIIei
marematuku, Camapckuii TrocyJapcTBeHHBIN TexHmdeckuit yuusepcurer, 443100, Poccuiickas ®Peneparus,
r. Camapa, yin. Mosogorsapieiickasi, 244.

Kamapuddurn Pusoxynrosuy Xysonoe — KaHImuaT (PUBMKO-MATEMATHIECKUX HAYK, CTAPINUI IPEIOJIaBATE/b
Kadeaphl BBICIIEH MaTeMaTUKd, HallmoHAJBbHBINA HCCIeJOBATEbCKUI yHUBepcuTeT '"TallKeHTCKUii MHCTUTYT
WH2KEHEPOB MPPUTAINU W MeXaHU3aluu cebckoro xossiicrea' , 100000, Pecybiuka Y3bekucran, r. Tamkenr,
yin. Kaper Huszosa, 39.

BBeaenne

XopoIo  #W3BECTHO, YTO  MHOTHME  3aMedare/ibHble  TOIMOJOIMYECKHE  I[POCTPAHCTBA  BO3MOXKHO
0XapaKTepr30BaTh C MOMOIIBI0 KPATKOrO IepevHs uxX Trorosorudeckux cpoiicte [1-9]. C mauama 70-x romos
MPOIIJIONO BEKA W TI0 HACTOMAIIEE BPEMs OBbLIM JIOKA3aHBI MHOIHE 3HAMEHUTHIE TEOPEMBI O XapaKTEPUCTHKAX
MHOT000pa3nii TmIL0epTOBa TPOCTPAHCTBA W MHOr0oOpasnit Kyba ['minbepTa. Ilo cyTm MeTomapI MOKa3aTeIbCTBA
ObLIM OCHOBAHBI Ha IIOJTHOTE PACCMATPUBAEMBIX IIPOCTPAHCTB. JlOKA3aTesibcTBA HEKOTOPBIX TEOpeM ObLIn
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peaim30BaHbl Pa3jUYHbIMU MeTojgamu B paborax M. BecrBunbi, JIxxk. Mormibcku, k. ¥Yscra, Anmepcona,
Beccarun u TlespauHckoro [5], OHM KPUCTAJUIM30BAJIM IIOHSITHE IIOIVIOIMAIONIEI0 MHOXKECTBA B MHOI0OODA3MU
ruib0EPTOBA MPOCTPAHCTBA. B HEIABHUX WCCIIEIOBAHUSAX TAKXKE OTMEYAETCsl BO3POCIHINIT MHTEPEC K TEOpUU
Kap/INHAJIbHBIX WHBAPUAHTOB W WX I[IOBEJEHUIO DU PA3JIUIHBIX KOBAPUAHTHLIX (DYHKTOPAX.

B nannoit cTaThe paccMATPUBAIOTCS TOMOJIOTUYECKHAE U TE€OMETPUUECKUE CBOHCTBA MHOYKECTBA CIEIIJIEHHBIX
cucteM & M CBOUCTBA €ro TOJIIIPOCTPAHCTB, SBJIAIONINXCSI NOMOTOIUYECKN IIJIOTHBIMUA. BBeJIEHBI OlpejiesieHusl,
IOKA3aH psiJT YTBEPXKIECHUH U CHOPMYJIUPOBAHBI PE3YJIbTATHI B BUJIE TEOPEM Jijii TOMOTOIMUYIECKU
IUIOTHOTO MHOXKECTBA KOMIIAKTA ¥ YCJIOBUS OIPEIEJICHUS MHOTr000pa3us [Jisi KOHEIHOMEDHOTO MHOXKECTBA,
HE COMIEpIKAIero TmiIb0epToB Kyo.

1. IlocranoBKa 3aJa491M 1 BBOJHBbIE OIIpedeJ/IeHnA

Ilycrs X — Tomosormueckoe mpocTpancTo. Pacemorpum cucremy & = {F, : Fy, C X, F, = F,,a € A}
3aMKHYTBIX TOJMHOXKECTB ITPOCTPAHCTBA.

Bynem wucrosib3oBaTh psiji IpeIBAPUTEBHBIX BBOJHBIX OIPEIEJIeHHU, KOTOPbIE IPEJICTABUM HIXKE.

Cucrema £ Ha3bIBAETCS CIEIUICHHOM, €CJiM JIIOObIE JIBA ee JIEMEHTa MMEIOT HEIYyCTOe IepeceveHue.

Cueruiennas cucrema £ 3aMKHYTBIX TOJIMHOYKECTB MPOCTPAHCTBA X HA3BIBAETCS MaKCUMAJILHOM, €CjIu OHa
00J18J1a€T CJIEJIYIONUM CBOWCTBOM:

Ecin 3amxayTOe MHOXKecTBO A C X mepecekaercst ¢ KaxKabiM ajemeHToM u3 &, to A€ ¢ [1].  (*)

Cueriennyio cucremy & 3aMKHYTBIX IIOJMHOYKECTB HA30BeM IOJHON [3|, ecam syt BCAKOrO 3aMKHYTOrO
MHOYKECTBa BEPHO CJIJIYIONIEe YCJIOBUE:

JlroGasi okpecrHocts OF muoxecTBa F comepkut MHOXKecTBo P € € [3]. (**)

SameTnM, 9TO st BCAKON CIEIJIEHHOM CHUCTEMbBI £ CYIIECTBYeT HAUMEHbINAs IMOJIHAs CIEIJIEHHAs CHCTeMa
(xopoTko, m.c.c.) &, comepxkamias . Cucremy £y, KOTOpyio OyZeM Ha3bIBATH IOIIOJIHEHHEM &, KOTODPAs MO-
2KeT OBbITh IIOCTPOEHA IIyTeM IIPHUCOeIUMHEeHNsT K & BCeX 3aMKHYTBIX HOJAMHOXKecTB [ € X, y/oBieTBOpSIONIIX
yeaosuro (**).

IMycrs £ — MakcuMasibHas CHEIUIEHHAs cucreMa (M.c.c.) 3aMKHYThix noamuoxkectB X . Ilogcucremy &' C €
HazoBeM 0azoit £, ecom musa joboro F' € € cymecryer Takoe @ € &) uro ¢ C F.

Herpynuo mnokaszarh, 9To cucrema £f HaMMEHLIIUX (110 BKJIOYEHHUIO) 3JIEMEHTOB M.C.C. & SBJISIETCH HAU-
menbieil 6azoit £. Hocurenem m.c.c. £ Gyaem HasbBarh MHOXKecTBo H (&) = J&H.

Hanomuum, 910 cylieppaciiipeHrneM TOIIOJOIHYECKOro npocrpancrea X HasbiBaeTcs MHOXKecTBO A(X), co-
CTosdIee U3 BCEX MaKCUMAJIbHBIX CHEIJIEHHbIX CHUCTEM 3aMKHYTBIX IIOJMHO2KECTB IIPOCTPpaHCTBa )(7 a MHO-
JKECTBO BCEX IIOJHBIX CIEIUIEHHBIX CHCTeM (II.C.C.) 3aMKHYTBIX NOJMHOMKECTB IIPOCTPAHCTBA ODO3HAYAETCS Je-
pe3s N(X).

Ormerum, 4UTO BCsKas MakcuMaJibHas (110 BKJIIOUEHHH) CIEIJIeHHAs CHCTeMa 3aMKHYTBIX IIOJMHOXKECTB
(M.c.c.) sBasiercss mosHoi. OTcroma MoxkeMm mmcarh cyneppacumperne A(X) — sro momnpocrpancTso N (),
T e. A(X) € N().

IIycte X — OGeckomeunsbrit kommakt. [lomoxknm
X ={&: &€ XX, |H(E)| < n}.

Bamerum npexje Bcero, 9o A\ X~X (0ToKAeCTBiIsIeM M.C.C. £ ¢ €e OJHOTOYEYHBIM HOcuTesneM) u Ao X =
= M\ X, TTOCKOJIbKY HE CYIIECTBYET M.C.C., HOCUTEJIb KOTOPOM COCTOsI OBl pOBHO m3 JABYX TodeK. OaHako mpm
n > 3 BCe TOAMHOMXKECTBA Ap, X Pa3IUTHBI.

B camom geste, miist jiroboro n > 3 HETPYAHO HOCTpouTh M.c.Cc. & € AX, HOCHUTE/)b KOTOPOl COCTOUT U3
n TOYEK X7, ...,Tn. Hampumep, & MOXKHO 3aJaTh C IOMOIIBIO TaKON Oa3bI:

& = {x,, --.,wn}U{{xl,xk} k=2,...,n}.

Hetpymuo mokazaTh, 9TO BCe MOAMHOXKECTBA A, X, n > 3, 3aMKHYTHI B AX, CJIeIOBATEILHO, TPOCTPAHCTBA
A X ABISIOTCS KOMIAKTAME.

MHOKeCcTBO BCEX IIOJIHBIX CIEILIEHHBIX CUCTeM (II.C.C.) 3aMKHYTBIX IHOAMHOXKECTB HpocTpaHcTBa X 0003Ha-
gaercs 4depes N(X).

CucreMy 3aMKHYTBIX HOJMHOMKECTB M IpocTpaHcTBa X HazoBeM K -CIEILUIeHHOM, ecJin nepecedenne JII00bIX
K 3JIeMEHTOB CHCTEMBI 1M HEIyCTO.

Yepes N (X) 0603HAUUM MHOXKECTBO BCEX IOJIHBIX K-CIENUIeHHBIX cucTeM (KOPOTKO, NCC) HPOCTPaH-
crea X. 3aMeruM, 9TO IIONOJHEHHe Ty BCAKON K-crereHnoii cucremsr siBisiercs nyCC U IPOCTPAHCTBO
Nk (X) samxnyro B N(X). Crenosarensno, Nk (X) asiserca kommaxrom [3].

B pab6ore [3] nokazano, uro suis K-cuemienHoit cucrembl koutunyyma Ileano X mupocrpancrsa N (X)
roMeoMOpdHBI TIILGePTOBOMY KyOy (. [l BCAKON HOJHOMN CIEIIEHHON CHCTEMBI ONPEIENINM €€ HOCUTEIb KaK
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00bEeIUHEHNE MUHUMAJBHBLIX [0 BKJIIOYEHHUIO 3jeMeHTOB. CJiefoBaTebHo, Jjis JIOOOro HAaTypasibHOrO YHUC/Ia
1 MOXKHO ompezenuTsb nojinpocrpancrso N™(X) mpocrpancrea N(X), cocrosinee u3 Bcex IM.C.C., HOCUTENb
KOTODBIX cocTouT He Gosee yeM m3 n Touek, T. e. N™(X) = {xON(z) : |suppz|Jn}.

Ormerum, 9TO BCAKag MakcUMajbHas (110 BKJIOUEHHUH) CIEIJICHHAS CUCTEMa 3aMKHYTBIX IIOJMHOYKECTB
(m.c.c.) aBmsierca nosamoi. Orcioma, mMoxkeM 1mcarh cyneppacrtmpenue A(X) — aro mogupocrpancrso N(X),
. e. A(X)C N(X).

BameTnM, 9TO CyMECTBYeT MOJHAs C.C. £, KOTOpas He SBJSETCS M.C.C.

ITpumep 1 [4]. IIycrs X = [—10,10] u & = {[0,2],[1,3]} — cuemnennas cucreMa. PaccMOTpuUM CIEIIEHHYIO
cucremy m = {F € expX : [0,1] C F wm [1,3] C F}. CuemwieHHasi cucreMa m sBJIsieTCs IOJIHOM, HO He
SABJIIETCA MaKCHUMAaJbHOI CIEIJIEHHON CHCTEMOIA.

13 sroro mpumepa cremyer, uro pasnocts N(X)\A(X) # 0.

[Iycrs X wopmasbuoe Tj-npocrpanctso. s muoxectBa A mpocrpancrsa X momokum AT = {m €
€ M(X): mna mekoroporo M € m, M C A}. O6osnaimm L = AT : A samxmyro B X}. CemeiicTBo Beex
00bEIMHEHNIT BBEPX HAIPABJIEHHBIX EPECEKAIONIMXCsT MOJACEMERCTB B L MOPOXKIAeT BBIIYKJIOCTH B X. DTa
BBIIIYKJIOCTh HA3BIBAETCs KAHOHUYECKOi BbIIyKJIOCThIO B A(X), rne X — xayczopdoBoe KOMIIAKTHOE [IPOCTPAH-
CTBO.

O6111ast BBIMYKJIOCTh OIPEJIESIETCs TIOJYTONAMA U BBITYKJIBIMEA O0OJIOYKAMU KarKJIbIX KOHEYHBIX MHOYKECTB.
Buaunr, B npocrpacTBe A(X) BBILYKJIOCTb MOPOMKIAETCS CJIEAYIOMUM OOPA3OM: ISl M.C.C., M1, M3, ..., M.
Sra BeIOyKIOCTE B A(X), momoxum m € co{mq,...,my}, ecmu m C my|JmzJ...Umy. DT1a BBHIIyKIOCTH B
AMX) ymosierBopsier akcmoMe OTHEJUMOCTH Sy U JJIS Hee BEPHO Cjejyloniee OUHAPHOE CBONCTBO:

Ecim D — KoHeWHOE CeMefiCTBO MONApHO MEPECEKAIONMNXCsl BBITYKJIBIX MHOXKeCTB, TO (| D # ().

Oro BBIIyKIOE cemelicTBO 06o3HaumM depes KA(X). Ouesumno, uro KA(X) ecTh mOAIPOCTPAHCTBO
exp(AX), cocrosiiee U3 BBILYKJIBIX OAMHOXKECTB cyneppacimupenusa (X ), KOTopoe BIepBbIe olpeeieHo Ban
ne Bemom [2]. TIo onpenenenmio, KA(X) cocronr m3 touek £ = {n € \(X) : £ C n}, tae & — cnemnennas
CHCTEMA 3aMKHYTBIX IOJMHOXKECTB X .

B paGore [3] A.B. sanos mokaszai, uro upocrpancrsa N(X) u KA(X) romeomopdubl. ['omeomopdusm
H: N(X)— KXX) sanaerca dbopmynoit H(E)) =£T, 1. e. N(X) = KA(X).

ITpocrpancreo X ecrecTBeHHO BKJajbiBaerct B A(X): Touka x € X oroxjecTBisiercss B M.c.c. § = {F C

CcX:zel}.

Kak yxe ormeuasoch, muoxectBo A (X) comepxkurca B N(X). Ilycrs Uy, ...,Ug, V1, Va,...,V,, — unabop
OTKPBITBIX HOJAMHOXKECTB X .
HMonoxum O(Uy, ..., Ug)(V1, ..., Vi, )N A(X)= =0O(Uy, ..., Ux)(V1, ..., V), toe O(Uy,...,Ux)(V1,.., V) = {€ €

€ N(X) : nya suoboro i = 1, k cymecrsyer F; € € rakoe, uyro F; C U;, u mia smoboro j = 1,k u moboro ® € &
nepecederne @ (V. memycro}. Cosokynnocrs mnoxmuoxkects N(X) suma O(Ui,...,Ux)(Vi,...,V,) saBisercs
OTKDBITOH 6azoit Hekoropoi rtonosorun Ha N(X).

Takum obpaszom, cymnepacmmpenue A(X) — sro nomupocrpanctso N(X). U3 romeomopduoctn N(X) n
KA(X) sorrekaer, uro A(X) C KA(X) u KA(X) C exp AM(X).

B pa6ore [2]| mokazamo, uro KA(X) — Guxkommakt. Cremosaresnsro, N(X) Toxke GHKOMIIAKTHO.

B cuny paGorer Bam ge Bema [2] mw A.B. WBanosa [3| BBITeKaer, uTo mas Jiro6Oro METPHU3yeMOTO KOHTH-
myyma X, mpocrpancrea N(X) u KA(X) romeomopdubl ruisbeproBomy KyOy Q.

IIpusenem caemnytomme obosaaderns [5]:

Q =1[I;2,[-1;1]; — ruasbepros Ky0, rIe OTpe30K

I/Vii ={(g;)} €Q:9; =£1} — I rpamp kyba Q;

BdQ = U;’il Wii — rmcesjiorpanuna Kyba @

S = Q\BdQ — mucesnoBHyTpeHHOCTh Kyba @Q; S = (—1,1)¢

S ~ {5 — cenapabesibHOE THIBOEPTOBO IIPOCTPAHCTBO;

> — smmeliHast 06OJIOYKA CTAHJAPTHOTO KUPIHWYA B THILOEPTOBOM TPOCTPAHCTBE {a;

rint@Q = {z = (z,) € Q : |vn| <t <1 ana npomssomeroro n~J{[-1+ 1, 1-11*:ne N} CS,

BdQ =~ Y (Anzepcon B [5]);

rint@ =~ BdQ (Beccara—Tlesaunckuii [5]);

Q' — mommpocTpancTBo Kyba (), cocrosinee M3 BCEX TOYUEK, JIMIIb KOHEUHOE HUHCJIO KOODPIMHAT KOTODPBIX
OTJIMYHO OT HYJIS.

Eg — JIMHEHHOEe MOZIIPOCTPAHCTEO TMJILOEPTOBA IIPOCTPAHCTBA f2 , COCTOAINEE U3 BCEX TOYEK JIUIIL KOHEU-
HOTO YHCJIa KOODJMHAT, KOTODPbIE OTJUYHLI OT HYJIsl.

ITycts Ha KOMmakTe X mMeeTcst MeTpuka p. Torja Tomosorusi cyneppacumpenusi A(X) mopoxaercs: cie-
AyIomeil MeTpukKoi p:

p(&,n) = f}le%{l%f%fn pa(M,N)}, tne pg — paccrosiune Xaycaopda B exp X.
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Hanomunm merpuky pp Xaycmopda na xomnakre X: mius Fi, Fy € exp X nonoxum «Fy, Fp) = inf{e :
€>0, F1 CO(F) win Fy C O (F1)} pu(Fi, Fa) = max{a(Fy, Fs); a(F2, F1)} — merpuka Xayciaopda.

Jlerxo Buzmetsb, 4o p(§,n) < € TOrga M TOILKO Torga, Korpa B(F,e) € n pna moboro F € £ u B(X,€) €
st moboro @ € g, rne B(F,e) = {z: p(X,F) < €} — 3aMKHyTasi £-OKPeCTHOCTb MHOKecTBa F' B mpocrpan-
cre X.

ITycts pp — merpuka Xaycmopda wa exp A(X), m pg — orpanwdenue py Ha nomupocrpaHcTse KA(X),
KOTOPOE MbI OTOXKIECTBJISIEM 10 CKazaHHOMY, romeomopdusmy ¢ N(X).

Jast merpusyemoro KoHTHHYyMa X 1o Teopeme Banm Mwmsa [6] A(X) romeomopdruo Q. CremosarenbHo,
exp A(X) Toxe romeomopdro (). 3amernM, 9TO BO BCSKOM KOHTHHyyMe IleaHo CyIecTByeT BBIIYKJAs MeT-
puka, T. e. Jisi Jiroboro 3aMmrHyToro F C X cmpaBejiiBO pPaBEHCTBO

B(B(F)51)7€2) = B(F,El +€2 — 6‘).

2. IlpennoxkeHue m TreopeMbl

B pabote [6] umeercs ciefyromniee mpesioXKeHue.

IIpennoxenue [6]. Ilycre p = {®1, Do, ..., P, } — KOHeUHAs CLiEILUICHHAS CHCTEMA 3aMKHYTBIX MHOXKECTB
kommakta X. Torma cucrema M = {F € exp X: cymecrsyer ®; C p,®; C F} siBIsieTcsi TOJHON CIIETIIIEHHOMN
cucrtemoit B X.

st kommakta X wepes A, (X) o6osmauum orsercTBeHHO mogMHOKecTBa | Ay (X). OueBngmo, aro 910
[OJIMHOXKECTBO — O-KOMIIAKT ¥ BCIOJy IIOTHO B mpocTtpaHcTBax A(X).

g 6uxkommakra X  depes A, (X), N,(X) u N¥(X) 0603HAYMM COOTBETCTBEHHO MOAMHOXKECTBA
UoZ i Mn(X), Ur—y Ne(X) 1 U2, No(X). OueBnano, 9TO 9TH NOAMHOXKECTBA 0-KOMIAKTBI M BCIOJY IJIOTHBI
B npocrpancTBax A(X) u N(X) cooTBeTCTBEHHO.

Onpepenenune [7; 9]. Muoxkectso B((Q)) HasbIBaeTCs TPAHWIHBIM MHOXKeCTBOM B (), ecim Q\B(Q) = {5.

SamernmM, uro mncepporpanuna Bd() runpbeproBa Kyba () #ABJISETCS TPAHUIHBIM MHOXKECTBOM Kyba ).
Vcnonp3yem 00O3Ha4YEHNUsI, BBEJIECHHBIE B KOHIIE MPEIbLIYINEro 1. 1.

Homnonuuresnsroe onpezesnenne [10]. IIpocrpancreo X HasbiBaercst caabOCIeTHOMEPHBIM, e€Ciii X sIBISeTCs
CIETHBIM OOBEJMHEHNEM CBOUX 3aMKHYTBIX KOHEYHOMEPHBIX ITOITPOCTPAHCTB.

Onpepesnienune [7]. Tonosornueckoe nmpocTpaHcTBO X HA3BIBAETCS MHOr0OOpa3meM, MOJIEJIUPOBAHHBIM Ha
IPOCTPAHCTBE Y, WM Y -MHOTOOGpa3meM, €CIM BCAKAs TOYKA TPOCTPAHCTBA X HMEET OKPECTHOCTH, TOMEO-
MOPQPHYIO OTKPBITOMY ITOJMHOYKECTBY MIPOCTPAHCTBA Y .

Bamerum, 9TO JyIst JIIOGOI0 METPU3YEMOIO HEBBIPOXKIEHHOrO KoMmiakTa X mupocrpanctBa A(X) u N(X)
romeomopdubl ruiibbeproBomy Kyby Q. g kaxgoro m > 3 momupocrpancrsa A, (X) samxayTel B A(X).
ITpocrpancra A(X)\A,(X) (n > 3) ecTb OTKpBITHIE HOAMHOXKECTBa KoMmakTa A(X).

C xpyroii cTopoHbI, HAMU OBLIO 3aMEYEHO, YTO B ITUX ciydas KoMuakT A(X) ecTb MOIMHOXKECTBO KOM-
makrta N(X), T e. N(X)\NX) orgpsrro B N(X). OTKpbITBIE IOJMHOXKECTBA I'MIbOepoToBa Kyba () ecThb
Q-muOT006pasus. CiieoBaTeIbHO, UMEIOT MECTO IPEJICTABJICHHBIE HUXKE TEOPEMBI.

Teopema 1. /Iia m060ro METpU3yeMOTO HEBBIPOXKJICHHOTO KOHTHHYyMa X HMeeM:

a) N(X)\A,(X) sBisierca @QQ-MHOroo6pasueM [yist Jo6oro n > 2,
6) MX)\A\n(X) aBusierca @Q-muoroobpasuem s Jioboro n = 2.

Teopema 2. s m060ro METpU3yeMOTO HEBBIPOXKJIEHHOTO KOHTHHYYM& HMEET MECTO:

a) N(X)\A(X) sBasierca Q-muoroobpasuem;
6) KAM(X)\N(X) siBasiercss (Q-MHOTOOGPA3HEM.

Hamomamm, aro ams xommakra X sHemycroit koMmmakT G C exp X Ha3bIBAETCS THIIEPIPOCTPAHCTBOM POCTA,
eciu 10, yr0 A € G, B € exp X, A C B n Kaxjasi KOMIOHEHTa CBSI3HOCTH MHOXKeCTBa B Iepecekaercs: ¢ A,
310 jasiee Bieder B € G [7; §].

Dro upocrpancrBo obosnaudaercs depe3 G(X). Eciu B aroM omnpejiesieHun OIyIneHbl TpeGOBaHUS KOMIIO-
HEHTBI CBSI3HOCTH TAK, UTO COOTBETCTBYIOIIEE POCTPAHCTBO HA3BIBAETCS THMIEPIPOCTPAHCTBOM BJIOXKEHUS U
obosznavaercss yepe3 G(X), TO MMeeT MeCTO yTBEPIKIEHUE:

G(X)~Q < X — MeTpusyeMblil KOHTUHYYM.

Mycrs &1, & € N(X) u & # &. Torna 6e3 orpanmdeHusi MOXKHO CUATATh, 4TO cyliecrByer F € & u
okpectaoctb OF O F takue, 9uro Hu ofmH 3jeMmeHT & He jgexur B OF, 1. e. jausa moboro ® € & wumeer
mecro © (N X\OF # 0.

Takum obpaszom, cucrema &, = & | J(X\OF) cuemnennas. Ilycrs 1 — M.c.c., comepKarmuast {;. Unmeem 7 € &
u n ¢ &, nockomeky F € & m F €. Uror & # &F.

Sameyanue [8]. Hus mo6bix Touek &,7 € N(X) 9KBUBAJIEHTHBI yCJIOBUS:

1) pu(§m) <e ;

2) B(F,e) € n mias moboro F € ¢ n B(P,¢) € £ ma moboro ® € 1.
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Ilycts X — wmerpusyembrii xourunyyMm. A C X, intA # (), A= A. Torna At = {¢ € \(X) : A € £} ectn
Z-mnoxkectso B A(X) [5], . e. Ve > 0 I f: AM(X) = MX)\AT rakoe, uro p(&, f(£)) < & aua moboro € € A(X).

MuoxkecrBo A C X HasblBaeTCsl TOMOTONNYECKH IJIOTHBIM B X [9], ecsim cymecryer romoronuss h(z,t) :
X x [0,1] = X makag, aro h(x,0) =idx u h(X,(0,1]) C A.

Teopema 3. lnsa moboro meanosckoro koHtmHyyMma X mnomanpoctpactso N (X)\A,(X) romoronmueckn
wiorHo B N(X).

HoxkazareascrBo. IIycrs £ € A(X). Hus uncna t € [0,1] u 3amHyTOro MHOXKecTBa A € exp X I0JIOXKUM
D(A,t) ={x € X : p(x,A) < t}. Mol Oynem cumrars, uro diam,X < 1. OueBuano, uro s soboro t € [0,1]
muokecTBo D(A, 1) € exp X.

UsBectHO, 4T0 £ €CTHh M.C.C., COCTOAIIUX U3 3AMKHYTBIX MHOXKECTB, T. €. £ = {A, : A, € exp X, a— unuexc}.
Has € monoxkum £(t) = {D(Aq,t) : Aq € £} Temeps nocrpoum romorommio h(€,t) : N(X) x [0,1] — N(X),
nostarasg h(€,t) = £(t).

Samernm, 9TO:

a) ecn € € N(X), 10 £(t) € N(X);
6) ecmm § € A(X), 5(75)6 N(X) m §(t)EN, (X);
5) ecn € € A(X), 10 £(0) € A(X).

3HaUUT, MOAMHOXKECTBO Ay (X) C N(X) romoronmvecku miorao B N(X). Teopema 3 jokazana.

Ucnonbayst pesyabrarel pabor [7-9|, moxaseiBarorcss caemyioniue Teopembl 4 u 5.

Teopema 4. Jljig 1106010 MeTpu3yeMoro HEBBIPOXKIEHHOIO KoMiakTa X IOAIPOCTPAHCTBO A, (X) aBisercs
IPAHUYIHBIM MHOXKECTBOM KOMIakTa A(X).

Teopema 5. ljia 06010 MeTpu3yeMoro HeBbIPOXKIEHHOrO KommnakTa X mogupocrpancTBo A(X)\A,(X)
ABJISIETCST TTOJIHBIM celapabesbHbIM GeCKOHEUHON pa3MepHOCTH MeTpUIecKHM A R-IpocTpaHCTBOM.

3. Pe3yabTaThl AJI8 METPU3yeMOTo HEBLIPOXKIEHHOTO KOHTUHYYMAa

B pesysibrare i METPHU3YEMOIO HEBBIPOXKJIEHHOTO KOHTHHYYMa C(HOPMYIMPOBAHBI CJIEAYIONIME TEOPEMBI.

Teopema 6. i 1000r0 METPU3yEeMOTO HEBBIPOXKIEHHOTO KOHTHHyyMa X WMeEeT MECTO:

a) Ay(X) sgBisiercss rOMOTONMYECKH IIOTHBIM MHOXKeCTBOM KommakTa A(X);

6) N,(X) siBasieTcss TOMOTONMYECKH ILIOTHBIM MHOXKeCTBOM KoMmmakTa N (X);

B) N, (X) siBisiercss TOMOTONMYECKH IUIOTHBIM MHOXKeCTBOM KommakTa KA(X).

Jist 1106010 €J1aboCc9eTHOMEPHOrO KoMIIakTa X IPOCTPAHCTB A, (X) ciabocyernomepro. [Ipocrpancrsa ég
u Qf cnabocuernomepnsr [5).

Teopema 7. [las 11060ro MeTpu3yeMOro HEBBIPDOXKJIEHHOTO KOHTHHYyMa X WMMeeM:

a) N(X)\N,(X) — roMoronu4ecku IJIOTHOE MOJMHOXKECTBO I JIOOOro n > 2;

6) MX)\\(X) sBisiercss roMOTONMYECKH HJIOTHBIM MOAMHOXKECTBOM Jisl JII0O0ro n > 2;

B) N(X)\N"(X) siBisieTcsi TOMOTOIMYECKU ILIOTHBIM IOJMHOXKECTBOM Jisl JIEOGOrO N > 2.

Teopema 8. i 1100010 METPU3YEMOTr0 HEBBIPOXKIEHHOIO KOHTHHYyMa X WMeeT MECTO:

a) mpocrparctBo N¥(X) stBisiercst y -MHOTOOOpa3neMm;

6) upocrpancrBo N, (X) saBasercsa » -muoroobpasuem, ecau N, (X) comepxkur ruinbeproB Ky6 @Q;

B) mpocTpaHcTBo A, (X) aBigercs Y -mHoroobpasuem, eciu A,(X) comepxkur ruibbeproB Kyo Q.

Jljist 1106010 MeTpU3yeMOoro HeBBIPOXKJIEHHOIO KOHTHHYyyMa X HMeeT MeCTO:

a) npocrpancteo N (X) asisercs Eg— (mm Qf-) mmoroobpasmem, ecm X KOHEIHOMEPHO;

6) mpocrpancTBO A, (X) sBiseTcs Eg— (wm Q'-) mmoroo6pazmem, eciu X KOHEYHOMEPHO;

B) HpocTpaHcTBO A, (X) saBisiercs ég— (mm Qf-) mmorooGpasmenm, ecm A, (X) He CONEPKHUT THILOEPTOB
Ky6 @

r) upocrpanctBo N, (X) sBisercs Zg— (mmr Qf-) mmoroobpasmem, ecim N, (X) He cOAEPKHUT THIL6EPTOB
Ky6 Q.

SakJiroueHue

B zaksiouenue mojBesieM UTOr, UTO HA OCHOBE JOKA3aTEJIbCTBA CBONCTB TOIOJOTHMYECKUX U T'E€OMETpPUYe-
CKUX TOJIIPOCTPAHCTB MHOXKECTB CIIEIIJIEHHBIX CUCTEM, SIBJISIOIIMXCS MOMOTONUYECKH ILJIOTHBIMU, CHOPMYIUPO-
BaHbl TEOPEMBI JIJIsI METPU3YEMOI'0 HEBBIPOXKJIEHHOI'O KOHTHHYYMa, OIPEJIEeJIEHbl YCJIOBUSA JJId TOMOTOINYECKU
IUIOTHOTO MHO>KECTBA KOMITAKTA U YCJIOBHS OIIPEIEJIEHUs] MHOI000pa3us Jjisi KOHEYHOMEDPHOTO MHOXKECTBA B
3aBUCUMOCTH OT TOrO, YTO OHO HE COJEPXKUT I'mIb0epToB KyO.
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B jokazaresbcTBax M TeopeMax HCIOJIB30BAHBI CJEIYIONHe yTBepXKaeHusA. s j060oro MeTpusyemoro
HEBBIPOXKIEHHOI'O0 KOHTHUHYYMa IMOJIIPOCTPAHCTBA IOJIHBIX CIEIJIEHHBIX CHCTEM IOMEOMOPMHBI I'UJILOEPTOBY Ky-
Oy. IIpu 5TOM OTKpBITHIE MOAMHOYXKECTBA IMIBOETPOBa Kyba ecThb (J-MHOrooOpasus. CieqoBaTesibHO, OMPeIeis-
IOTCS T€OPEMbI O COOTBETCTBHUH ITOJIMHOXKECTB IIOIIIPOCTPAHCTB IMOJIHBIX CIEILUIEHHBIX CACTEM (J-MHOr000pa3nio
JIst JII0OOTO KOJIMYIECTBA TOYEK HOCHUTEJNs] OT JIBYX.

Hyist 106010  MeaHOBCKOIO KOHTHUHYYMa IOJIPOCTPAHCTBO IOJIHBIX CIEIJIEHHBIX CHCTEM T'OMOTOIHMYECKN
IUIOTHO BO BBEJIEHHOM KJIACCE MHOXKECTBA BCEX IOJHBIX CIEIIEHHBIX CHCTEM 3aMKHYTBIX ITOAMHOYKECTB TOIO-
Jiormdaeckoro mpocrpaHcTsa. OmpenesieHbl TeOpeMaMy MOIIPOCTPAHCTBO — TPAHUYHOE MHOXKECTBO KOMITAKTA
¥ TOJAIIPOCTPAHCTBO — TOJIHOE cernapabebHoe GEeCKOHEYHOW Pa3MepHOCTH METPHYECKOe ITPOCTPAHCTBO.
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ABSTRACT

This message discusses the topological and geometric properties of the set linked systems £ and the
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O EBKJINAOBbBIX MHOTI'OOBPA3UAX, ABJIAIOIIINXCA
IHoAITPOCTPAHCTBOM IIPOCTPAHCTBA BEPOATHOCTHBIX MEP
C KOHEYHBbIMN HOCUTEJIZIMN HA BECKOHEYHOM KOMIIAKTE

PASMEPHOCTHN HYJIb

AHHOTAILIA

B craTpe JOKa3bIBAETCs, YTO MOANPOCTPAHCTBO P, ,_1(X) Bcex BepostHOCTHBIX Mep P(X), HOCHTeNn
KOTOpI)IX COCTOAT pOBHO nu3 n TOLIeK, ABJIAETCA (n—l)—l\leprH\J TOIIOJIOTUYECKUM I\/IHOFOO6pa.3I/IeM. Bbl}leﬂﬂeTCH
PSAJI HOAIIPOCTPAHCTE IIPOCTPAHCTBA BCEX BEPOATHOCTHBIX Mep, MMEIOIINX OECKOHEYHYIO Pa3MEPHOCTb B CMBICTIE
dim, gBiAOmMXCAa MHOIOOOpa3HaAMHU. PacCMOTPEHBI OTIeNIbHBIC IOAMHOXKECTBA, OECKOHEYHOI0 KOMIIAKTa X, Ha
KOTOPOM IIPOCTPAHCTBO BEPOATHOCTHLIX MEP TOMOTOIIMYECKH ILJIOTHO BO BeeM mpocTpancTse. ChopMyImpoBaHbI
U J0KasaHLl TPU TeOopeMbl O TONOJOIMYeCKHX CBOICTBaX MHOI0OGpasHii — IIOAIPOCTPAHCTB I'OMOTONUYECKH
IJIOTHBIX B IPOCTPAHCTBE BEPOATHOCTHBIX MEP ¢ KOHeYHBIMHU HOCUTEJIsIMH Ha KOMIIAKTe, PACCMOTPEHbLI YaCTHLIC
clyday KOHEYHOTO M GECKOHEYHOIO KOMIIAKTA.

KiroueBbie ciioBa: IIOAIIPOCTPAHCTBO; BEPOATHOCTHAA Mepa; HOCUTEJIb; TOIIOJIOTUYIECKOE 1VIHOI‘OO6pa3I/Ie;
KOMITaKT; (I)yHKTOp7 CHUMILJIEKC; T'OMOTOIINA; IIOJAIIPOCTPaHCTBO I'OMOTOIIMYECKU IIJIOTHOE; Pa3MEpPHOCTDb.
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IIOAIIPOCTPAHCTBOM OPpOCTPaHCTBaA BEPOATHOCTHBIX Mep C KOHE€YHBbIMN HOCUTEJIAMU Ha 6eCKOHe‘{H01\I
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cepus / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3. C. 31-36.
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BBeaenne

Hacrositiiee nccieoBanne aBTOpPOB W JaHHAS CTATbdA IMOCBSINEHBI M3YYEHUIO TOIOJIOIHH IIPOCTPAHCTB Be-
POSITHOCTHO# Mepbl. DTa TeMa HAXOJUTCS Ha CTBIKE JBYX ObjacTeli — GEeCKOHEYHOMEPHON TOIOJOIUH U TeO-
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pun Mmepsl [1; 2]. Ilpuuunna, 0o KoTopoil GeCKOHEYHOMEPHAsI TOIOJOTUS TIPECTABIIsIeT WHTEPeC IPH U3YJIeHUn
IIPOCTPAHCTB BEPOSTHOCTHBIX MEpP, 3aKJ/IFOYAeTCs B TOM, UTO IMPOCTPAHCTBA Mep, KOTOPbIE HUMEIOT JOMOJIHU-
TEJIbHYIO BBIMYKJIYIO CTPYKTYPY, SIBJSIIOTCS MJICATbHBIMU "€CTeCTBEHHO" BO3HUKAIOMUMU GECKOHETHOMEPHBIMU
0o0beKTaMK JIJIsl IPUMEHEHUsI MOIIHBIX MeTOJ0B OeckonednoMeproit tomosoruu [2]. C 1990-x romos upocrpan-
CTBa BEPOATHOCTHBIX Mep M3ydJasiCh B PAMKAX KATErOPUM KOMIIAKTOB, TJi€ TPODJIEMBI TOIOJOTUIECKON KJIac-
CI/I@I/IK&HI/IH IPOABJIAJINCH Be€CbMa JJIEMEHTApPHO: IIPOCTPAaHCTBO BEPOATHOCTHBIX MEP KOMIIaKTa pacCMaTpuBa-
JIOCH TOMEOMODPMHO OO0 KOHEIHOMEPHOMY JIjIsi KOMIIAKTa KOHEYHOTrO, JINOO GECKOHEYHO-MEPHOMY OObEMHOMY
KyOy. I[lomMmumo KOMIaKTHOCTH OBLIO Jake He BCerja siCHO, UTO CJIEJlyeT PACCMATPUBATHL KAK IIPOCTPAHCTBO
BEPOSITHOCTHBIX Mep Ha KommakTe. VccaemoBaHus MOCTEIHUX JIET TTOKA3BIBAIOT PA3BUTHE HEKOTOPBIX HOBBIX
nmomxonoB. B 3] oTOXKmeCcTBIIM €BKINIOBBI TIPOCTPAHCTBA € TIOAMPOCTPAHCTBAMHI CIETHOTO GECKOHETHOTO MpO-
U3BEJEHUs CUCTEMBI HOAIPOCTPaHCTB. Torga 00beMHeHHOEe MHOYKECTBO MMEEeT JIBe €CTECTBEHHbBIE TOIOJIOIHH, a
MMEHHO: CJ1a0yr0 TOMOJIOru0 (IIPSAMOI IIPEeJIes) OTHOCUTENBHO IOCJIE0BATEIbHBIX BKJFOUEHUH TIO/[IIPOCTPAHCTB
U OTHOCHTEJIBHYIO TOIOJIOIHIO, YHACIEJIOBAHHYIO OT TOIOJIOIMH CYETHOIO OECKOHEYHOrO IIPOU3BEJICHUS CHCTEMbI
nozanpocrpadcTs. Takke B [3] NpUBEIEHO HECKOJIBKO XaPAKTEPUCTUK TOIOJOIMIECKUX MHOTOOOpA3uil, CMOIE M-
poBanHbiXx Ha (R, 0)- mm (Q°°,X)- MHOroo6pasusx, KOTOpble IPUMEHSIOTCH K OUTOIIOJIOMMYECKUM IPYIIIAM,
OUTOIOJIOTUIECKAM JIMHEHHBIM IIPOCTPAHCTBAM, IIPOCTPAHCTBAM Mep, IIPOCTPAHCTBAM OTOOpaKeHUi, TUIepIIpo-
CTPaHCTBaM.

B paGore [4] passuTa Teopusi K1accoB GECKOHEYHOMEPHBIX GaHAXOBBIX MHOroOOpasuil Mep B abGCTPAKTHOM
M3MEPUMOM IIPOCTPAHCTBE, HCIIOJIb3Yys AUATPAMMBI, KOTOPBIE “‘COAIAHCHUPOBAHBI’ MEXKJy (DYHKIUSIMU ILIOTHO-
ctu u Jjiorapudmudeckoit morHoctr. OTMEYEHO, YTO MHOrO00Opa3wsi COXPAHSIIOT MHOTHE OCODEHHOCTH KOHEY-
HOMepHO# MHMOPMATIMOHHOM reomeTpun. BarkeH BbIOOp Mepbl . Pabora [5| paccMaTpuBaeT COXpaHEHWE MO
dyHKTOpaMu (QYHKTOpa BEPOSITHOCTHBIX MEp IIPOCTPAHCTB CYETHON PasMEPHOCTH M SKCTEH30PHBbIE CBOICTBA
[OJIPOCTPAHCTB [IPOCTPAHCTBA BEPOSITHOCTHBIX Mep. B [6] M3y4eHbl TOMOTONNYECKH IJIOTHBIE HOIIPOCTPAHCTBA
MPOCTPAHCTBA BEPOSITHOCTHBIX MEP, OMPEJIEISeMbIX OECKOHETHBIM METPUIECKUM KOMIAKTHBIM MHOYKECTBOM, KO-
TOpBIE SBJIAIOTCS KOHEYHOMEPHBIMU U OECKOHETHOMEPHO-PA3ZMEPHBIMHI TOMOJIOTHIECKUMU MHOrOoOpasusimu. Pac-
CMaTpUBasl Pa3JIHMIHBbIE CBOWCTBA IOJIIPOCTPAHCTB MPOCTPAHCTBA BEPOSITHOCTHBIX MED, JOKA3aH Psij CBOWCTB
COOTBETCTBUsI U Psijl YCJIOBUN SKBUBAJEHTHOCTH.

Takke B pabore [7] aBTOpBI JIOKa3aJu DPsiji YTBEPXKJEHUH, 9TO JieficTBue KOMIAKTHON rpynmsl G, ompe-
JiesisieMoit  cTpaTudUIUPOBAHHBIM IPOCTPAHCTBOM X, HENpepbIBHO Jyis npocrpancTBa Z(X), ABJILMONErocs
CcTpaTU(UIMPOBAHHBIM TIPOCTPAHCTBOM, COJEPKAIIIM CaMOCTPATH(UIMPOBAHHOE TPOCTPAHCTBO X Kak 3a-
MKHYTOE TOJMHOXKECTBO. JloKa3aH SKBUBapHAHTHBIN aHAJOr HEKOTOPHIX pe3yiabraroB P. Koru ornocuresbno
A(N)R(S)-upocrpancts. Takxke mokasaHo, uTo opburanbHoe mpoctpancTBo Z(X)/G mnom nefictBueM rpyi-
ubl (G SABJISIETCSI IIPOCTPAHCTBOM S.

B pabore [8] paccMoTpeHbl MOMOTONMYECKH ILIOTHBIE CBOWCTBA U TOIOJOTMYECKUE M IKCTEH3OPHBIE CBOIi-
CTBa OJHOTOYEYHONH KOMIAKTU(MUKAIUN U KOMIAKTUMDUKAIUIN 10 AJIEKCAHIPOBY I JIOKAJIHHO KOMIIAKTHOTO
[IPOCTPAHCTBA U [JIsi HEKOTOPBIX IMOJIPOCTPAHCTB MPOCTPAHCTBA BEPOSITHOCTHBIX Mep.

B nanHOil crarbe chOpMYJIUPOBAHBI U JIOKA3AHBI TEOPEMBI O TOIIOJIOIMYECKHX CBONCTBAaX MHOIOOOpa3uii, siB-
JISTFOIIIUXCSI  TTOJIIIPOCTPAHCTBOM ITPOCTPAHCTBA BEPOSITHOCTHBIX M€p, — IMOIIPOCTPAHCTB TOMOTOIMYECKH IIJIOT-
HBIX B MPOCTPAHCTBE BEPOSITHOCTHBIX MED € KOHEYHBIMH HOCHUTEISIMHU Ha KOMIIAKTE, PACCMOTPEHBI YaCTHBIE
CIydan KOHEYHOIO W GECKOHEYHOIO KOMIIAKTA.

1. HO,ZLHpOCTpaHCTBa IIPOCTPAaHCTBa BEPOATHOCTHBIX MEP C KOHEYHbIMHN
HOCHUTeEJIAMMNM Ha KOMIIaKTe

Jlist kKoMIIakToB X MMeeTcsl IPOCTasl TOIOJOTHIECKast KIaccuduKalms mpocTpancTs P () Bcex BEpOSITHOCT-
HBIX Mep. B ciyuae KoHewHoro n-todednoro npocrpatcrsa X = {n} moukm p npocrpancrsa P(n) = P,(n)
SBJISIOTCS BBIMYKJIBIMU JIMHEHHBIMA KOMOmHarusMu mep Jlupaxka:

p=mod(0) +m1d(1) + ... + mp_16(n — 1).
IT05TOMY OHM €CTECTBEHHO OTOXKJECTBIAAIOTCS ¢ Todukamm (n — 1)-mepHoro cmmiiekca o™~ 1. Ilpu sTom
mepnl JIupaka (i) oOpasyioT BepHIMHBI CUMILIEKCA, & MACCHI 7;, [OMEIIEHHbIE B TOYKU §, ABJSIOTCA Oapu-
LEHTPUYECKUMU KOOPJIUHATAMHU Mepbl i. Takum obpasoM, kommakt P(n) addunno romeomopden cumiuiekcy
ot 9]

B cayuae Geckoneunoro xommakTta X unpocrpaHctso P(X) takxke sBisiercs komnaktoMm (dbyHkTOp P co-
xpanser Bec). Jlajiee, OHO CONEPKUT CUMILIEKCHI CKOJIb YIOJHO GOJILIIONO YUCJIA M3MEPEHUil, II0ITOMY OHO
Geckoneunomepro. ITo teopeme Ko [1] Bemyxumstii kommaxr P(X) € REX) adbdunno sragsBaercs B lo.
CaenoBaresbho, 1m0 Teopeme Kesurepa kommakr P(X) Kak 6€CKOHEUHOMEDHBIH BBIIYKJIBII KOMIIAKT, JIeXKaIluii
B {5, romeoMopdeH ImibbepToBy Kydy @ = IX°.
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C apyroit croponsl, npocrpancTBo P(X) BCcex BEPOSITHOCTHBIX M€D Ha KOMIIakTe X HA3BIBAETCS MHOXKE-
CTBOM BCEX PErYJISIPHBIX 0OPEJIEBCKUX BEPOATHOCTHBIX Mep Ha X, CHAGKEHHBbIM ciabefilneil U3 TOoJIoruii, st
KOTOPBIX HenpepbiBeH KaxKipiii (yukuuonan f, : C(X) — R, uepesonameii mepy p B u(U) (U — orkpsiroe
B X MHOXeCTBO).

st upousBosbHOro KoMmmakTa X u Mepbl i € P(X) onpejeiien ee Hocuresnb supp() — 9T0 HaMMEHbIIee
U3 3aMKHYTBIX MHOKecTB F C X, mia xoropeix p(F) = u(X), 1. e. supp(p) =N{A: A=A, pe P(A)};

P, (X)={p € P(X) : |suppu| < n}— MHOXKeCTBO BCeX MeD (i C He 0oJiee UeM 1 HOCUTEJISIMH.

Onpepesnienune [1]. Tonosornueckoe nmpocTpaHcTBO X HA3BIBAETCS MHOrOOOpa3meM, MOJIEJIUPOBAHHBIM Ha
mpocTpancTBe Y, mim Y -MHOroo6pasmeM, €M BesKas TOYKa MPOCTPAHCTBA X WMEET OKPECTHOCTH, TOMEO-
MOPQPHYIO OTKPBITOMY ITOJMHOYKECTBY IMIPOCTPAHCTBA Y .

Onpepenenne [1]. TlogmuokectBo A C X mpoctpancTBa X Ha3BIBAETCST TOMOTONUYECKH TUIOTHBIM B X,
ecm cymectsyer romorormst h(x,t) : X x [0,1] = X Takas, uro h(z,0) =idx u h(z,(0,1]) C A.

s Geckoneunoro (noGoro) kommakta X u Joboro n € N dyukropa P, mnonoxuMm P, ,_1(X) =
=P, (X) P,-1(X), tme P,(X) ={n € P(X) : |suppu| < n} [10].

Teopema 1. s moboro xommakTa X moampocTpancTBo P, ,_1(X) mpocrpancrsa P,(X) asisercs
(n — 1)-MepHBIM MHOroOOOpasMeM M TOMOTOIHMYECKH INIOTHBIM B P, (X).

HokazaTeabcTBo. [Iycts X — mpou3BoibHBIE KOMITAKT. BO3MOXKHBI JBa C/Iydasd.
1°. X — xomewnoe mHOkecTBO. Jljifi ompesenennocTH mycTh X COCTOHT u3 n Touek. Torma P,(X) =
= P,(7) = 0" ! — (n — 1)-MepHblit cTapjapTHBIH cuMIeKe, T. e. T(x1, T2, ..., T,) = 0"~ ! cummIexc ¢ Beprm-

HAMH B TOYKAaX Z;. A HOAUPOCTPaHcTBO P, ,,—1(R) = T(x1, 22, ..., 2p)\Er(T(x1, 22, ..., p)) = intT (z1, 22, ..., Tp),
T. e. Py po1(n) = T%x1, 22, ..., x,) — BHYTPeHHOCTDH cuMiLiekca. Buyrpennocts T°(x1, o, ..., 2,,) roMeoMopdna
npocrpaucrey R [11], 1. e. P, ,_1(n) ectb (n — 1)-mepnoe muoroobpaszus R"~!.
20, X — 6eckoneunoit KommakT. M3BecTHO, 9T0 MpocTpancTBo P, (X) COCTONT M3 JIHEHHON KOMOHHAIIN
Mep /Jlupaka ciemyrornero Bua:
W =m101 + mads + ... + M, 6y, (1.1)

rue 0, — Mepol [upaka, z; € X, 0<m; <1, Y. m; =1
Paccmorpum nogmpocrpanctso P, ,—1(X) mpocrpancrsa P,(X). Ouesuamo, uro P, ,—1(X) OoTKpeTO B
P,(X). BosbmeM mponsBosbHYIO TOUKY € P, ,—1(X), Torma

o= m151 + m262 + ...+ mnén,

T1,T2, ..., Ty, — BIAUMHO PA3JIUYHBL, T. €. |T1,T2,...,Tn| =n 1w m; >0, m; < 1. Orciona pu € T (21, Ta, ..., Tp) =
= intT(z1,22,...,Ty) — BHyTPeHHOCTb cumiuiekca. Mzsectno, uro T°(xq,,...,2,) TOMEOMOPhHO POCTPaH-
crBy R"~!. B xauectse O(u) oroxkaectsasem MuoxectBy TO(x1, X9, ..., T,), T. €. KaxkKasg TOYKA MPOCTPAHCTBA
Py, n—1(X) mmeer okpectHOCTB, ToMeoMopduyo R" 1. 3nauut, npocrpanctso P, ,—1(X) ects (n—1)-mepnoe
MHOT00Opasue.

Teneps mokazkeM, 94T0 MOAIPOCTPAHCTBO P, 1 (X) romorommyecku wiorHo B P, (X). UckoMyio romoromnuio
h(p,t) : Po(X) x [0,1] = P,(X) mocrponm, nomarast h(p,t) = (1 —t)u+t-r(n), rme t € [0,1], p € Pp(X) u
r(p) : P(X) — P(suppp) — OGapuneHTpudeckn OTKpbIToe orobpaxkenue [11]. Ecim ¢ = 0, to h(p,0) = (1 —
—0)p+0-7(p) = p, 1. e h(p,0)=1idp,(x).

Ecmu ¢t € (0,1], To h(p,t) = (1 —t)u+t-r(pw) € Po(X) supph(p,t) cocrour POBHO U3 N-Pa3aUYHBIX
Touek, T. €. h(u,t) € Py p_1(X). D10 o3magaer, 9ro P, ,_1(X) romoronmuecku miaorao B P, (X). Teopema 1
JIOKa3aHa.

Ecim X — GeckoHeYHBII KOMIIAKT, TOTJA JJIs KOMIIAKTa X CYIIECTBYeT CUYETHOE COOCTBEHHOE BCIOJy ILIOT-
HOe TOJIMHOKECTBO, T. e. |[Ag| =xo u A = X.

ITycre A umeer Bug {1,%2,...,Tn,...} Te. A={x;:i€ N,z; € X}.
st siroboro n € N mosioxKum
Ap={z;:z; € A, i=1,n}.

B sroM ciiyuae mMmeeTcs cileAylomias IENovKa IIOAIIPOCTPAHCTB A;, I KOTOPBIX UMEIOT MEeCTO:

a) A;={rouka};

)}

) A, cocrour u3 n Touek Kommakra X, T.e. |A,|=n;

B) AcAC...CcAC.

r) A, = A, 1e A, 3aMKHYTO U KOMIIAKTHO;

'ZL) Un 1 7’ = A

W3 cBoiicTB BCIOAY TJIOTHBIX MOAMHOXKECTB OECKOHEYHBIX KOMITAKTOB M CBOWCTB (byHKTOpa P BEpOSTHOCT-

Hbix Mep Tognpocrpanctso P(A) seiony mmotno B P(X) u P(A) = P(UZ, An) = U~ P(4,).

n=1 n=1
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C apyroit croponsr, muHOXkectBOo P, (A) toxke Beromy mwiotHo B Po(X) u Po(A) = Po(Upe; 4x)
= Upey Pn(Ay). Pacemorpum MHOXKECTBO

k=1

Jna wopmasbuoro dgyukropa P,, kommakta X wu Jioboro memycroro A C X, A # X wu3 3aMKHyTOro
nopMuO)KkecTBa, A C X mMMeeT MecTo paBeHCTBO:

Pu(X\A) = Po(X)\Sp, (A). (1.2)
3mecy uwepes Sp, (A) obosnagaem muOKecTBO {1 € Pp(X) : suppp, (1) [ A # 0}.
IIycte X — OGeckoneunblii kommakT u o € X. Pacemorpum moxmuoxectso Sp(xg) = {u € P(X) :

suppp(zo # 0}. Ovesmano, uro Sp(zg) Beomy miorHo B P(X). DT0 MOAMHOXKECTBO siBjsieTcst {5 MHOTO-
obpazuem. CienoBaTesibHO, B Uy Bbirykaoctu Sp(xg) romeomopduo fo. 3amerum, 9ro 00606 KOMIAKTHOE
HOJIMHOKECTBO Sp(xg) siBisiercst Z-MHOXKecTBOM B Sp(xg) [11].

Jljist pas3jiMuHBIX TOYEK To U 7 Kommakra X nepecedenue Sp(xg) u Sp(ry) Toxke roMeoMOpdHO I'iib-
6epToBOMY TPOCTPAHCTBY f5. ECan MBI pacCMOTPHM CUETHOE MOAMHOXKECTBO {Z(, X1, ..., Tp,...} OCCKOHETHOTO
KOMIIaKTa X, TO IiepecevdeHue ﬂ;)i() SP(:EZ) ABJIFAETCA BCIO/Y IIJIOTHBIM BBIIIYKJIBIM IIOJIMHOXKECTBOM KOMIIaKTa
P(X). CuenoBarenbHo, IOMIPOCTPAHCTBO [ |;oq Sp(z;) Toxke romeomopduo B lo [9].

C apyroit cTopoHbl, i JOGOro 3aMKHyTOro mnoamuoxecrsa A C X, orauunoro or X, IOMIPOCTPAHCTBO
Sp(A) romeomopduo fy [11]. Ouesmmno, uro P(A) C Sp(A). Cnenosarensno, P(A) ecth Z-MHOXKECTBO B
Sp(A) u Sp(A)\P(A) romeomopduo fs.

Teopema 2. iz gro6oro kommakra X u Jio0Oro 3aMKHyToro mnojgmuoxecrsa A C X, oraumynoro or X,
noanpocrpancrso Sp, (A) romoromnudecku wiorao B P, (X).

Zloxazameavcmeo. Ilycts X — npoussosibubiit komnaktr u A C X, A zamkayro B X, A # X.
Bosmoxknber gBa crydast:

1. Kommakr X xomedewn;
2. Komnakr X OGeckoHedeH.

Pacemorpum otnensro 1. Ecoim X koHewHoe n-snemeHTHOE MHOXKeCTBO, TO P, (X) addunno romeomopdHO
cumintekcy oL

B srom cirygae muOXKecTB Sp, (A) He mycro u Bbinykio. Ciie/joBaTeIbHO, SBIAETCH TOMOTOINYECKH [IOTHO
B Spn (A)

2. Tlycts X Geckonewurno n A # X. Uckomyto romorormio h(pu,t) : P (X) x[0,1] = P,(X) crponM, mosaras
h(p,t) = (1 — t)u + tpo, toe po — dbukrcupoanHas Touka MHOXKectBa P, (X\A). Hampumep, mepa dupa 4,
B TOuKe To € X\A, t €[0,1].

Ecm t =0, To h(p,0) = (1 =0)pu+0-po = p, 1. e. h(,0) =idp, (x).

Ecmu ¢t € (0,1), To h(p,t) = (1 —t)u +t- go. B sTom ciydgae HOCHTEHb Mepbl h(f,t) CONEPKAT TOUKA
SUpp{ U TOYKU Suppi, T. e. supph(u,t) 2 suppulsuppug. Dro osmauaer, uro h(u,t) € Sp, (A).

Crnenosarenbro, MHOXKecTBO Sp, (A) romoronmueckn mwiotao B P, (X). Teopema 2 mokasana.

Teopema 3. [lyisi jroboro HeckoHedyHOro KommakTa X U ero 3aMKHYTOIO IIOJAMHOXKeCTBa A, OTJIUYHO-
ro or X, noxnpocrpascreo P(X)\P(A) romoronuueckn tiorHo B P(X).

JokazarenbcTBo. Ilycts X — Geckomeunsrit kKommakT u A C X, A=A, A# X. B srom caygae P(X)
romeomopduo ruasbeprosomy Kyby Q = [[io,[—1,1];, . e. P(X)~Q = [];2,[-1,1];, tme [—1,1] orpesok B R.
Uckomyto romorommio h(u,t) : P(X) x [0,1] = P(X) crpomm, monaras

h(p,t) = (L =) + tpo,
e 4 € P(X), po € P(X)\P(A).
Ecm pe P(X) u t =0, o h(p,0) = (1=0)p+0-p = p, 7. e. h(p,0)=idp,(x).
Eciu t € (0,1], Torma h(p,t) = (1 —t)u +t - po. Hocurenp mepbt h(u,t) comepxkur mesmkoMm orpesok [0; 1]
u e jexur B MuoxkectBe A. Crnemosarennno, mepa h(p,t)EP(A). Orciona, mepa h(u,t) € P(X)\P(A). 910
ozHavaer, uro nojnpocrpanctBo P(X)\P(A) romorommueckn miotrao B P(X). Teopema 3 gokasana.
CaencrBue. [Ina mroboro kommakTa X u Jto0o#t Touku xg € X BEpHO:
a) Sp, (xo) romorommdeckn mwioTaHo B P, (X);
6) momupocrpancrso P(X)\d,, romorommvecku miaorHo B P(X).

SaKJ/II0UeHue

B szakmrouenune ormerum chOpMySIMpOBAHHBIE U JIOKA3AHHBIE B JAHHON CTATHE TEOPEMbBI O TOMOJOTTIECKUAX
CBOIICTBaX MHOr0OOOpPa3Wil — IOAIPOCTPAHCTB I'OMOTOINYECKHU ILUIOTHBIX B IPOCTPAHCTBE BEPOSITHOCTHBIX MeEP
C KOHEYHBIMU HOCHUTEJIAIMU Ha KOMIIAKTe.
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1. Jnsa moboro koMmakTa X HOZIpocTpancTBo P, ,—1(X) npocrpancrsa P, (X) sasisercsa (n— 1)-MepHbIM
MHOroo0pasueM U rOMOTONUYECKH IUIOTHBIM B P, (X).

2. Jnsa moboro xommakTa X #u J000ro 3aMKHYTOro moaMuHoxkecrBa A C X, oramunoro or X, OAIIPO-
crparctBo Sp, (A) romoronmueckn mwirotHo B P, (X).

3. Hus soboro H6ecKOHEYHOro0 KOMIakTa X W ero 3aMKHYTOIO MOJMHOXKecTBa A, oramgHoro or X, moj-
upocrpancrso P(X)\P(A) romoronmyecku mrorao B P(X).
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ABSTRACT

In this short communication we prove that the subspace P, ,—_1(X) of all probability measures P(X),
whose supports consist of exactly n points is an (n — 1)-dimensional topological manifold. A number of
subspaces of the space of all probability measures having infinite dimension in the sense of dim, which are
manifolds, are identified. We also consider individual subsets of the infinite compact set X, on which the space
of probability measures is homotopy dense in the entire space. Three theorems on the topological properties of
manifolds—subspaces of homotopy dense probability measures in the space of probability measures with finite
supports on a compactum—are formulated and proven, and special cases of finite and infinite compactums
are considered.

Key words: subspace; probability measure; carrier; topological manifold; compact; functor; simplex;
homotopy; homotopically dense subspace; dimension.
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PEKYPPEHTHBIE TO2KJIECTBA [IJIA IBYX CIIENMAJIBHBIX
OYHKIINN T'MIIEPTEOMETPUNYECKOI'O TUITA

AHHOTAIIA

B crarpe mnpencraBiieHbl BBIBOJ W JIOKA3aTEJHLCTBA TOXKIECTB THIA TOXIAecTB laycca mis JaByx
M3BECTHBIX (DYHKINN TrumepreoMerpudeckoro tumna. s BbIBoga m 00OCHOBaHUs (HDOPMYJT UCIOIb3YIOTCS
npejcraBjieHre (pyHKIUA B BHJle Psijla, & TaK:Ke UHTEIPAJIBHOE IIPEJICTABJIEHUE PACCMaTPUBAEMBIX (DYHKIIUIA.
Ucnionp3ytorest onpejieieHne W CBOMCTBA ramMMa- u Oera-QyHKIMi, rumepreoMerpudeckoir yHkmum [aycca,
a TakyKe W3BECTHbIE TOXKJECTBAa J[Jis HUX. |wumepreomerpumyeckne (OYHKIUHM IMAPOKO WCIOJIb3YIOTCS IIPU
peIlleHIN pPa3IuIHbIX TUMOB mAuddepeHnnaabHblx ypaBHeruit. Hasudame ToK1€CTB, CBA3BIBAIONINX (DYHKIINU,
YYACTBYIOIIUX B PE3YILTUPYIONUX (DOPMYJIaxX PEIleHuil, 3HAYNTEIbHO YIIPOIIAET KAaK UTOrOBbIe (DOPMYJIbI, TaK
U IPOMEXKYTOYHBIE BLIYUCJIEHUS BO MHOIHX 33J/a9aX, CBI3aHHBIX C PEIEHHeM ypPaBHEHHI TUIepOOINIeCKOro,
JUINIITUIECKOTO U CMEIIAHHOI'O THUIIOB.

KuroueBble cJjoBa: crnenumajabHble QGyHKINM, ramMMma-QyHKnsg; Oerta-pyHkiusd; Gyuknua lLaycca;
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1. IIpenBapuresibHbIE CBe/IeHUS

Paccmorpum HeKOTOpBIE (DYHKIMU M UX CBOICTBa, KOTOPBIE MTOHAIO0STCA B ITOU CTaThe.
o0
Omnpenenenne 1. Oyaknusa BUIA f x% le~®dx, roe a > 0, HasnIBaeTca raMMa-MYHKIHEH OT mapaMeTpa a

0
WM SUIEPOBBIM MHTErpasioM Broporo poma [1; 4; 7]:

I(a) = /m“_le_”:dac. (1.1)
0

B macrosimeit crarhbe MBI OyIeM HCIOIB30BATH M3BECTHOE CBOMCTBO 3MJIEDOBA WMHTETrPajia BTOPOrO pOJA,
HA3bIBAEMOE HEPBbIM (QYHKIMOHAJIBHBIM ypaBHenuem [1; 4; 7]:

F'la+1)=a-T(a). (1.2)
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1
Onpenenenune 2. Uurerpan Buia fxa_l(l — :v)bildx, rae a > 0, b > 0, Ha3piBaerca Gera-byHKIUel UIn
0

5iJIepOBBIM MHTErpajioM mepporo poja [1; 4; 7):

1
/a? 2)" da. (1.3)
0
Huxke mamu OymyT HCIOJIB30BaHBI cjefyonme cpoiictsa Gera-pyukuuu [1; 4; 7]:
a
B 1,b) = ——B(a,b). 1.4
(0+1,0) = —2B(a) (1)
B(a,b+1) = B(a,b). 1.5
(a.b+1) = - Bla,b) (15)
a rakxke dopmyna cBsa3u Gera- u ramma-pyskuumii [1; 4; 7):
['(a)-T(b)
B(a,b) = ———= 0,b > 0. 1.6
(a,b) T(atD) ,a>0,b> (1.6)
Omnpenenenne 3. Oynxims
F(a,b;c;2) = Z (@), (), - 2", (1.7)

o
n=0 (c)n n

rie |z| < 1, napamerpsl a, b U ¢ HpUHAJIEKAT TPOCTPAHCTBY JEHCTBUTENBHBIX YHCEJ, IAPAMETD ¢ OTJIMIeH
OT HyJII W TIEJIbIX OTPUIATEIBHBIX UHCEsI, HA3BIBAETCs TUrepreomerpmaeckoit dynxmmeir Taycea [1; 4; 6].
31ech

(), =a-(a+1) .- (a+n—-1) (1.8)
stBsistercst cuMBosioM [Toxrammepa [5] mim yGbiBaromuM hakTopuaiom,
nl=1-2-..-n. (1.9)

Hmxke mam monamobsiTes ciemyroniue peKyppeHTHbie GopMysibl [aycca, cBA3bIBAONNE 3HAYCHUS THUIIEPrEO-
Mmerpuieckoit dynkmum [aycca ¢ pasmmaabIME mapameTrpamu [4]:

Laly=1=2v—a—-B8-1)2F(a,B;72) + (v —a)(y = B) 2F (a, B; v + 1;2) +
+y(v=1)(z = 1) F (o, B;7 = 1;2) = 0.

2. Ca—v—az+B2)F(a,B;7;2)+(y—a) F(a—1,8;v;2) +a(z—1) F(a+1,8;7;2) = 0.

3. 28-y—-PBz+az)F(a,fiv;z) + (v —B) F(a,B—Lyi2)+ (2= 1) F(a, f+ 15795 2) = 0.

4 YF (o, = Liyi2) = yF (a = 1,857 2) + (o — B) 2F (v, By + 1;2) = 0.

5. y(a=B)F(a,Biviz) —a(y=B) Fla+ 1,87+ 1;2)+ B(y— o) Fo, S+ 157+ 1;2) = 0.

6. v(y+1)F(a,B8;7:2) —v(y+ 1) F (o, B;v + 1;2) — aBzF (a4 1,8+ 1;y + 2, 2) = 0.

TyF (o, Bivi2) —(v—a) Fa, B+ 17+ 152) —a(l—2) F

8. vF (o, B;7;:2) + (B —7) F( ) F

9. 7(y=Bz—a)F(a,Biviz) —v(y—a) Fa—1,872) +afz (1 —2) F(a+ 1,8+ Liy + 1;2) = 0.

10. y(y —az = B) F(a,B;v:2) =7 (v = B) F (e, B — Liy;2) +aBz (1 — 2) F(a+ 1,8+ 157+ 1;2) = 0.

11. vF (a, B;7; Flo,+1Liv;2)+az(l—2)F(a+1,8+1;7+1;2) =0.

z) —

12. vF (o, B57v;2) —vF(a+ 1, 8;v;2)+ fz(1—2) F(a+ 1,8+ 1;7v+ 1;2) = 0.
)
)

(a+ 1B+ Ly+12)=0.
a+1,8v+Lz)—-B(l—-—2)F(a+1,5+1;7v+1;2) =0.

B yla=(y=8)2 F(a,B;7:2) —ay(1—2) F(a+1,8;7:2) + (v —a) (v = B) 2F (a, B57 + 1;2) = 0.
M. y[B—=(y—a)z] F(a,B;7:2) =By (L= 2) F o, B+ 1;7;2) + (v —a) (v = B) 2F (o, B5v + 15 2) = 0.
5. y(y+ 1) F(a,B5v2) —v(v+ 1) F(, B+ iy + Lz) +a(y = B) 2F (a4 1,8+ 1;7 4+ 2;2) = 0.

16. y(Y+ 1) F (o, B;752) —v(y+ D) F(a+ 1,87+ L2)+ (v — ) zF (a+ 1,8+ 1;7 + 2;2) = 0.



Becmnux Camapcerozo ynusepcumema. FEcemecmeennonaywnasn cepus 2023. Tom 29, M 8. C. 87-56
Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 37-56 39

17. vF (o, Byv;2) — (v = B) F (o, B;7 + 1;2) = BF (o, B+ 157+ 15 2) = 0.

18. vF (o, B3 2) — (v — @) F (o, B3y + 1;2) —aF (a+ 1, 8,7+ 1;2) = 0.

Onpenenenne 4. QyHKIms

3F5 (a,b,c;d,e; 2) Z ((1 n)'" AN (1.10)

rae |z| < 1, napamerpsl a, b, ¢, d U e IpUHAJJIEKAT HPOCTPAHCTBY JEHCTBUTEJBHBIX UHCEs, IPUYEM Hapa-
MeTpPbl d U € OTJIMYIHBI OT HYyJIs W IEJbIX OTPUIATE]bHBIX YNCEes, Ha3blBaeTcsa (yHKImen sk, mian dyHKInei
Knayszena [4; 6; 10]. 3amerum, uro dyskuus s3Fh MUPOKO NpUMEHUMa [IPU HCCJIEJIOBAHUY YDABHEHUIl JBHKe-
HUsI B MPAKTUYECKHUX 3ajadax [5].

R @08, @

Ch M cmn a"y™, e |z| <1, y <1 , mapamerpsl «, 3,

Onpenenenne 5. OyHKIuUs BUIA

m,n=0
B, 6, v nu & upuHajeKaT IPOCTPAHCTBY JEHCTBUTEILHBIX YHCeN, a HapaMeTpbl ¥ U 0’ OTJIMYHBI OT HyJd
U IEJBIX OTPHUIATEJBHBIX UHCEN, HA3BIBAETCS THMIEpPreoMeTpryeckoil dbyHkumeit Ry aByx aprymeHToB [3]:

i (o‘)n-i-m(ﬂ)n(ﬁl)m((s)n xnym.

Rl (a7/87/8/76;7a6/;m)y) = (111)
oo (Mg (67),,nlm!
Vkazanaass QYHKIUS TOSBISETCS B PE3YJIbTATE PEIIeHns HEKOTOPBIX KPAEeBbIX 3a/1ad.
®Dynknus R; cesizaHa ¢ runepreomerpuueckoil dbyukuumeit Taycca coorHomeruneM [3]:
Rl (&,6,6/,5;’}/,6/;$,y Z n n nF(O[—'—n B ’Y—i—n y) (112)
Ecim v > o > 0, To cnpaseiimBo MHTErpasbHOe BhIpaxkeHue [3]:
1
Ry (o, 8,8',0;7,8;2,y) = /to‘ 1=t A —yt)” g F(B,8;8; xt) dt. (1.13)
a7y — )
7 0
®ynkunn Knaysena uw Ry cesisbiBaer dopmyna [3]:
ry)ry—a-p
Rl (aaﬂaﬂla(;;’)/vé,;x? 1) = (7) (,‘Y - 5)3F2 (a7B75;5/7775/;I)7 (114)

Ly—a)l'(y=p)

crpaseymBasg npu v — a — 3 > 0.

2. PekyppeHTHBIe TOXKJecTBa Aada pyHKIn [y

CyTb pellieHusi 3a7a9u MMOKaXKeM Ha HECKOJbKUX mpuMepax. Jljis BBIBOIA MEPBOI 4YACTH TOXKJIECTB JIJIst
dyukuun R; 6buia ucnosnbzoBana dopmyna (1.12). BosbMéM, HapUMeEp, MOCJIEIAHIO U3 DEKYyPPEHTHBIX (hop-
My laycca:

cF (a,b;c;2) — (c—a) F(a,be+1;2) —aF (a+ 1,b;¢+ 1;2) = 0.

Y1066l TIPUBECTH TUIMIEPTreOMETPUIECKHE (DYHKIINK, YIACTBYIOINE B 3TOH (opmyse, K TOMY BHUIY, KOTOPDIi
dbyuxmus Taycca umeer B (1.12), o6ozHavwmMm

a=a+nb=pg,c=y+nz=1y. (2.1)
Bynem mvers:
(vy+n) F(a+n, By +ny) — (v—a) Fla+n, By +n+1y) -
—(a+n)Fla+n+1,87+n+1y) =0.
VMHOKEM 06e YacTH IMOTyYeHHOTO DABEHCTBA Ha
1 6
(@,(8),0), . )
TH+n (7),(8),n!

n IpoCcyMMHDYEM IIO v OT HYJIA J0 Oeckoneunoctu. B pe3ysbTare NnpuaeM K CJIeAyonieMy paBEHCTBY:

Z Mm”F (a+n,B8 5y +mn;y)—

27 (5),@),n!
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v —ala),0),
—y+n (7),0),n
O

|
v

1)
( ()” a"F(a+n, By +n+1y)—
B i a+n(a),(
!/
it (7),08)
Bocnonbzosasmucs mpejcrasiernem (1.7), mepenumem Bee dynKimu [aycca B MOCHEIHEM PABEHCTBE Uepes3
cymMMbl psizia. [osydamm:

a (a+n+1,85v+n+1;y) =0.

5 0, 5 (0 D)

(MNn(0)nt = 2= (y+n),

n=0

7 (@), (8),00), »x (@+1),, (800
g2 "X G

_Za+n< TUNUIRES ECRELECA

“y+n (7),0),n 7 = 7+n+1)m =0
o (@)@ + ) (8o (8)n 0)
;, Ny + 1),y (0)yulml Y
- (@) (a@+7)0,(8),(8)m(8)n  nom
B n;o M (1) (7 + 1+ 1), (87, nbml” 23)
o (@ (atn)(@+n+1),08),08).0), Sy
n;() DG am) (1), @m0 =
Ormernm, uro, coryacysick ¢ dopmyraoi (1.8), MOXKHO yIPOCTUTH:
(@), (a+n), =ala+l)..(a+n—=1)(a+n)(a+n+1)..(a+n+m—1)=(a), (2.4)
(@), (a+n)(a+n+1), =
=ala+l)..(a+n—-1)(a+n)(a+n+1)(a+n+2)...(a+n+m)= (2.5)
= Ot(01+ 1)n+7n7
M +n)y, =700+ D (y+n-1)+n)(y+n+1)..(v+n+m—1) =), (2.6)
(VD (v 1) (v +n+1), =
=vy(y+1)..(y+n—-1D(+n)(y+n+)(y+n+2)..(y+n+m) = (2.7)

= 'Y('Y + l)n-‘rm'

ITopcraBumM mosrydeHHble BbIpaXkKeHUs B paBeHCTBO (2.3):

i (D BBV Oy o 7= i (a)n+m(ﬁ)n(ﬂ’)m(5)nxnym_

(v)n+m(5’)nn!m! oy (V+ 1)1, (0), !

n,m=0 n,m=0

=0.
(v + 1),,(0"),,n!m!

an

YMHOKUM 00e 9acTu Ha 7y U Bocnosib3yeMmcst dopmyioii (1.11), urobel 3anmcaTh CyMMBI, CTOSIINE B JIEBOH
JacTu TOXKiecTBa, depe3 ¢yHkuoo Ri. Ilomyynm pekyppeHTHOe TOXKJIeCTBO:

’le (avﬁaﬂlvé;’y,él;xvy) -
—(v=a) Ry (e, 3,8, 057+ 1,0" 2,y) — (2.8)
—OéRl (Oé—'— 17676/76;74_ 1761;377?/) =0.

Yro6bl IPOBEPUTH CHPABEIJIMBOCTD TOXKAeCTBA (2.8), Pa3/oKUM KaXKIyI0 I'MIEPreOMeTPUIECcKYIO (DYHKIIUIO
B pan no ¢opmyre (1.11):

> (@)1 (B8), (5 )m(5)nxnym_(7_a) > (@) 4m (8), (8 )m(5)nxnym_

n,m=0 ( )n+m(6l) nlm! n,m=0 (’V+ )n+m(6/) nim!
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=0.

(@4 1) (8), (80 (0)s
- Z (y+1),00),nim! Y

n,m=0

Orcrona

(D v D @A D\ (8 (8, (),
Z < Mntm ( ) Y+ 1), (v+1), ) (0"),,n!m! =0

n,m=0

JleBasi 4yacTp ypaBHEHHUS pPaBHA HYJIIO TOJIBKO B TOM CJydae, KOIJ[a PaBHO HYJIIO KayKJl0e U3 BbIPa’KEHUII,
CTOANIUX B CKOOKAX IIPH JIFOOBIX JIOMYCTUMBIX 3HAYEHWSX 7 U 1, TO €CThb

_ —a (a)ner _ 05(04 + 1)n+m .

’Y(O‘)ner
(Mt

Pacrmmem Bce cumposier IToxrammepa B JeBoit wactu no dopmyse (1.8):

ya(a+1)(a+2)..(a+n+m—1)

T+ +2) .. (v+n+m—1)

C(y—a) ala+1l)(a+2)..(a+n+m—1) B
T I+ (A tm—1) (vt ntm)

Calat+l)(a+2).(atn+m—1)(a+n+m)
Y+ (y+2)...(y+n+m—1)(y+n+m)

B IIepBOM CJiara€MOM COKPpaTHUM O6HIPII>'I MHO2KUTEJIb 7y B YHUC/IIATEJIE W 3HaMeEHaTeJie, 3aT€M BbIHECEM 3a

CKOOKY 00IIre MHOXKUTEJU B JIEBOI CyMMe:

ala+)(a+2)...(a+n+m—1) v« at+nt+m\
Y+ (v+2)...(y+n+m—1) (y+n+m) (y+n+m)/
OueBUAHO, [JIsT TONO YTOOBI IIOJIYYEHHOE TOXKIECTBO OBLIO CIPABEIJIMBO, HEOOXOIMMO, YTOOBI BBIPAYKEHUE

B CKOOKax OBLIO TOXKJIECTBEHHBIM HyjaeM. UTOObI 3TO MPOBEPHUTL, TPUBEIEM €ro K oOIeMy 3HaMeHaTe 0 U
VIPOCTUM IIOJIyY€HHBIN YUCIUTEIh:

Yy+tn+m—-—y+a—a—n—m

=0.
(y+n+m)

Kak Buaum, npu Jo6BIX JIOIYCTHUMBIX 3HAYEHUSX 7, M U v (HAIIOMHHM, YTO II0 ONpEJENeHnIo (hyHK-
. Ry nmapamerp 7y OTJIMYEH OT HyJsist M IeJBIX OTPHIATEJBHBIX UHCEN) [OCJE/Hee PABEHCTBO, & 3HAYUT U
ToxiecTBo (1.8), BepHo.

BriBox sTOrO TOXKIIECTBA MOCTATOYHO IPOCT, HMOCKOJBKY MHOXKHTEIN npu (GYHKIuAX laycca B MCIOIB30-
BAaHHOM DEKYPPEHTHOM TOXKJIECTBE HE COJep:KaT He3aBucuMoil mnepemennoii. Ilompobyem Temneps mnpomssBecTu
Te Ke JefiCTBUs, HAIIPUMEp, C UEeTBIPHAJIATHIM TOXKJJIECTBOM. TaK »Ke, KaK W PAHbBINE, BOCIOJIb3yeMCs 000-
sHaveHusMu (2.1), yMHOXKUM 00e 9acTh TOXKJecTBa Ha (2.2) W HpPOCYyMMHpYeM OT HyJsl JO GECKOHEYHOCTH,
3arTeM mpejcraBuM GyHKIuM Laycca B Buje psiioB. B pesyabrare BeeX TUX JEHCTBUI TPUIAEM K CJIEYIOIIEMY
PaBEHCTBY:

S WMW+HMW%w%J&%%m7
(V)p(y +n),,(8),n!

B 1=y Y @%ﬂﬁgnkﬁik%;;i%xﬁnﬂ@m+ (2.9)

n,m=0

"(y+n—pB)y=0.

2 (o)t 1) (8)u (8 (0),
O Y O T (b n D @)

n,m=0

ITepBbie aBe cymMbl Jlerko npeobpasyiorcs ¢ nomoursio dopmyn (1.8) u (1.11). Paccmorpum ormesnbho
nociennee caaraemoe u3 (2.5). OGosHaunm ero 4epes S m pasobbeM Ha J[Be YACTH CIEAYIOMUM O0pa3oOM:

S 3 (@alat 1,03, 0),

(), (y+n)(y+n+1) (8, nlm! "(y+n—pB)y=
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— — _ A = (a)n(a + n)m(ﬁ)n(ﬁl)m((s)n
DAL DNy = ey Y emrrms v e
(), (a+n),(8),(8),,(0),n o

rome yn%::o (Vn (v + 1) (v +n+1),,(6"),nim!

xnyﬂl_i_

ITpumennm dbopmyasr (1.4) u (1.7), Bo BTOpoOii cymMMe pacmuiieM CyMMHPOBaHUE IO N:

N CETOCE oY Z Uil Dol

@) amt © YT

n,m=0 )ner

T=a)y s~ B0 m (Oé)1+m(5)1(5)1x
v mZ:o ml <0+ (v + Dy (), "
P T TP LG Y PO
(7 + 1)2+7n(5,)22! ('Y + 1)n,+m,(5/)nn' )

B mepBoM cjiaraeMoOM 3aMEHUM CYMMY Ha COOTBETCTBYIomlee 3HadeHue ynkuuu R; mo dopmyne (1.11),
BO BTODOM CJIAra€MOM BBIHECEM 33 CKOOKY, CTOSIIIYIO IT0J 3HAKOM CYMMBbI, MHOXKHUTEIhb Wm, a 3aTeM IIpO-
U3BeJIeM ero YIIpOIleHue:

§= Wy& (. 8,8, 057+ 1,8 2,y) +
_ afé — (@+1),(8)0 m (a+m+1),(B+1),(6+1),
MR oy sy > G2, m ” (H Grm+2,@ 0,0 T
(G Fm+2), @ +1), (-1 G+ m+2),0 + 1)l ")
= Wy& (@, 8, 8,67 + 1,8 2,9) +

aBé (v — a) > (a+1),.(8),, Jm (a+m+1), (B+1),(04+1), ,
fy(v+1)5’xymz::0 (v+2), m' Z (+m+2),0+1),a

:w—a)w—ﬁ)y
Y

n=0

Rl (a)676/55;7+ 175/51‘7?/)_'—

afBs (v — (a+1),...B8+1),8),06+1),
EICESY Z (V+2), (@ + Dynlml YT
_ Wy& (0, 8,0, 6 + 1,8 2,4) +
api(y—a)

’Y(’Y+1)(5' xle (a+176+1?6/75+1;’Y+2,5/+1;$,y).

IMoxcraBus mosnydeHHoe Bblpaxkenwe B dopmyiry (2.9), ymHO)KMM 06e wactu Ha (y+ 1)0" w npumem
DPEKYPPEHTHOMY TOXKJIECTBY:

YO+ D = (v—a)yl R (a, 8,8, 67,6 2,y) —
_’Yﬁlél ('Y + 1) (1 - y) Rl (avﬁvﬁ/ + 1,5;’}/,5/;.%,1/) +
+ (’Y - Ol) ('Y - 6/) (7 + 1) 5IyR1 (avﬂvﬂ/,é;’y + 175I;xay) +

+aBé (y—a)zyRy (a+ 1,84+ 1,8,0 +1;v+ 2,8 + 1;2,y) = 0.

(2.10)

IIpuBeéM MOKa3aTEIBLCTBO IMOJYIEHHOTO TOXKJiecTBa. JIjisT 9TOro Tak »Ke, KaK W B NPEIBIIYIIEM CIydae,
ucnosn3ysa dopmyny (1.11), upemcraBum Bce ydacrByromme B ToxkjaecrBe GyHkimu Ry B (opme GECKOHEUHBIX
TUIEePreOMeTPUYECKUX PAJIO0B:

oo a / 5
YEHDIB - (r—a)y Y : )(T:)riwzg/()ﬂ 117;; )n@"”ym—
—0 n4m pm:

n,m
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9 S Duanal+ D,

—B'8 (v+1)(1 - o (O y"+

n,m=0

o) =) oy Y DaemOaln O

n,m=0 ( )n+m ) nlm!

. (at D) B+ D)@+ 1)
radly )y 3 e S Y

n,m=0

=0.

Sanurem BBIpazK€HHE, CTodInee CJIeBa Tak, 9T00BI OBLIO IIOHATHO, B KaKHNX CTCICHAX HAXOAATCA HE3aBU-
CUMbI€ II€EpEMEHHbIE T U Y:

o (D (8)n (8, (0)
'7(’7""1)66 z;o ('VJ)rn.;.m((S/)nn!m! Ty —

— ('7 + 1) 6/ ('7 _ Oé) Z (a)n+m(ﬁ)n(ﬂ )m(5)71xnym+1 _

nao (V) pgm (07) I

_~QRS! - (a)n+m(ﬁ)n(ﬁ/ + ]‘)m((s)”xn m
IYB ’ (’y i 1) n%:zo (’Y)ner((S/)nn!m! Y "
+B8 (v +1) Y (a)n(:,; (ﬁ)n(((;ﬁ/)JrnBﬁ(é)nw"ym“
n+m n'vr °

n,m=0
, b (@D (B)n (B0 (O)n
MU Al R LD Wi e v T A
o @+ DB+ D, B0+ Dy it g
+aBd (v — ) Z (v ++2)n+m(5/+1)nn!m! "t Yyt

n,m=0

+

+

=0.

Bo BTOpOM, 4eTBEPTOM M HATOM CJIaraeMbIX HOJOXKUM k = m-+1, B mecrom ciaaraemom k = m+1, [ = n+1:

13V} - (a)ner(ﬂ)n(ﬁ/)m(é)nxn m__
y(y+1) 88 R;O e @ tmt Y

~ (o N (8
SRS LUBRID Y & e

k=

n+m n' v °

n,m=0

I3V = (a)n 71(6)n(ﬁl+1) 71(5)71 n
+B8 (v +1) Y (5:%_1(5,)”71! (kk—l)! ey

=0
k=1
RN R N G )P T C) PR
t(r-a)(vy=F)(v+1)0 nzo CES TGS T
k=1

N (a+1), (B+1), (B 1 (04+1), B
K lJ@'Z=1 (r+ 2);k—2(5/ + 1), (=D (k= 1)! 2yt = 0.

ITostozxum Tenepb | = n, k=mmu nepenunieM CyMMbI Tak, 9TOOBI U n, 1 m B CHUMBOJIE CyMMHUDOBaHUA
Ha4dMHaJIUCh C €JUHUIIbI:

)Y (Z @200y § @By § Dnn Dl >m<6>nxnym>_

(V) m! (V) (07) !

+afd (v

= m=1 n,m=1

(o) a / / 6
7 (y+ 1) (v~ ) <Z e L )m_lgﬂ) T Z n+m 1((@) (B,)("T;L_i(lifx”ym> -
_ n+m—1 n v :

n,m=1
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8’0" (v +1) (Z (((17);(?5 *$L+ Z 5'm' Y™+ Z i BB+ 1)m(5)”x”ym> +

n=0 n,m=1 (7)”+m(5/)nn'm'

i (@)1 (B + 1)y, “1m Z n+m 1B)n (B + 1) 10, m>+

+'Y,8’5’ ('Y + 1) ( (,Y)m_l (m—1)! et )n+m_1(5/)nn! (m—1)! Y

m=1

(’y—’_l)m—l( ’y—’_l)n-&-m 1(5 )nn! (m_l !

= (@t Do 2B+ Dy (B 1 G+ Dy
) 2 w+2ﬂ;%x&+nmﬂm—nwm—1n$y =0

CprHHI/IpyeM COOTBETCTBYIOME CYMMBI U BbIHECEM 3a CKOOKU O6IILI/I€ MHOXKUTEJIN:

+(v—a)(v=8)(v+ 1) (Z (a)mfl(ﬁl)m ETTARS Z D=1 (’8/)’"1(5)”) x”ym> +

m=1 n,m=1

+a36 (v

n,m=1

(@), (

)n n
(7 5 —nne Ryt

(Y(r+ 1) B0 =88 (v + 1) D
n=0

040 3 et (o= 1) (8 4m - 1) — () (4= 1)
m=1 m:

—(atm=1)(F +m =D +m)+ (7 +m—1) (r+m—Dm+ (- a) (- )]+

> (a ! 5
8 (1) Y (hﬁgﬂwggtﬁﬁ(”fwmw%a+n+m1M&+¢nn
n,m=1 n+m noT

—(y—a)(y+n+m—-1)m—(a+n+m—-1)(B +m-1) (5 +m)+
+(B+m-1)(v+n+m—-1)m+ (y=a)(y—pF)m+(y—a)nm]=0.

YIpoCcTUB BBIpaXKeHUsI B CKOOKaX, IIOJYyYHM TOXKJECTBEHHBII HYJIb IPHU BBIIOJHEHUU 33JaHHBIX HA IIa-
paMeTpel ycJaoBuii, a uMeHHo Toro, uro «, (3, ', §, v n &' upuHamJIe:KaT NPOCTPAHCTBY JEHCTBUTEILHBIX
quces, a MapaMeTpbl Y M &' OTAMYHBI OT HyJIsl U IEJbIX OTPHIATENLHBIX 4uces. Takum o6pa3oM, BBIIOJIHE-

Hue Toxkzaectsa (2.10) mokaszano.

[TomobHBIM 06pa3zoM U3 BOCEMHAJIIATH TOXKJIECTB Laycca MmojydaeM CjeLyiolue BOCEMHAIATH PEKYPPEHT-
Helx Gopmys aaa GyHKIME Rp, CIpaBelIUBBIX s JeHCTBHTEIBHBIX mapamerpos «, 3, 8', 6, v, &' u or-

JIMYHBIX OT HyJs M HEJbIX OTPHIATEJbHLIX YHUCJIax Yy u O, B nepsoil dopmyne v # 1:

1. 76/(7—’—1) [7_1_(27_a_6/_1>y]R1 <a757ﬁ/76;7761;$7y)+
+afd(yv+1)z(1l—y) R (ae+1,8+1,58,0+1;v+1,0+1z,y)+
+5/(7+1) (ry_a) (V_B/)le (aaﬁaﬂ/a61’y+175/ax7y)+
+a65(’y—a)xyR1 (a+17ﬁ+1a6/36+177+275,+1a17y)+
+’76/ (72_ 1) (y_]-)Rl (m@ﬁ’,é;’y—lﬁ';x,y) =0.

2. 751 [20‘_7_ (a_ﬁl)y] Rl (aa575/a5;7751;xay) +
+aBér(l1—y)Ri (a+ 1,841,080+ 1;v+ 1,0 + L;2,y) +
+76/(7_Q)R1 (a_LﬁaB/a(s;'%(S/;xay)J’_
+B85(y— )Ry (o, B+ 1,8,0+ ;v + 1,0 + L;z,y) —
—ayd'(1—y) Ry (a+1,5,8,0;v,8;z,y) =0.

3. 96" 28" — v+ (a—=B)yl R (o, 8,8, 657,62, y) —
—afdz (1 —y) 1(04+1ﬁ+15’5+1”y+16’+13:y)
+7" (v =B R (a, —1,057,0";2,y) +
+ afBdxRy (o + ﬁ—l—lﬂ’ L+ 1;v+ 1,8 +1L;z,y) —
— B8 (1 —y) Ry (o, B,8" +1,8;7,8";x,y) = 0.

4. y(y+1) 0 Ry (o, B, 8" = 1,8;7, 052, y) —
_7(7+1)6/R1 (O(— laﬁaﬁ/a&%é/;xay) -
—B6(y+ D) azRy (o, B+ 1,8,8 + ;v + 1,8 + L;2,y) +
+(a=p") (v +1)d'yRi (o, B, 8,057 + 1,62, y) +
+aBéxyRy (a+ 1,6+ 1,8,0+1;v+ 2,8 + 1;2,y) = 0.
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S. 'Y(')/‘i‘l) (O{—5/> 5/R1 (a7656/76;’776/;x7y) +
+aBd(y+1)zR (a+1,8+1,8,6 + ;v + 1,8 + 1;3,y) —
_a(7+1)(7_5/)6,R1 (OZ+1,B,/8/,(S,’)/+1,5/,ZE,ZJ)—
—afd(at+ e (a+2,8+1,8,6+1;7+2,6 +1z,y) +
+B88 (v+ ) (v—a)Ry (o, 3,8 + 1,87+ 1,8 2,y) = 0.

6. 7(7+1) 5/R1 (avﬁaﬁ/a6;776/;xay) -
77(7+1)6,R1 (07575/75§’Y+175/§$ay)*
—afdzRy (a+1,8+1,0,0+1;7v+ 2,0 + 1;2,y) —
—af'dyRy (a+ 1,8, +1,6;v+2,0;2,y) =0.

7. VRI (a,,@,ﬂ/,ts;’yﬁ’;x,y) -
7(7704)]%1 (a,5,6’+1,6;7+1,5’;x,y)7
_a(l_y)Rl (a+1,5,5/+17557+1a5/§$,y) =0.

8. 'Y('Y‘i‘l) 6/R1 (a7ﬁa/6/a6;776/;xay) +
+B5(y+ 1) xR (a+ 1,8+ 1,8, +1;7v+ 1,8 +1;z,y) —
7(7"»1) (775/)6/}21 (a+1vﬁ7ﬂl76;7+176/;x7y)7
—Bé(a+1)azR (a+2,8+1,0,6+1;7v+2,08 + 1;2,y) —
-8 (v+1) 1 -y R (a+ 1,8, +1,5;v+ 1,8;2,y) =0.

9. v’ (y—a—-p'y) R ( B,
=70 (v —a) Ry (« 5
—Bo(y—a)xzRy (a, B+
+apf'd'y(1—y) Ry (a+

10. v6' (v = B' — ay) R (o, B, B/, 657, 0" 2, y) —
7&5595le (aJr1,5+1,5’,5+1;’y+1,5’+1;x,y)—
_’76/ (’Y_BI)Rl (a,/j,ﬁ’—lﬁ;'y,é’;%y)—
—afdzRy (a+ 1,6+ 1,8 - 1,6+ L;v+ 1,0 + 1;2,y) +
+ 870"y (1 —y) R (o, B, 8+ 1,8;7,6";2,y) = 0.

11. ’le (a,B,ﬂ’,&;’y,d’;x,y) -
_lle (avﬂvﬁl + 17§;W76I;x7y) +
+ayR1 (a+ 1aﬁaﬁ/+ 15577+ 1,6/;.'17,?]) = 0.

12. v6'Ry (o, B, B, 057,652, y) +
+ BéxRy (a+1,8+1,8,0 + 1,y + 1,0 + 1;2,y) —
—0'Ry (41,8, 0, 057,02, y) +
+p'8yRy (a+1,8,8 +1,0;v+1,8;2,y) =0.

3. 48" (v + 1) [ = (v = B)y] Ra (o, 8,8, 057, 0"5 2, y) +
+aBd(y+1)z(1—y) R (a+1,84+1,8,0+1;v+ 1,8 + 1;2,y) —
—ayd (v+1)(1—y) R (a+1,8,8,8;7,82,y) +
+0 (y+1) (v —a) (v = B)yRi (o, B, B, 057 + 1,0"2,y) +
+aBd(y—a)zyRy (a+ 1,84+ 1,8 +1,0+ 1;v+ 2,8 + 1;2,y) = 0.

.9 (y+ 1) B = (v — ) y] R (o, B, 8,657, 0" 2, y) —
_6/75/ (’}/—f—l) (1_y)R1 (a75751+1a5;776/;xay)+
+(5l(’}/+1) (’Y—O&) (’Y_Bl)le (a5676/a617+17517m7y)+

15. 46" (v +1) (v +2) Ra (o, B, ', 6;7, 6" 2, y) —
' (v+ 1) (v+2) R (o, 8,8 + 1,87+ 1, 2,y) —
—aBd(y+2)z-Ri(a+1,8+1,8 +1,0+1;7+2,0 +1;z,y) +
+ad (v+2)(v—8)y-Ri(a+ 1,8, +1,0;7v+2,0;z,y) +
+a(la+1)B0xy- R (a+2,8+1,8 +1,+1;v+ 3,8 + 1;2,y) = 0.

16. 76" (v +1) Ry (o, 8,8, 057,65 2,9) +
+B5(y+ D) zR (a+1,8+1,68,0 + ;v + 1,8 +1;2,y) —
—v0' (y+ 1) Ry (a+1,8,8,0;v+ 1,8 2,y) —
—Bé(a+1)aR (a+2,8+1,8,6+ 17420 + Liz,y) +
+6/5I(’Y—a)yR1 (a+1,67ﬁ’+1,5;'y+2,6’;a:,y) =0.

B',6;7,0"2,y) —

ﬂ/ 6 7,5';93,2/)*

LA, 64+ 1;v+ 1,0 + L;2,y) +
1,68, +1,0;v+1,8;2,y) =0.
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17. 76/ ('Y"' 1) Rl (06,6,6/7(5;’7761;.’1]7y) -
_61(7—"_1) (’Y—ﬁ/)Rl (aaﬁaﬁ/7677+1a6/ax7y)_
—afézRy (a+1,8+1,8,0+ 1,7+ 2,0 + 1;2,y) —
=B (v+1) Ry (o, 3,8 + 1,6y + 1,8 2,y) = 0.

18. 7R1 (a,ﬂ,ﬁ’,&y,d’;x,y) - (77 a) Rl (a,ﬁ>ﬁl76;7+ 1,5/;1',:{/) -
_aRl (a+ 17ﬁ75175;’7+ 1,5/;(E,y) =0.

st BBIBOS@ BTOPOW 4YacTHW TOXKAECTB i dyHKimu Ry ucnomassyem dopmymy (1.13). st mpumepa Boc-
HOJIE3YeMCsl IEPBBIM U3 PEKyPPEHTHBIX TOXKjecTB [aycca:
cle=1—=(2c—a—-b—1)z]F(a,b;c;z) + (¢ —a) (¢c=b) zF (a,b;c+ 1;2) +
+c(c—=1)(z=1)F (a,b;c—1;2z) = 0.
i mapaMeTpoB W HEPEeMEHHOH BBeAEM ciieaylomme obosHadeHus: a = 3, b = 6§, ¢ = &', z = xt. 3arem

YMHOXKHUM 00€ 4YacTH TOXKJEeCTBa Ha
1
B (OZ, Y- a)
U IPOMHTETPUPYEM IIO IIEPEMEHHOi ¢ OT HyJss 70 eqwHUIILI. B pe3ysnbrare IpUAeM K CIEAyIONEMY PABEHCTBY:
1

e 1=t (1 =yt

i a1 yoa-l Y ’ YA
m/t (1—1) (1—yt) P [ —1—(28 —B—6—1)xt] F(B,6;8; xt) di+
0
5 /
+( B_( x/ta Y1 =)™ 1(1*yt)fﬂ,tF(ﬁ,5;5/+1;xt)dt+
0
55 —1) |
S\ =) a—1 Y-l . -g’ _ o1 _
+B(a77—a)/t (1) (1—yt) " (2t —1) F(B,6;6" — L;zt)dt = 0.
0

IIpeobpasyem BbIparkenwusi, CTOAIINE O] 3HAKOM HHTErDAJIA TaK, YTOOBI 110/ HHTEIPAJIOM HAXOIUJIICH TOJIb-
KO Tpou3BesieHme cremneneit t, 1 —t¢, 1 — yt u runepreomerpudeckass dyHknus [aycca:
6'(8'—1)

Blay—a) f (1 — )TN (L - yt) 7 F(8,6; 8 xt) dt—

’ ’ 1 ,
e [ = = ) (3510 at) i
! ! 1 7
OOy fra - (1= gt F (8,6:07 + Liat) di+ (2.11)
0

+B(5/_1 f 21— 1) 1 —yt) P F(B,6;6 — 1;xt)dt—

(a,y—av)

C ) F e g el (1 ey (8,600 — 1 at)dt = 0
B(a,y—a) o Y ’ ’ .

O6ozuaunM ciaraemble B JjeBoii yactu Iy, Is, I3, I4 m I5 COOTBETCTBEHHO U BBIYMCJINM MX OTAeIbHO. K 1ep-
BoMmy caaraemomy [ dakTtuaeckn npocto npumernM Gopmyrty (1.13). Bo BTOpoMm ciaraeMoM Ioj HHTErpaJIoM
B II0Ka3aTejie CTeleHu t crouT «, a He a — 1. IlosTomy, uTobs mpuBectn ero K dopmyne (1.13), TpeGyrorcs
HEKOTOpbIe IIpeobpasoBanusi. st ympornerus: Oeta-QyHKIUIO PACIUIeM 4Yepe3 ramma-(QyHKIun 1o (HopMysie
(1.6) u npeobpasyeM IOALIHTErPAIBHOE BLIPAYKEHUE:

1
/ / _ 4
12:75 (26" — 5 §—1) a:/ta 17t'7 o 1(17yt)_ﬁF(ﬂ,§;5/;xt)dt:
B (a, v
0

1
I'(v) - +1)—(a+1)-1 -
S 25'*57571%—/5““) L1 - « 1—yt) " F(B3,0;6;xt)dt
( ) TG (-1 (1) F (8,5:0's 1)

ITpeo6pazoBannsi raMMa~-QYHKIMH OCYIIeCTBUM npu momonty ¢dpopmyisl (1.2), mocie gero CHOBa CKOHCTPY-
upyeM u3 mux Gera-pyuaknuio mo ¢opmyse (1.6):

I'(v) _ a-(v-I'(7)) _
L@ (y—a) v (a-T(a)T(y—-a)
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_ a-T'(y+1) _ o 1
Ty T+ D) ((y+1) —(a+1) v Bla+l,(y+1)—(a+1))
Tenepb MOxKeM IpPUMEHUTL K uHTerpasiy Is dopmyny (1.13):
1
§ (20 —B—6-1) . L
IL=— (1 —t)" N1 —yt) P F(8,68;0; at) dt =
= [ea (1= o)™ F (5,8, 0t)
0
1 1
=525 —B-6-1 /t(a“ —poFb=let=tq N (B, 68: 8 at) dt =
@ =B = 1) S ) (1~ ut) " F (8,5:" 21
0
020 —-p—-6-1
_ OB g (a1, 8,855y + 1,85, 1) -
Y
AHajiornyso 5 5 s
I3:a( _ﬁf?( — )le(a—i—l,ﬁ,ﬁ’,é,’y—i—l,é/—i—l,x,y)
o (0" —1
I4: O[(,V)Z‘Rl (a+1aﬁaﬁ/a677+1a6/_17x’y)

Is = =0" (0" = 1) Ri (o, B, 8',6;7,0" — L2,y) .

IMoxcrasum 3uadvenuss unrerpanos I1, Io, Is, Iy u I5 B pasencrso (2.11):
6" (6" = 1) Ry (a, 8,5, 837,052, y) —

Cad’ (200 —B—-0-1

)Rl (a—i—l,@ﬁ',é;v—l—lﬁ’;x,y)—l—

v
! r_
£20 67)(6 VR (a+1.8,8.6:7+ 1,6 + Liz,y) +
/ !/
-1
+Mwi)mRMa+L&Hﬁw+Ly—L%W_

76/ (5/ - ]‘)Rl (a7ﬁvﬂl75;’755/ - 17I,y) = 07

YMHOXKHUM O6e YJaCTU Ha 7y U IOJIY9MM HOBOE€ TO2KIECTBO:
76" (0" = 1) Ry (o, B, B, 65,05 2, y) —
—ad (28 —B—-56—1)aR (a+1,8,8,8y+1,8;2,y) +
+a(d = B) (6 —0)zRy (a+1,8,8,0;v+ 1,8 + L;z,y) +
+ad’ (0" =Dz Ry (a+1,6,8,0;v+ 1,8 — L;z,y) —

_’76/ (6/ - 1) Rl (a7675/76;7a 6l - 1»5573/) =0.

(2.12)

JloKa3aTesbCTBO CIpaBeInBocT ToXxAecTBa (2.12) mogobHO TeM, 9To JaHbl s ToxKaecTs (2.8) n (2.10),
[I09TOMY HPUBOJMUTH €ro 3jech He OyjeM. AHAJOMMYHO IPEJBIIYIIEMY BbIBOIUM OCTABIIMECS CEMHAIIIATH TOXK-
JlecTB. BhImuimem mostyueHHBIE TOXKIAECTBA (HAYMHAST C JIEBATHAIIATOTO HOMEpPA), KOTOPbIEé MMET MECTO MPH
a, B, B', 6, v, & U OTIMYHBIX OT HyJI M HEJBbIX OTPUIATEIbHBIX YMCIaX Y U ¢, B 1epBoit dgopmyse o' # 1:

19. ’761 (5/ - 1) Rl (a7B15I76;’775,;m7y) -
—ad (20 —B—0—-1)zR; (a+1,8,8,6v+1,0;2,y) +
+a(d —=B8)( —8)zR (a+1,8,8,0;v+ 1,0 + L;z,y) +
+ad (0 —1)x- Rl(a—klﬁﬁ’év—i-lé—lxy)
775/(6/71) ( 757B 6773 -1 x,y)—O

20. 7(2B_ 6/) Rl (aaﬂ7ﬁla6;776/;xay) -
_a(ﬁ_d)le (a+15676/a517+17515l‘7y)+
+’Y(5/_B)Rl (avﬂ_176/75;775/;x5y)+
+C¥5$R1 (a+1,ﬂ+1,6',5;7+1,(5’;$,y) -
_/8le (aa5+ 17ﬁ/75;775/;xvy) = 0
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21. 7(26—61) Rl (a?676/56;7a6/;x7y> -
—a(f—-90) xR (a+1,8,0,0;v+1,8;2,y) +
+’Y(5/_5)R1 (a,ﬂ,ﬂ’,§—1;’y,5’;x,y)+
+adzRi (a+1,8,8,0+1;v+ 1,6 2,y) —
_5’7R1 (mﬂ,ﬁ’,é—i—l;%d’;x,y) :0

22. Py(SIRl (a757ﬁ/76 - 1a’77517‘%’ﬂy) -
_’y(isl (aaﬁ - 1a/8/75§%5/§337y) +
+Ol(ﬂ—(5).’l?R1 (a+15676/a617+175/+ 1,33,2{) :O

23. ¢ (B_(S) Rl (Q,,B,B/,(S;’Y,(S/;.T,y) -
7ﬁ(5/75)R1 (a36+1aﬁl,5;735/+1;x7y)+
+6 (8" = B) Ry (e, B, 8,0 + 1579,0" + 1;2,y) = 0.

24. ")/(SI (6/ + 1) Rl (a7/6a61a§;776/;xay) -
_76/ (6/_'_ 1) Rl (a7676176;776/ + 17x’y) -
—afdzR (a+1,8+1,8,0 + L,y + 1,0 + 1;2,y) = 0.

25. 75,R1 (avﬂvﬂ/76;ry?5/;x7y) -
_7(5/_B)R1 (a7ﬂ75/75+1;776/+1;1’7y)_
— Y8Ry (a, B+ 1,8, +1;7,8 + L;z,y) +
+afzRy (a+1,8+1,8,6+ 1,7+ 1,6 + 1;2,y) =0.

26. ,ylel (%5’/8/75;%5,;%?})4‘
+7(5_6/)R1 (a,ﬂ+1,,3’,5;7,5’+1;x,y)—
775R1 (a,[3+1,5’,§+1;7,5’+1;x,y)+
+adzR (a+1,8+1,8,6+1;7+ 1,8 +1;2,y) =0.

27. 'y (y+1) (6" = B) Ry (o, B, B', 637, 0" w,y) —
—a(y+1)§éxR (a+1,8,0,6v+1,8;2,y) —
_517(7—’_1) (5l_ﬁ)R1 (a’ﬂ_176/7577a5/ax7y)+
+a(y+1)BézRy (a+ 1,6+ 1,8, + L;y+ 1,8 + 1;2,y) —
—a(a+1)B6x?Ry (a+2,8+1,8,0 +1;7+2,8 + 1;2,y) =0.

28. ’751 (’}/+1) (6/_5) Rl (a,ﬁ,ﬁ’,d;'y,d’;%y) -
—aBd (y+ ) aRi (a+1,8,8,0;7+ 1,0 2,y) —
=0 (v +1) (0" = 0) Ri (o, 3,80 — L7, 0"s3,y) +
+afd(y+ D) azRy (a+ 1,6+ 1,8,0+L;y+ 1,8 + 1;2,y) —
—afd(a+1)2?Ry (a+2,8+1,8,0 +1;7+2,8 + 1;2,y) = 0.

29. 751R1 (a,ﬂ,ﬁ’,é;%é’;x,y) -
- '76/R1 (aaﬁvﬁ/ué + 1;775/;‘%71/) +
+C¥B.’L'R]_ (OZ+ 1,6+ 17ﬂ/36+ 17’7+ 176/ + 1,56’,y> =0.

30. ’Y(S/Rl (O[,B,,Bl,é;’}/,(sl;l',y) -
—v9'Ry (o, B+ 1,5,0:7,0";2,y) +
+adzR (@+1,8+1,8,6+1Lv+ 1,6 +1;2,y) =0.

31. vﬂélRl (a,ﬂ,ﬁ’,é;'y,é/;x,y) -
- aél (51 - 5) le (Oé + 17ﬁ76176;7+ 175/;$7y) -
- 766/R1 (aaﬁ + 17ﬂ/,6;7,6/;$,y) +
+afd’zRy (a+ 1,8+ 1,8,0;v+ 1,8 2,y) +
+a(d =B =086 zR (a+1,8,8,6;v+1,8 + 1;2,9) = 0.

32. 755,R1 (a,ﬂ,ﬂ’,é;w,é’;x,y) -
_a(s/((s/_ﬂ)le (a+1,ﬁ7ﬁ’,5;'y—|—1,5';x,y)—
— 708" Ry (o, B, 8,0 4 157, 0" 2, 9) +
+ add Ry (a+1,8,8,6+ ;v + 1,8 2,y) +
+a(d =8 =8 zR (a+1,8,8,8v+ 1,0 +1;z,y) =0.

33. 75, (5/+ 1) Rl (aaﬂaﬁla5;’y76,;xay) -
7’75/(6/+1)R1 (Oz,ﬂ7ﬂl,(5+1;’7751+1;$,y)+
+aB(0 =8 xR (a+1,8+1,8,6+1;7+ 1,8 +2;2,y) =0.
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34. 76/ (6/ + 1) Rl (aaﬂ7ﬂla6;776/;xay) -

=70 (0" +1) Ry (a, B+ 1, 8,057,0" + Lz, y) +

+ad (0 —B) R (a+1,84+1,8,6+1;7v+ 1,0 +2;2,y) =0.
35. §/R1 (a7ﬂ7/8175;’775/;1‘7y) -

_<6/_6)R1 (04,675/753%5/4‘1;3%?])_

_5R1 (avﬁaﬂ/76+17’ya6/+1a$7y):0
36. 6/R1 (avﬁaﬂlvé;’yvél;mvy) -

_(6/_ﬂ)R1 (047/3,3/75;’775/+1§$>y)—

_BRI (Oé,6+1,,6/,5,’}/76/+1,$,y):O

Takum obpa3om, HaMU TOJIYYEHBI 36 peKyppeHTHBbIX dopmyst Jsa dyukmuun Ri. B kaxnoit m3 HuX mpu-
CyTCTBYIOT OT 3 70 5 ciaraembix. OTmMeTnM, 9TO B MPAKTUYECKUX IEJIsIX yI00HEee TPUMEHSTb TOXKJIECTBA,
cocrosimue n3 TPEX WM YETHIPEX CJIAraeMbIX, IOCKOJIBKY dallle BCEro MpeoOpPa30BLIBAIOT WMEHHO JIBE WJIN
Tpu GYHKIUHA C PA3HBIMA HAPAMETPAMHU B OJIHY.

3. PexkyppentHble ToXKaecTBa Ajs dyHKnnn Kiaysena

Jlnia BeiBOmA ToXKuecTB it dbyakmun Kiaysena BocrnosbsyeMmcs coorHomenueM (1.14) u temu 36 dopmy-
JIaMU, KOTOpbIe OBLJIM BBIBEJIEHBI B MpEIbIAYIIEM paszese s ¢Gyukiun . BozbMmém, Hampumep, mepBoe u3
HUX:

YW+ —1=@2y—a—-pF 1)yl Ri(aB,5,0;7,02,y) +
+aBd(y+1)a(1l-—y)Ri(a+1,8+1,68,0+1;v+ 1,8 +1;2,y) +
+ (v + 1) (v =) (v = B)yRi (., B, 8,837 + 1,8 2,y) +
+aB6 (y —a)xyRy (a+ 1,8+ 1,8,8 + 1;7v+ 2,6 + 1;2,y) +
+78' (12 =1) (y = 1) Ri (, 8, 8,67 = 1,8";2,9) = 0.
ITomoxkum y = 1:
70 (v +1) (a+ B =) Ri (e, 8,8, 657,82, 1) +
+0' (v +1) (v —a) (v = B) Ri (o, B, 8,63y + 18" 2, 1) +
+aB0(y—a)zRy (a+1,8+1,8,6+1;7+ 2,6 +1;2,1) =0
U K Kol GyHkuuu Ry BHYTDH IIOJyYEHHOIO TOXKIECTBA HpuMeHuM Bbipaxkenue (1.14):
LoDy —a—§)
F(y=a)l'(y=§)
Y+ D)L (v—a—pF+1)
(y—a+)T'(y =5 +1)
F(y+2)T(y—a—-p+1)
T —a+ )T (- F+2)

Coruacao dopmyse (1.2), B epBOM CJAraeMOM JIEBOIl YACTH IIEPEIMIIEM BbIPAYKEHUE

T+ () =0+ )Ty +1) =T(r+2),

76/(’7—’—1)(0{4_6/_’7) 3F2<O[,5,(S;6l,’y—ﬂ/;$)+

+6l(fy+1) (’Y—Oé) (’y_ﬁ/)g 3F2 (04567675/’7_6/4_1,37)—’—

+afd(y —a)z sFy(a+1,8+1,0+1;8 + 1,7 -8 +2;2) =0.

BO BTOpOl\I CcJIaraeMOM
Y+ )T (y+1)=T(v+2),
B HepBOI\/I %8 BTOpOl\’I cJlaraeMoOmM

¥ -« v -« 1

F(y—a+1) (y—a)T(y—a) T(—a)

3aTeM BbIHECEM 33 CKOOKY

L'(v+2)

I'(y—a)
nu COKpaTI/IM Ha 39TO Bpra)KeHI/Ie O6e YaCTHu TOZKJ/IeCTBa:
Fy—a-0)

5/(a+5/_7) F("Y*ﬁl) 3F2 (075a575/,7_ﬂ/»$)+
F(y—a—-p"+1)
L(y=p+1)

+5/(7_ﬁl) 3F2(OC,B,6;(S/,’7—B/+1;.’E)+
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+afBdéx Ll e ;/i_;)l)ng (a+ 1,8+ 1,0+ 1;8 +1,v— 5" +2;2) =0.
O6osnaunm a=a, 3=0, 6 =c, & =d, v— 3 =e:
—d(e—a) IW;;Fg (a,b,¢;d, e;x) +
+dew3Fg (a,b,¢c;d,e+ 1) +
+abc:vF(Fe(;i;)1)3Fg (a+1,b+1,c+1;d+1,e+2;z) =0.

ITpeobpasyem no dopmyse (1.2)
(e—a)T(e—a)=T(e—a+1),

11
L(e+1) el'(e)’
1 1

T(e+2) elet)I(e)

BBIHECEM 3a CKOOKY JIpoOb
F'le—a+1)

I'(e
U COKpAaTUM Ha Hee 06e YacTH TOCJIeIHEro TO}K,aeCTBaE:)
—dsFy (a,b,c;d,e;x) +
+d3Fy (a,b,c;d, e+ 1;2) +
+abcac6(671+1)3F2 (a+1,b+1,c+1;d+1,e+2;2) =0.
Yuuoxum obe gactn zHa —e (e + 1):
de(e+1)3F (a,b,c;d,e;x) —
—de(e+1)3Fs(a,b,c;dye+ 1;2) —

—abcxsFy (a+ 1,0+ 1,c+1;d+ 1,e+2;2) =0.
g ymnpomienust bOPMyJIBI TIOJIOXKAM € = € — 1 M OKOHYATEILHO TIOJIY UM

de (e — 1) 3F5 (a,b,¢c;d, e — 1;2) —
—de(e—1)3Fy (a,b,¢c;d, e;x) — (3.1)

—abcrsFy (a+1,b+ 1, ¢+ 1;d+ 1,e+ 1;2) = 0.

SamernmM, 9To 3Ta QOpMYyJIAa CIpaBeJInBa IIPHU JAeHCTBATENBHBIX MapaMmerpax a, b, ¢, d m e, Kpome TO-
ro, napamerp d JIO/2KEeH OBbITh OTJIMYEH OT HYJIA W IeJIbIX OTPUIATEIbHBIX UHCEJ, & IIapaMeTp € He JIOJIKeH
PaBHATHCA €IUHUIE, HYJIIO0 U IeJIbIM OTPHUIATENIbHBIM uncjiaM. [IpoBemeM 10Ka3aTeIbCTBO CIIPABEJINBOCTU
roxecra (3.1). s sroro, socnosnbzosapmmch dopmynoii (1.10), pasnoxkum dbyaknun Knaysena B rumep-
reOMETPUIECKUE PSJIbI:

(@), (), (e),, o (a),(0),(0),,
(e—l)zmx de(e—l)zm
=0 (3.2)

(a+1)n(b+1)n(6+1)n n_
—abex Z @ e e =0

B nepsom ciaraemom Bbipazkenust (3.2) upeobpasyem cumost Iloxrammepa. st aToro Bocnosb3yemcs (op-
mysoit (1.8). 3mecn
e—1 (e—1)(e+n—1) e+n—1

(e—1),, (e=1)(e),,_,(e+n—1) (),
lajiee B IepBBIX JBYX CJaraeMblX B JICBOI 9acTH BblparkeHus (3.2) BbIHeceM OOIIUe MHOXKHUTEIN 33 CKOOKY,
[OCTABUB UX TIOJ, OJUH 3HAK CYMMBbI:

= (a+1), (b+1), (c+1)

— (a),(b),(c), , —
de;mx (e+n—-1)—(e—1)) —abcxz @+ (1 " = 0.

n=0
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ITocuie YipomieHusd IIepBOro cjaraeMoro npujieM K yYPpaBHEHUIO

(a+1) b+1) (c+1), n
dnz% — abcz Z d—l—l +1)nn! " = 0.

BameruM, 49TO IEpBOE CllaraeMoe IEepBOil CyMMbI (TO €CTh BBbIPAXKEHHE HOJ 3HAKOM CyMMbl upu n = 0)
PaBHO HYJIIO, IIO9TOMY MOYKHO HA4YaTh CYMMHUPOBaHUE ¢ 1 = 1, TO €CTh MPEJIBIAYINee BhIPAXKEeHNe SKBUBAJIECHTHO

cJleIyIomeMy:

oo

(a+1) b+1) (c+1), .
Z " — abc mz d+1 ey " =0. (3.3)

[Ipeobpasyem mepBoe caaraeMoe BbIPAXKEHS (3.3), BOCIIOJIb30BABIIUCH 11t 3T0oro hopmyaamu (1.8) u (1.9):

de i (a)n(b)n(c)nnxn _ abcdex i (a+1), ,(b+1), 1(c+1), 4 el

(d),(e),n! T de (d+1),_4(e+1), ;(n—1)

n=1 n=1

_ (a+1), ,(b+1), 4(c+1),_, ol a+1 b+1) (c+1), ,
“bc“"z @ 1, (e Dy (1) C“’“”Z et 1), (mr ©

B konme 3amenmnm Bce n — 1 Ha n, TOTAA CyMMHPOBAHWE HAYUHAETCS C Hysd. [IOJCTABUE MOJyveHHOE
BbIDaKEHHE B PaBeHCTBO (3.3), UPUXOJAMM K TOXKJIECTBY, 4TO U JOKA3bIBAET CIPaBEIIMBOCTL (PopmMysbl (3.1).

[TomobHBIM 06pPa30M BBIBOIUM OCTABIIHAECS PEKYPPEHTHBIE TOXKJECTBa isi MyHKImu KiayseHa, cipasei-
BBbIE TIPU JEHCTBUTEIbLHBIX 3HAYECHUSX APAMETPOB a, b, ¢, d, € M OTJIMYHBIX OT HYJsS U IEJIbIX OTPUIATEHHBIX
quciaax napamerpoB d u e. Kpome toro, e # 1 B dopmymnax 1, 6, 7, 8, 17, 18, 19 u d # 1 B dopmynax 2,
9, 10, 11, 14, 15, 16:

1. de(e —1)3Fz (a,b,c;d,e — 1;2) —de (e — 1) 3Fs (a, b, ¢;d, e; ) —
—abcxsFy (a+1,b+1,¢+ 1;d+1,e+ 1;2) =0.

2. de(d—1)3Fy(a,b,c;d —1,e;2) —de(d — 1) 3Fs (a,b,¢;d, e; ) —
—abcxsFy (a+1,b+1,¢c+1;d+1,e+ 1;2) =0.

3. desFs (a,b,c;d,e;x) —desFy (a+ 1,b,¢c;d,e;x) + bexsFo (a+ 1,0+ 1,c+ 1;d+ 1,e+ 1;2) =0
4. desFs (a,b,c;d,e;x) — desFa (a, b+ 1,¢;d,e;2) + acxsFe (a+ 1,0+ 1,c+1;d+ 1,e+1;2) =0

5. desFs (a,b,c;d,e;x) — desFy (a,b,c+ 1;d,e;x) + abxsFy (a+ 1,0+ 1,c+ 1;d+ 1,e+ 1;2) =0

6. (e—a—1)3F(a,b,c;d,e;x) — (e — 1) 3Fs (a,b,¢;d,e — 1;2) + asFo (a+ 1,b,¢;d, e;2) = 0.
7. (e—b—1)3Fy(a,b,c;d,e;x) — (e — 1) 3F2 (a,b,¢;d,e — 1;2) + by Fy (a, b+ 1, ¢;d, e;2) = 0.
8. (e—c—1)3Fs(a,b,c;d,e;x) — (e — 1) 3F> (a,b,¢;d, e — 1;2) + csFa (a,b,c+ 1;d,e; ) = 0.
9. (d—a—1)3Fs(a,b,c;d,e;2) — (d—1)3F5 (a,b,¢;d — 1,e52) + azFy (a+ 1,0, ¢;d, e;) = 0.
10. (d—b—1)3Fs(a,b,c;d,e;x) — (d—1)3Fy (a,b,¢;d — 1, e;2) + bsFy (a,b+ 1,¢;d,e;2) = 0.
11. (d=c—1)3Fy(a,b,c;d,e;x) — (d— 1) 3Fs (a,b,e;d — 1, e;2) + c3Fs (a,b, ¢+ 1;d, e; ) = 0.

12. de(e — a) 3Fs (a,b,c;d,e;2) —de (e — a) 3F» (a,b,c;d, e + 1;2) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) = 0.

13. de(d —a)3F> (a,b,¢;d, e;x) — de (d — a) 3Fs (a,b,¢;d 4+ 1,e; ) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) =0.

14. de (d —1)3F5 (a,b,c;d — 1,e;2) —de (d — 1) 3F3 (a,b,c + 1;d, e;x) +
+ab(d—c—1)axzFr(a+1,b+1,c+1;d+1,e+ 1;2) =0.

15. de (d —1)3F (a,b,c;d — 1,e;2) —de (d — 1) 3F5 (a, b+ 1,¢;d, e;2) +
+ac(d—b—1)asF (a+1,b+1,c+1;d+ 1,e+ 1;2) =0.

16. de (d — 1) 3F5 (a,b,c;d — 1,e;2) —de(d — 1) sFa (a+ 1,b,¢;d, e;x) +
+bc(d—a—1)asFy(a+1,0+1,c+1;d+1,e+1;2) =0.
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17. de (e — 1) 3F (a,b,¢;d,e — 1;2) —de (e — 1) 3Fs (a,b,c+ 1;d, e52) +
+abe—c—1)zsFy(a+1,b+1,c+1;d+1,e+ 1;2) = 0.

18. de (e — 1) 3Fs (a,b,¢;d, e — 1;2) —de (e — 1) 3Fs (a, b+ 1, ¢;d, e; ) +
+acle—=b—1)z3Fy(a+1,b+1,c+1;d+1,e+ 1;2) =0.

19. de (e — 1) 3F (a,b,¢;d,e — 1;2) —de (e — 1) 3Fa (a+1,b,¢;d, e; ) +
+bc(e—a—1)zsFy(a+1,b+1,c+1;d+1,e+ 1;z) = 0.

20. desFy (a,b+1,¢;d,e;x) — desFs (a,b,c+ 1;d,e; ) +
+ab—c)asFr(a+1,b+1,c+1;d+1,e+ 1;2) =0.

21. desFy (a,b+ 1,¢;d,e;x) —desFs (a+1,b,¢c;d,e;2) +
+cb—a)xsFy(a+1,b+1,c+1;d+1,e+ 1;2) =0.

22. desFs (a,b,c+ 1;d,e;x) —desFs (a+1,b,¢;d,e; ) +
+b(c—a)xsFy(a+1,b+1,c+1;d+1,e+ 1;2) =0.

23. d(b—c)3Fs (a,b,c;d,e;2) —b(d—c¢)3Fa(a, b+ 1,¢;d + 1,e;2) +
+c(d—0)3F (a,b,c+1;d+ 1,e;2) = 0.

24. d(a—c)sFy(a,b,c;de;x) —a(d—c)sFa(a+1,b,c;d+ 1,e;z) +
+c(d—a)sFy (a,b,c+1;d+ 1,e;2) = 0.

25. d(a—b)sFy(a,b,c;d,e;x) —a(d—b)sFy(a+1,b,c;d+ 1,e;x) +
+b(d—a)sFr(a,b+1,¢;d+1,e;2) = 0.

26. de(e+1)3Fy (a,b,c;d,e+ 1;2) —de(e+ 1) 3Fy (a — 1,b,¢;d, e; ) —
—becle+ 1) asFy(a,b+1,c+1;d+1,e+ 1;2) + abeasFr (a+ 1,0+ 1,c+ 1;d+ 1,e + 2;2) = 0.

27. de(e+1)(e—a)sFz(a,b,c;d,e;2) —abe(e+ 1) asFy (a+ 1,0+ 1,c+ 1;d+ 1,e + 1;2) —
—de(e+1)(e—a)sFs(a,b,¢c;d,e+ 1;2) —abe(e —a)xsFy(a+ 1,0+ 1,¢c+ 1;d+ 1,e+ 2;2) = 0.

28. degFs (a,b,c;d,e;x) —e(d—b) 3Fy (a,b,c+ 1;d+ 1,e52) —
—besFy(a,b+1,c+ 1;d+ 1,e;2) + abrsFy (a+ 1,b+ 1,¢+ 1;d+ 1,e+ 1;2) = 0.

29. degFs (a,b,c;d,e;x) +e(c—d)sFa(a,b+1,¢;d+1,e;x) —
—cesFy(a,b+1,c+ 1;d+ 1, e;2) + acesFy (a+ 1,b+ 1,¢c+ 1;5d+ 1,e + 1;2) = 0.

30. d(d—1)esF5 (a,b,c;d,e;x) —ad(2d—b—c—1)xsFr(a+1,b,¢;d, e + 1;z) +
+a(d—>)(d—c)zsFy(a+1,b,c;d+ 1,e+ 1;2) +
+ad(d—1)zsFy(a+1,b,c;d —1,e+ 1;2) —d(d— 1) esFy (a,b,¢;d — 1,e;2) = 0,

3l. e(2b—d)3F5 (a,b,¢c;d,e;x) —a(b—c)asFa(a+1,b,c;d, e+ 152) +
+e(d—0b)sFy(a,b—1,¢;d,e;x) + abxsFs (a+ 1,b+ 1,¢;d, e + 1;2) — besFs (a, b+ 1,¢;d, ;) = 0.

32. e(2c—d)3Fa(a,b,c;d,e;x) +a(b—c)asFr(a+1,b,¢d, e+ 152) +
+(d—c)(y—=p0)sFa(a,b,c—1;d,e;x) + acxsFy (a+ 1,b,c+ 1;d,e + 1;x) — cesFy (a,b,c+ 1;d,e;2) = 0.

33. d(d—b)e(e+1)3Fs(a,b,c;d,e;x) —acd (e+ 1) x3Fr (a+ 1,b,¢;d, e+ 1;2) —
—d(d-be(e+1)3Fs(a,b—1,¢d,e;2) +abe(e+ 1) asFr(a+ 1,0+ 1,c+1;d+ 1,e+ 1;2) —
—abc(a+1)2%3F (a+2,b+1,c+1;d+1,e+2;2) =0.

34. de(d—c)(e+1)3Fy(a,b,c;d,e;x) —abd (e + 1) x3Fs (a+ 1,b,¢;d, e + 1;2) —
—de(d—c)(e+1)3F3(a,b,c—1;d,e;x) +abc(e + 1) xsFy(a+1,b+1,c+ 1;d+ 1,e+ 1;2) —
—abc(a+1)2%3F (a+2,b+1,c+1;d+1,e+2;2) = 0.

35. bdesFs (a,b,c;d,e;2) —ad (d — ¢) x3Fa (a+1,b,¢;d, e + 1;2) — bdesFz (a, b+ 1,¢;d, e;x) +
+abdxsFy(a+ 1,04+ 1,¢;d,e+ 1;2)+a(d—0) (d—c)azFy(a+ 1,b,¢;d+ 1,e + 1;2) = 0.

36. cdesFs (a,b,c;d,e;x) — adexsFs (a+1,b,¢;d, e + 1;2) — edesFy (a,b,c+ 1;d, ;) +
+acdrsFs (a+1,b,c+ 1;d,e+ 1;2) +a(d—b) (d—c)axsFy (a+ 1,b,¢;d+ 1,e+ 1;2) = 0.
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BreiBoabl

B Hacrosimeit cratbe ObLIM BBIBEJIEHBI PEKYPPEHTHBIE TOXKJECTBA JJIsi JIBYX CIEIUAJbHBIX (DYHKIUNA TI'U-
epreoMerpudeckoro tuma. IIpoussojst apudmerndeckue IefCTBUS HAJ[ BHIBEICHHBIMHU TOXKIECTBAME, MOYKHO
npuiiTu K HOBBIM (hopmysiaM. Kak y»ke OBbLIO CKa3aHO BBINIE, yI0OHEE BCETO IOJb30BATHCS TOXKIECTBAMH, CO-
CTOANUMA U3 TPEX WJIM YeTHIPEX ciaraembix. [losTomMy B 3akKjIOUYeHHe 3ammineM TOXKIECTBA, COCTOSIINE U3
TPEX cjlaraeMbIX BMeECTe C BBIBEJIEHHBIMU B De3yJsibTaTe HeHCTBUN HAJ[ 3aIMCAHHBIMU DaHee.

Ecau napamerpor «, (3, 5, §, v, & npunajjexkar IpPOCTPAHCTBY JEHCTBUTENLHBIX UUCEN, TAPAMETPhI 7y |
0’ He paBHBI HyJIIO W IEJBIM OTPHIATEILHBIM YHCJIaM, TO CIIPABEIMBBl PEKypPpeHTHBIE (hOPMYJIbI I (DyHK-
mun Rq:

1. ,le (aaﬂ76/a6;776/;x’y) - (')/—Oé)Rl (a76761+1a6;7+1a6/;xay) -
-« l_y)Rl (OZ+1,,87,8/+1,5,’}/+1,6/,$,y) =0.

2. ’le (04,6,5/,6;’)/75/;1',3/) _’le (avﬁvﬁl + 1;5;'775/;:5;3/) +04le (a+ 175,5/ + 1757’y+ 176/;x’y) =0.
,YR]. (a76a6/a6;776/;xay) - (,7 —Oé> Rl (a7ﬁ751,6;7+ 175/;xay) —O[Rl (O[+ 1)6)6/76;’7—’— 1561;$7y) =0.

4. ,YélRl (O‘7B+17B/a6;775/;$ay) _'YJIRl (O‘7B7ﬂ/76+1;775/;xay) +
+a(f—-0)zR (a+ 1,8+ 1,8,0+1L;v+ 1,8+ 1;2,y) =0.

5' 6/(5_5)R1 (a>67ﬁl76;’736/;$7y)_6(51_6)R1 (0475"‘175/75,%&"‘17%2/)4‘
+5(5/_ﬁ)R1 (aaﬂ7ﬁ/a5+17776/+17xay) =0.

6. 75/ (5/ + ]‘) Rl (O‘aﬁaﬂ/af;;%d,;xay) 775/ (5/ + ]‘) Rl (avﬂvﬂl76;ry?5/ + 17xay) -
7&5(51‘R1 (a+1,6+136175+177+1,5/+17xay) =0.

7. fyéle <a757ﬁ/76;776/;$7y) - 75/R1 (aa676/76 + 1775617‘%72/) +
+C¥6$R1 (Oé+1,6+1,ﬁ/,5+1,’7+1,(5l+1,$,y) =0.

8. 75,R1 (aaﬂaﬂ/a(s;f%a/;fmy) - ’Y(isl (Oéaﬂ + 17ﬂ/75;755/;x7y) +
+adzR (a+1,8+1,8,6+1;7v+ 1,8 +1;2,y) =0.

9. 76/ (6/+ 1) Rl (a7ﬂaﬁla6;776/;x’y) _’76/ (6/+ 1)R1 <a757ﬁ/76+1a’776/+11$7y) +
+af (0 =) zR (a+1,8+1,8,6+ 1,7+ 1,8 +22,y) = 0.

10. 46" (6" + 1) Ry (o, 8, 8,857,052, y) — 6" (' + 1) Ry (o, B+ 1,5, 65,8 + 1;2,9) +
+ad (8 —B)xR (a+1,8+1,8,6+1;7+ 1,8 +2;2,y) =0.

11. 6/R1 (aaﬁa6/a6;775/;xay) - (6/ - 6) Rl (avﬁ76176;776/ + 1,x’y) - 6R1 (aaﬂ7ﬂ/a6 + 17776/ + 17xay) =0.
12. 5/R1 (a,ﬁ,ﬂ',&*y,(i';x,y) - (5, - ﬂ) Rl (aaﬂaﬂ/aé;’%é/ + 1,$7y) - /BRl (OL,/B + 1a/6/75;775/ + 17‘Tay) =0.
13. (5 - ﬁ) Rl (a7ﬁ76175;775/;1‘7y) - 5R1 (a7ﬁ76175 + 1,7,5/,$,y) + BRI (avﬁ + 17ﬂ/75;7u 5/7%2!) = 0

Ecmu a, b, ¢, d u e npuHaIeKaT MHOXKECTBY AEHCTBUTEJBHBIX UUCEJ, W IPU ITOM d W ¢ HE PABHBI HYJIIO
U TEJBIM OTPUIATEIHLHBIM YHCJIAM, TO

1. de(e+1)3F3 (a,b,c;d,e;x) —de(e+ 1) 3Fy (a,b,c;d,e+ 1;2) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+2;2) =0.

2. de(d+1)3Fs (a,b,c;d,e;z) —de(d+ 1) 3Fs (a,b,e;d + 1, e52) —
—abcxsFy (a+1,b+1,¢+ 1;d+2,e+ 1;2) =0.

3. desFs (a,b,c;d,e;x) —desFy (a4 1,b,¢;d, e; x) +
+bcxsFr(a+ 1,0+ 1,c+1;d+1l,e+1;2) =0

desFs (a,b,c;d, e;2) — desFy (a,b+ 1,¢;d, e;2) + acxsFo (a+ 1,0+ 1,c+ 1;d+ 1,e + 1;2) = 0.
desFs (a,b,c;d, e;x) — desFy (a,b,c+ 1;d, e; x) + abrsFo (a+ 1,0+ 1, ¢+ 1;d+ 1,e+ 1;2) = 0.
esky (a,b,c;d,e;x) — (e —a)3Fa (a,b,¢;d,e + 1) —asFs (a4 1,b,¢;d, e+ 1;2) = 0.

(e —1)3F (a,b,c;d,e;2) — (e — b) 3Fs (a,b,¢;d, e + 1;2) — bsFy (a,b+ 1,¢;d,e + 1; ) = 0.
esky (a,b,c;d,e;x) — (e — ¢)3Fy (a,b,¢;d, e + 1) — esFy (a,b,c+ 1;d, e+ 1;2) = 0.

e »® N> oA

dsFs (a,b,c;d,e;x) — (d —a) sFs (a,b,c;d+ 1,e;2) —agFy (a+ 1,b,¢;d+ 1, e;2) = 0.
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10. dsF5 (a,b,c;d,e;x) — (d —b) 3F2 (a,b,¢c;d 4+ 1,e;2) — by Fa (a,b+ 1,¢;d 4+ 1,e;2) = 0.
11. dsF5 (a,b,c;d,e;x) — (d —¢) 3F2 (a,b,¢;d + 1, e;52) — c3Fy (a,b,c+ 1;d + 1,e;2) = 0.
12. de (e — a) 3F3 (a,b,¢c;d, e;x) — de (e — a) 3F5 (a,b,¢;dy e + 1; ) —
—abcxsFy (a+1,b+1,¢c+1;d+ 1,e+ 1;2) =0.
13. de(d —a)3F5 (a,b,¢;d, e;x) — de (d — a) 3Fs (a,b,c;d 4+ 1,e;2) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) =0.
14. de(d+ 1) 3Fz (a,b,c;d,e;x) —de (d+ 1) 3F5 (a,b,c+ 1;d+ 1, e;x) +
+ab(d—c)xsFy(a+1,b+1,c+1;d+2,e+1;2) =0.
15. de(d+ 1) 3Fs (a,b,c;d,e;x) —de (d+ 1) 3F3 (a, b+ 1,¢;d+ 1, e;x) +
+ac(d—0b)xsFy(a+1,b+1,c+1;d+2,e+ 1;2) = 0.
16. de (d+1)3F5 (a,b,c;d,e;x) —de(d+ 1) 3Fa(a+1,b,¢;d + 1,e;2) +
+be(d—a)xsFy(a+1,b+1,c+1;d+2,e+ 1;2) = 0.
17. de(e+ 1) 3F5 (a,b,¢;d,e;x) —de(e 4+ 1) 3Fy (a,b,c+ 1;d, e + 1;2) +
+ab(e—c)xsFy(a+1,b+1,c+1;d+1,e+2;2) =0.
18. de(e+1)3F5 (a,b,c;d,e;x) —de(e+ 1) 3F (a, b+ 1,¢;d, e+ 1;2) +
+ac(e—b)zsFy(a+1,b+1,c+1;d+1,e+2;2) =0.
19. de (e+ 1) 3F (a,b,¢;d,e;2) —de(e+ 1) 3F2 (a+ 1,b,¢;d, e+ 1;2) +
+bc(e—a)zzsFr(a+1,b+1,c+1;d+1,e+2;2) =0.
20. degFs (a,b+ 1,¢;d,e;2) — desFs (a,b,c+ 1;d,e;x) +
+ab—c)zsFr(a+1,b+1,c+1;d+1,e+1;2) =0.
21. desFy (a,b+1,¢;d,e;x) —desFs (a+ 1,b,¢;d,e;2) +¢c(b—a)zsFy (a+ 1,0+ 1, ¢+ 1;d+ 1,e 4+ 1;2) = 0.
22. desFy (a,b,c+ 1;d,e;x) —desFs (a+ 1,b,¢;d,e;2) + b(c—a)xsFy (a+ 1,b+ 1,c+ 1;d+ 1,e 4+ 1;2) = 0.
23. d(b—c¢)sFy(a,b,c;d,e;x) —b(d—c)sFy(a,b+ 1,¢;d+ 1,e;2) +¢(d—b)3F3 (a,b,c+ 1;d+ 1,e;x2) = 0.
24. d(a—c¢)sFy(a,b,c;de;x) —a(d—c)sFy(a+1,b,c;d+ 1,e;2) + ¢(d —a)3Fa (a,b,c+ 1;d+ 1,e;2) = 0.
25. d(a —b)sFy(a,b,c;d,e;x) —a(d—b)sFy(a+ 1,b,¢;d+ 1,e;2) +b(d—a)sFa(a,b+ 1,¢;d+ 1,e;x) =0.
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RECURRENT IDENTITIES FOR TWO SPECIAL FUNCTIONS
OF HYPERGEOMETRIC TYPE

ABSTRACT

The article presents conclusions and proofs of Gauss-type identities for two known hypergeometric type
functions. For the derivation and justification of formulas, the representation of functions in the form of a
series is used, as well as an integral representation of the functions under consideration. The article uses
the definition and properties of gamma and beta functions, the hypergeometric Gauss function, as well as
known identities for these functions. Hypergeometric functions are widely used in solving various types of
differential equations. The presence of identities connecting the functions involved in the resulting formulas
of solutions greatly simplifies both the final formulas and intermediate calculations in many problems related
to solving hyperbolic, elliptic and mixed types of equations.

Key words: special functions; gamma function; beta function; Gaussian function; identity; hypergeometric
function; formula; solution.
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IMPUMEHEHUE METOJO0B JAEKOMIIOSUIINN 11 MHTEIPAJIBHBIX
MHOTI'OOBPA3UN K CHUHI'VJ/IAPHO BOSMVYIIEHHOUN 3AJAYE
KVNHETUKN CYUIINJIHOI'O CYBCTPATA

AHHOTAIINA

Ilenpro maHHON CTATBU ABIAAETCS PEAYKIUS CHHTYJISPHO BO3MYIIEHHON CHCTEMBI KUHETHUKHU CYUITUIHOTO
cyocrpara. IIpuMeHsIOTCST METOIBI JIEKOMIIO3UIINN U UHTErPAJIBLHBIX MHOrooOpasuii. [lonmxkaercss pazmepHOCTH
ucxonuoii 3amauyu. llpoBomuTcsa aHaNM3 TOJNYyYEHHBIX YPABHEHWI HA WHTErPaJbHOM MHOrooOpasuu Ha
ycroitanBocTh. [IpuBonuTcsa mpumep CpaBHEHHS UUCIEHHBIX PEIIeHUil MCXOMHON CHCTEMBI U IIOJIyYeHHOIl Iociie
IIOHM2KEHNST PA3MEPHOCTH BBINIEYKA3aHHBIMUA METOIAMU.

KuroueBbie cioBa: muddepeHuaabable YPaBHEHUT; METO JTEKOMITO3UIINN; WHTErPAJILHOE MHOT000Pa3NE;
KOOIIEPATUBHOE SIBJIEHNE; SH3WMHAS KWHETHUKA; CYWIMJIHBIN CyOCTpaT.

IMurupoBanme. CverannukoB M.A. [IpuMenenne MeTOIOB JEKOMIIO3UIINN U WHTErPAIBLHBIX MHOTOOOpa3mit
K CUHI'YJIIPHO BO3MYIIEHHON 3aJlade KMHeTUKH cyunuiauoro cyberpara // Becruuk Camapckoro yHusepcurera.
EcrecrBennonayunas cepust / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3. C. 57-63.
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1. IIpenBapuresibHbIE CBe/IeHUS

B Momenax xumMudeckoil KWHETUKU HAJUYUE MAJIOTO TTapaMeTpa CBI3aHO C TeM, UYTO B XUMHUYECKON CucTe-
M€ OJIHOBDEMEHHO IPOUCXOMAT CYIIECTBEHHO PA3HSIIUECs] CKOPOCTBIO IIPOIECChl. 3HAUYUTEIHLHOE UHUCJIO Iy0Jin-
Kalluii 110 TEOPHM N IPUJIO’KCHUAM KaK METOJOB YIIPOIIEHUS MOJeJIell MaKpPOCKOIIMYEeCKON KHUHETHUKH, TaK W
MOJIEJINPOBAHNS KPUTUIECKUX $ABJICHUI BKJIIOYAeT B cebsi OOJIbIIOe pa3HooOpasme 3a/ad, COYETAIONIUXCS CO
CPAaBHUTEJIBHO HEOOJIBIINM apCEHAJIOM IIPUMEHSEMBIX CPEJICTB aHAJIN3a M JOBOJIHHO DACHPOCTPAHEHHBIM MHe-
HUEM, YTO ITH 33Ja9¥ HEe HMEIOT HUYero OOINero Kak IO CBOeH IMOCTAHOBKE, TaK W II0 METOJAM PeIleHHUS.
[Tonukenne pasMepHOCTH MOJEJIEHl SBJISETCS BaXKHEHIUM [IPUEMOM WCCJIEIOBAHUS CJOYKHBIX CHCTEM JIFOOOI
MIPUPOJIBI, Pa3yMeeTcs, He TOJbKO B OOJIACTH IH3UMHOI KHHETUKW, & KPUTHIECKUE SBJIEHUS WCKJIOYATEIHHO
BayKHBI U caMu 1O cebe, ¥ Kak WHCTPYMEHT TO3HAHUS CJOXKHBIX MPOoreccoB. OCHOBBIBAsSICh HA TeOMETpHYIe-
CKOIl TeOpUM CHUHTYJIAPHBIX BO3MYIICHUI, IIOABUJICH IIOJXOJ, IIO3BOJIAIOIIUI C €JIUHBIX IIO3ULIMNA 9TOU Teopuu
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pacCMaTPUBATD U METOJBI PELyKIIMA KUHETUIECKUX CHCTEM, U METO/bl MATEMATHYECKOrO MOEJINPOBAHUS KPU-
THYECKUX $IBJIEHUN B TAaKOBBIX. B cTaTbe ONMCHIBAETCS NPUMEHEHHE METOJIa MHTErPaJIbHBIX MHOrooOpasuil K
peaykuun [1] cucrems [2] u3 pazmena "Kwunernka cynmmasoro cyberpara''. PaGora [3] mogpoGHO omuceiBaeT
000CHOBaHME AJTOPUTMA JIEKOMIIO3UIINN 33/1a91 SH3UMHON KMHETUKNU JIIs JUHAMUYIECKHX CHCTEM C OBICTPBIMH U
M€/IJIEHHBIMU TIéPEMEHHBIMA U TIOCTPOEHUST NWHTETPAJIBHBIX MHOT000pasmii [4-8|, OCHOBHbBIE DPe3yJbTATHI TEOPUU
MHTErpaJbHBIX MHOroo6pasuit comepxkarcs B [9], merounnkn [10-11] Takke OTHOCATCS K BBINIEYTIOMSHYTHIM
KareropusM. i yKa3aHHBIX BBINIE CHCTEM JIAHHDBIE CYOCTPAThI BayKHBI, IIOCKOJIBKY OHH ODECIIEIUBAIOT CIIOCOD
HalleJMBaHUs Ha OIpeJesIeHHbl depMmenT i nHakTuBaiuu. OHU OCOOEHHO ITOJIE3HBI IPHU BBEJIEHUH JIEKAP-
CTBEHHBIX CPEJICTB, IIOCKOJIbKY OHHM He BPEJHBI B CBOeil 00bIMHOI (bOpMe, U TOJILKO OIIPeJleIeHHbIH (hepMeHT
MOXKeT Ipeobpa3oBaTh mx B (opmy wmuarunbmropa. Hampumep, cybcTpaThl caMoyOmitcTBa OBLIN MCCIEIOBAHBI
JIsl UCIIOJIb30BAHUSI IIPH JIEUEHUH JENPECCHU, SIUJIEIICUU U HEKOTOPBIX OILyXOJIEeil.

2. IlocranoBka 3amadn. McxoagHasa cucreMa u ee marpuvHas dpopma

B manmoit pabore paccMaTpuUBaeTCs CHCTEMa ypPaBHEHWH KMHETHKHM CYHIIMIHOTO cyOcTpaTa ¢ 6e3pa3MepHbI-
M KOd(DPUIMEHTAMA U TEePEMEHHBIMU:

B — (4 1) = e — e+ 1C— (e + Ve + T2, 2.)
dei(t) -
pran w(, (2.2)
PO ((p 1)~ ep — (ep+ ¢~ (e + 1)) € (23)
d¢(t) €p B
i Oxeaazps ¥ (24)
C Ha4YaJIbHBIMU YCJIOBUAMMU:

B ¢dynnamenTanpHOl MOHOrpaduu [2] OnMCAH aJrOPUTM CBEJIEHUsS KOOIEPATHBHOIO SIBJIEHHsI K JIAHHOMN
obGespasmepenHoil cucreme (2.1)-(2.5). Koabdunnenrst cucrempr (2.1)-(2.5) u MaJiblit mapameTp € Onpejesisi-
oTca opmyIaMu:

K _k71+k20_ So __ _ €0 p—kflp—gilf— k3 + ky - ¢ b= ka
m k1 ’ I(m7 604—[(7”7 k‘g’ €’ k_l—f—kg, 1+€p7 k_l—i-k‘g.
31ech ey — HadajbHasl KOHIlEHTpalust (bepMeHTa, Sg — HadajbHasl KOHIeHTpaius cybcrpara, k_1, ki, ko,
ks n ky — TOCTOSIHHBIE IOJIOXKUTEJIbHBIE MAPAMETPHI CKOPOCTEH peaKIuii.

IMockonbky 0 < € < 1, cucrema (2.1)—(2.4) coepKuUT pasHOTEMIIOBbIE NepeMeHHble. HermocpeacTBenHoe
YHCJIEHHOE WHTErPUPOBAHUE TAKUX CHCTEM CBS3aHO C BBIYUCJIATENBHON KECTKOCTHIO, UTO IIPOJMKTOBAHO Ha-
JIMIHEM MaJIoro IlapaMeTpa B 3HaMeHaTese IpaBoil dacTu auddepeHIpagpHoro ypapenns. [lostoMy B 1aHHOM
cTaTbe K DeIIeHUI0 U aHamu3y cucreMbl (2.1)—(2.5) npuMeHAIOTCS METOBI IEKOMIIO3UIUU U MHTErPAJIbHBIX
mHOrooOpasuit [3; 4; 8; 12-18|.

O6GosuaunM uepes = ( s(t) ),y: ( £(t) ), F= ( eps+ 257 (p+1)s )7

ei(t) ¢(t) 0 w
(ep+1)(e; — 1)s —esp—1  —s(ep+1) (ep+1)s — (ep+ 1)se;
f = 0 ) G = be _¢ g = 0
(1+ep)(1+p)
Torna cucrema (2.1)—(2.4) B marpuunoii dbopme mpumer BUIL:
z = f(x,t,€) + F(z,t,€)y, (2.6)
€y = g(x,t, 6) +G(I7ta€)y' (27)

Hauasnbable yenoBust (2.5) Toxke 3amuineM B BEKTODHON dopme:

0= (25)- (1)~ ()~ ()

IMosnyuennas cucrema (2.6), (2.7) siBiIsieTCsl CHHTYJISIPHO BO3MYIIEHHON cucTeMoii audbepeHInagbHbIX ypas-
HEHUU, JMHEHHON MO0 OBICTPBIM EPEMEHHBIM.

Bompocsl cyIecTBoBaHusl MHTErPaJbHOrO MHOroobpasus cucrem rtuna (2.6)—(2.8), aaropurm HOCTpOeHUs
ACHMIITOTUKHA TIOAPOGHO ommcanbl B paborax |[1-4].
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3. CymiecTtBoBaHMe, MOCTPOEHNE U yCTOMYNBOCTH MHTETPAJILHOTO
MHOTroobpa3usi

st (2.1)—(2.4) Beipoxxaennas cucrema (mpu € = 0) nMeer BUL:

ds(t) _ p
T ——8(1—C—6i)+mf7 (3.1)
dei(t) -
e w(, (3.2)
0=s(1-¢—e)—¢, (3-3)
0= —7c. (3-4)

OrmeruMm, 9TO:
I. Ypasuenust (3.3) u (3.4) naror emuncrBeHHoe pemrenne & = s(1— (¢ —e;), ( =0.
II. ®yuxnuu npasbix dacreii ypasaenuit (2.6), (2.7) ¥ MX 9acTHbIE OPOU3BOJAHBIE O BCEM IEPEMEHHBIM

JI0 TPETHEro MOPSAKA BKIIOUUTEIHHO PABHOMEPHO HEMPEPLIBHBI W OTPAHUIEHBI.
-1 -s

0 -
HOJIOZKUTEJIBHBIL.
U3 [1; 4] cmemyer, uro cucrema (2.1)—(2.4) mmeer ycTOHUMBOEe WHTETrpasbHOE MHOTOOOpa3We MeJJIEHHBIX
nerkeHnit Buna y = h(t, x, €), IBUXKEHNE 110 KOTOPOMY OIUCHIBAETCS YPABHEHUSIME (OILyCKAeM IIPOMEXKY TOUHbIe
peobpa3oBaHus ):

ITII. Onpenenurens marpuisl det Go(z,t) = =1 u caen marpunsl —Go(x,t), paBubiil 1+ ),

. 1 p+pp—p 1
§=— —€ s+ e;s+ €eP(s,e; 3.5
p+1 (p+1)2 p+1 (s:€0) (35)
é = eI (s,e;), (3.6)
_ pptp-2 Yt put it
tre Pls,e0) = BEEcecis + BOEER S - MU 1 s
T(s,e;) = ﬁs — %eis, re MeJJIEHHOe WHBAPUAHTHOE MHOroobpasme — 3TO:
< g ) = h(s,ei,€) = ho(s,e;) + eh(s, &) + O(e?) =
1+pp+p p(pt+1) 2 pptpt2,, 4 1 2 p(bptip+1) 2
_ ( —e;5+ s >+ ( s e R e ; o1 Sil+p+1eis+ G+ 08 )4-0(52). (3.7)
0 TorD S T oD 4
Cnenyst [1; 4], BbimosHEM 3aMeHy mepeMeHHBIX B cucreMe (2.9), (2.10) nmo dopmynam z = w +
o __wip L owy
+ eH(t,w,z,€),y = h(t,x,e) + z, tme H = Hy+ O(e) = ( "'61 L [P O(e) n 3zanmmmem ee
b
Ppe3yJIbTaT:
. 1 p+pp—p 1
Wy = — —€ wy + ——wiwa + eP(wy, ws), 3.8
V= g — LR s + Pl o) (39)
Wy = €T'(w1, ws), (3.9)
HagaibHble yCJIOBAS NPEMYT BH/I:
p
0,e)=1—€e—— =0. 3.10
wl( 76) €p+17w2 ( )

IMonyunn cucreMy crernpanbHoro suga (3.8), (3.9), ONUCHIBAIONIYIO JBUXKEHHE 10 HHTErPAJBLHOMY MHOIO0G-
pasuio, ¢ HadaJubHbiMu ycaoBuaMu (3.10).
s ncenenosanns (3.8), (3.9) Ha ycroifumBocts nepenmimeM cucremy (2.1)—(2.4) B Buze:

dz(tt) =—(ep+1)s+ S(s,€;,&,C), (3.11)
d%t) = Ei(s,e:,6,0), (3.12)
PO i 50, (3.13)
) _ Py, (3.14)

dt (1+ep)(1+p)
rae 5(87 ei7§7 C) = 6]985 + (6]9 + 1)8< + (Ep + 1)861 + ﬁppg7 EZ(S7 eiu£7 C) = WC 5(87 67;76, C) = (Ep + 1)8 - EpSé- -
— (ep + 1)s¢ — (ep + 1)se;. Haxomum: S(0,¢;,0,0) = 0, E;(0,¢;,0,0) = 0,Z(0,¢;,0,0) = 0. Cucrema (2.1)—(2.4)

uMeeT MHOroobpasue CTallMOHADHBIX [IOJIOXKEHUil, & TaKKe yCTOH4nBoe MHTerpajibHoe MHOroobpasue (3.7), mis
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KOTOPOTO CIpaBeJiuB 0000IIeHHbIH puHIMI cBejieHnst [4]. JIBr:keHne 1m0 3TOMYy MHOIOOGDA3HMIO ONHUCHIBAETCS
cucremoii yuddeperimanbabx ypasHenuit (3.8), (3.9), Koropasi TOKe MMeeT MHOroo6pasue CTAIMOHAPHBIX
nostoxkeruii. Ilepermmmenm (3.8), (3.9) B BHIE:

w, = Kwy, + S(wl,wg,te), (315)
U}Q = GEi(’U.)l, wg,t, E) (316)
rae

__ L ptpr—p

pr1 T(pr12
pp+p—2p pp+pb+p o ppY+pY+p o p 2
S(wi,wa,t,€) = ——wiwy + €E——————wjwsy + € wy] — € WiW2 + € ———5 W1 W5,
L 7 T s | B T e e R PR R

By Lo < pw pw
(W1, Wa €) =€ w1 — wiwsy | .
(3 ) Y
Ylp+1) vlp+1)

Corutacuo [4], MHOrOOGpa3ue CTAIMOHAPHBIX [OJIOXKEHUH YCTOWIMBO [0 OTHONIEHUIO K [IEPEMEHHBIM €4, &, 1), ¢

B TOM M TOJBKO B TOM CJIydae, €CJIU YCTOMYMBO IO OTHOIIEHWIO K IIEPEMEHHOI Wi, & HA ITO BJHAAET KOID-
-1 . . k_

dunpenr K = *ﬁ - %. Tax xak k; — xosddummentsr ckopocreit peaxmmit, p = 7=+ > 0, a €
MaJiblil 1osioKuTesbHbIE napamerp, K < 0 u permenue ypasaenus (3.15) ycroiiuuBo ornocuresbuo wi. O1-
CIOZa CJIeJlyeT, 9TO MHOI000pa3ue CTAIMOHADHBIX IIOJIOXKEHHH YCTOYUBO OTHOCUTEJLHO wi u pemieHue (3.8),

(3.9) ycroitauso.

4. Ilpumep u uncJIeHHOE CpaBHEHUE pelleHnii

.. 11 _3 . _1,_
Iycts B mexommoit cucreme (2.1)~(2.4) p= 3, 0= 15, ¥ =3, w = g,p = 1. Iloce npuMenenus BBHITIEOTH-
CaHHBIX METOJOB W IOJCTAHOBKM KO3(DMUIMEHTOB CHCTEeMa Ha HMHTErPAJbHOM MHOMOOOpDA3MU IPUMET BHJL:

. 15 25 5 1 1
i = (wg — 1)(5111{’ — wa + §w2wf + 2w, — Z),wl(O,e) =1- 61,
- 1
Wy = %,w(o,e) ~0.

Pucynknu 4.1, 4.2 orobparkaioT 4YuCIE€HHbIE CPABHEHUS PEIEHMI NCXOMHOI M KOHEYHOH CHUCTEM, TO eCTh JI0
peobpa30BaHuii W II0CJIe IIPUMEHEHHsT METOJOB, IIPU 3Ha4YeHuu MaJjioro napamerpa € = 0.1.

CpagHeHuWe pelleHmnii NepBoro ypasHeHWs CUCTEMbI

4 6 8 10 12

——S-WxOgHaA CHCTEME = wl-Mm

Puc. 4.1. CpaBHeHre pelieHuil Jjis IEPBOTO yPaBHEHUS 3aJa9d JO M II0CJI€ IIOCTPOEHHUS WHTErPaJIbHOIO
MHOroobpasust nipu € = 0, 1
Fig. 4.1. Comparison of solutions for the first equation of the problem before and after constructing the integral
varieties for € =0,1
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CpasHeHUe PELUEHUIA BTOPOTO YPaBHEHUA CUCTEMbI

—— Eto-hoxoarian cHcTema w2-HM

Puc. 4.2. CpaBuenue permreHuit [jis BTOPOTO ypPaBHEHUS 3aJa9d 0 W IIOCJ€ IMOCTPOEHUsSI WHTErPAJIBHOIO
MHOroobpasusi npu € = 0, 1

Fig. 4.2. Comparison of solutions for the second equation of the problem before and after constructing the
integral varieties for ¢ = 0,1

3akJIroueHue

JlanHasi cTaThsl BKJIIOYAET B celsl IpPUMEHEHNe METOJOB JEeKOMITO3WIIMM ¥ WHTErPAJIbHBIX MHOrooOpasmii
K MOJIEJIM M3 BTOPOrO CJIyvas, OMUCAHHOIO B (yHIamMeHTaJbHON Mouorpaduum Mathematical Biology. Merom
JEKOMIIO3UIINN COKPAINAET PA3MEPHOCTH MCXOIHONU CHUCTEMBI, METOJl MHTErPAJIHHBIX MHOr000pa3nii BBOIUT TaK
HA3bIBAEMbIE MHOT000pa3usi, CYMIECTBEHHO YIIPOIIAIOIINE CJIOYKHOCTh BBIYACIUTEIHHBIX omeparuii. CpaBHeHne
YUCJIEHHBIX PEIIeHnil 3aJ1ad pu 3HadeHnn MaJjoro mnapamerpa € = 0,1 mpuBoguTcs rpadudecku.
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ABSTRACT

The purpose of this work is to reduce the singularly perturbed system of kinetics of a suicidal substrate.
Methods of decomposition and integral manifolds are used. The dimension of the original problem is reduced.
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CYBrAPMOHUMNYECKUE OTMBAIOIIIUE JIJIsd ®YHKIIUM HA OBJIACTU!
AHHOTAIIIA

OjiHa U3 pACIPOCTPAHEHHBIX 3aJ[ad B PA3JIMIHBIX OOJACTSX BENIECTBEHHOTO M KOMILJIEKCHOI'O AHAJIA3a —-
BOIIPOCHI CYIIIECTBOBAHUSI W IOCTPOEHUS JJid 3aJaHHOM (DYHKIMU Oorumbaroiieil ee CHU3Y WJIM CBepXy (DyHKIIUU
u3 crenuajbHOro Kjacca H. PaccmarpuBaercs ciydail, korga H — BBILYKJIBIH KOHYC BCEX CyOrapMOHUYECKUX
dyuknumit Ha obsractu D u3 KOHETHOMEPHOI'O €BKJIMI0BA IMPOCTPAHCTBA HAJ, TIOJEM BEIIEeCTBEHHBIX ducesr. st
mapel cybrapmonndeckux GyHKuh v u M m3 9TOro BBITYKJIOro KOHyca H ycraHaBimBaloTCsi IBOWCTBEHHBIE
HEOOXOJIMMBIE W JIOCTATOYHBIE YCJIOBUs, MPH KOTOPBIX Halijercs cybrapMmonmdeckass (GyHKIus h # —oo,
«racginas pocTs (QYHKIMH 1« B TOM CMBICJIE, YTO 3HAYEHH: CyMMBbI U + h B KaKJ0# Touke m3 D He OoJiblle
3HadeHusi yHkiuun M B TOH Ke TOYKe. IDTH Pe3yJbTaThbl IIPEIIIOJaraeTcsi IPUMEHUTh B JaJbHENIeM B
BOIIPOCaX HETPUBUAJBLHOCTU BECOBBIX KJIACCOB TOJIOMOPMHBIX (DYHKIHI, K OINUCAHWIO HYJIEBBIX MHOXKECTB WU
MHOXKECTB €JMHCTBEHHOCTH [Jisi 9TUX KJACCOB, K IPOOJIEMaM AIPOKCHMAIMU B TeOpWH (DYHKIANA U T. .

KuroueBble cisioBa: cybrapmoHutueckas (DYHKIWSI; HUKHsS OTrubaroniasi; yrnopsiJOUYeHHOe ITPOCTPAHCTBO;
BEKTODHAsI peIleTKa; MPOEKTUBHBIN IIpejest; JuHeiiHoe BbhiMeTaHue; Mmepa Vlencena; rosjomopdHasi (QYHKIMS.

Huruposauune. Xabubyummn B.H. Cybrapmonnyeckue orubarorue jyis Gynkuuii Ha obmacru // Becrnuk
Camapckoro yHmsepcurera. FcrecrsBennonayunast cepust / Vestnik of Samara University. Natural Science
Series. 2023. T. 29, Ne 3. C. 64-71. DOI: http://doi.org/ 10.18287/2541-7525-2023-29-3-64-71.

Nudopmanusi 0 KoHDINKTE MHTEPECOB: ABTOP U PEIEH3EHTHI 3asiBJISAIOT 00 OTCYTCTBUU KOH(MJIUKTA
UHTEPECOB.

(© Xabubymma B.H., 2023
Byaam Hypmuesuw Xabubysrur — HAOKTOP (PUBUKO-MATEMATHYECKUX HAYK, MPOMECCOpP, TJIABHBIN HayJIHBIH
COTPYJIHUK OTJeJIa Teopuu (MOYHKIWA U (PyHKIMOHAILHOTO aHAmM3a, VHCTUTYT MaTeMATHKU C BBIYUC/IATETHHBIM
neHTpoM Y DUMCKOro (DejIepalibHOTO  UCCJIeJ0BATEILCKOrO TieHTpa Poccuiickoit  Akajgemun nayk, 450008,
r. Yda, yia. Yepusrmesckoro, 112.

1. ®opmyampoBKa OCHOBHOTO pe3yJjbTaTa

Muoxecrsa N := {1,2,...}, R, C CcOOTBETCTBEHHO HAMYPANLHOIT, BEULCTNEEHHBIT, KOMNACKCHOLL YUCEA,
Ny := {0} UN u pacwupennaa eewecmeennas npamas R = RU {£oo}, rae —oo := inf R = sup @), +oo :=
= supR = inf@ ana nycmozo wmmoocecmea (), paccMaTPUBAIOTCA C UX ECTECTBEHHBLIMHU aJrebpamvecKuMHu,
rEOMETPUIECKUMU, TOIIOJIOIMUYECKUME CTPYKTYPAMU.

Eskinmoso mpocrpanctso R? pasmepnoctn d € N paccmarpubaercs ¢ e6xaudosots Hopmoti

2| = /2P + ...+ 2%, (21,...,7q4) € R?

1 PaGora BBIMONHEHA B paMKax TOCYJAPCTBEHHOTO 3aganus MuHHCTEpCTBa HayKu W BbICIIero obpasosanust Poccmiickoit Dese-
pauun (kon Hay4Ho#l Tembr FMRS-2022-0124).

u d-meproti mepoti Jlebeea my.
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I mapsl pacwupennmx ceuecmeennur dynxuut f:X — R n g0 X — R mumem f < g na D, ecan
f(z) < g(x) ana xkaxzgoi Toukn z € X.

Yepes C(X) oboznauaem sexmoproe npocmparcmeo nad R nenpepoishnx Pynryull Ha TOIOJIOIMYECKOM
npocrpancTBe X co 3HadeHusMH B R.

Berony manee 6yksoit D C R? obosnadaem obaacmo, T. e. CBS3HOE OTKPBITOE HOAMHOXKeCTBO B R?, a Takike
Bo(r) :={z € R | |z —o| <7} — wap paduyca r >0 ¢ uenmpom o € RY.

[TommuokecTBO H BEKTOPHOI'O IPOCTPAHCTBA HaJL mojieM R HasbiBaercs konycom, ecim tH C H npum Bcex
0 <t e R. Ecm ponomuurensuo kouyc H cofiep:KuT HyJseBoit BekTop, T. e. tH C H mpu Bcex 0 < t € R,
10 H — Kxonyc ¢ sepwunot 6 wyae. Konyc H ewnyxavd, ecim H — BBIIYKIOE MOJIMHOXKECTBO, T. €. HMEET
mecro Bruouenne tH + (1 —¢t)H C H npu mobbix 0 < t < 1. Takum obpasom, H — swnykavili KoHyc ¢
sepwuroti 6 Hyae, ectu tH C H npu Bcex 0<teR u H+ H C H.

Yepes Meas] (D) obozmataem 6uinykaviii KOHYC 6CET NOAOHCUMENLHBOLT KOHEMHVLT GOPENCECKUT MED € KOM-
naxmuom wocumesem ¢ D, sbh(D) —  swnyxavi xonyc ecex cybeapmonuveckur na D @ynryud, KOTOPLIH
BKJIIOYaeT B celst (DYHKITHIO, TOXKJIECTBEHHO paBHYI0 —oo Ha D. Bce HeoOxommMmble 371eCh CBeIeHHs O CyOrap-
MOHHMYECKHUX (DYHKIHUAX MOXKHO I0YepHHYTh u3 [1; 2|.

Kak u B Monorpacun [3], ectn unTerpas ot GyHKIUE 110 Mepe ji CyMecTByeT W NPUHUMAaeT 3HadeHue u3 R,
TO 9Ty (DYHKIHIO HA3BIBAEM HHTEI'PUPYEMOIl L0 Mepe [, UIH [L-UHMe2pupyemoti, a eCJau STOT UHTErpaJl eIre u
KOHEYEH, T. €. CO 3HadeHHeM B R, TO 3Ty QyHKIMIO HA3bIBAEM CyMMHUDPYEMOH O Mepe (i, WIH [L-CYMMUPYEMOTL.

IlonaTus cymMMHUpyeMOCTH WJIM WHTEIPUPYEMOCTH MHTErPaJIOB, & TaKKe paBeHCTB =%¢ u mepaBeHcTB L*¢
moYTH BCIOAy O€3 yKa3aHwsi MePbl OTHOCATCHA HIKEe MMEHHO K Mepe Jlebera mg.

Besikasi nocmosannas ¢ € R "acto paccMaTpuBaeTcss W KakK (ByHxuus, moscdecmeenno pacnas c. Tax, mjis
dbyuxumn u: D — R 3amuch u # —oo 03HauaeT, 4To (DYHKIHUA U He TOXKIeCTBeHHas —oo Ha D. Uepes

sbh, (D) := {u € sbh(D) | u # —o0} (1.1)

0003HaYaEM BBIYKJIBI KOHYC C BEPIIMHON B HyJIEe BCeX CyOrapMoHmdeckunx (OYHKIWT Ha obsactu D, He PABHBIX
TOXKJIECTBEHHO —O00.
st pacmupeHHOl BemecTBeHHON dyHkiuu f: D — R ee noaynenpepusHas CEEPITY Pe2YAPUSAUUL

f*:D — R onpegnensiercst Kax
f*(z) :=limsup f(z'), =x€D.

x' —x

Oyukius f: D — R aokasvho oepanuvena ceéepry na D, eciu

sup f(zr) < o0
reK

g Kazkjgoro kommakta K C D. @ynkmusa f:D — R aokasvro unmezpupyema wa D 10 Mepe mg, eciu

CYIIIECTBYET WHTETPAJ
/ fdmy € R
K

Jutst Kaxkjioro Kommnakta K C D, a ecaum Bce WHTErpajibl 37eCh KOHEYHBI, T. €. UIPHHUMAIOT 3HadeHus u3 R,
ro dbysrps [ aokasvro cymmupyema na D. Kaxnas dyaxums u € sbh, (D) mokansHo cymmupyema Ha D.

Haie nccrenoBanue onmpaercst Ha ByHKIHOHAIBHO-aHAJIUTHYECKHE De3yibraThl u3 [4; 5], re JocraTodHo
JeTaJbHO M3JI0YKEHA U UCTOPHUS BOIPOCa ¢ O0ImMupHON bubsmorpadueii. 371ech Jisi BBITYKJIBIX TOAKOHYCOB H C
sbh(D) onu npumenstorcst it JBORCTBEHHOIO OIKUCAHUS YCJIOBHM, IIPU KOTOPBIX JJIsl IIapbl CyOrapMOHUYECKUX
dyukuuit u, M € sbh,(D) u meupepsisuoii byukiuu m € C(D) uaiinerca cybrapmonndeckas byHKIws h €
sbh.(D), ¢ koropoit u+h < M +m wa D. Hamm oCHOBHBIE Pe3yJIbTATHI MOXKHO TPAKTOBATH M KaK YACTHBIN
caydail pelleHus IOCTaBlIeHHBIX B [4, 1. 2.3, 3anaua 3; 5, pasnen 1.2; n. 1.2.3, 3amaua 3| obmux mpobseM o
CYIIECTBOBAHUY OrUOAIONIEH U3 BBIMYKJIBIX KOHYCOB.

Teopema 1. ITycmwv obaacmv D C R codeporcum samxnymoidi wap Bo(r) paduyca r > 0 ¢ uenmpom 6
mouke o € D, a makorce 3adanv, napa cybeapmonuveckur dynkuul u, M € sbh,(D) na D emecme ¢ nenpe-
prisroti Pynxyuet m € C(D). Onpedeaum xaacc mep?

L hdmdg/thu Vhesbh(D)}. (1.2)

JJ(D) := {,u € Meas] (D)
Bo(r)

Jasn cywecmeosanusa dynkyuu h € sbhy (D), ¢ xomopotii evinosnenv, Hepasercmea

u(z) + h(z) <m(x)+ M(z) VYxe D, (1.3)
Heobxrodumo u docmamouro, umobs, cyuecmeosanro wucao C' € R, das xomopoezo
/udug/(m—&—M)du—FC Vu € JJ (D). (1.4)
D D

2Kmacc JJ(D) B Tepmunax u3 [4-6] — 9TO Kjacc BCeX JIMHEHHBIX BBIMETAHM CyskeHums my Ha Bo(r) orHOCHTenbHO sbh(D).
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dokazaTejbCcTBO HEOOX0AUMOCTHU B Teopeme 1. B cuiy mosmyHenmpepbIBHOCTH CyOrapMOHUIECKUX (DYHK-
muit u, h u M oHu p-mHTerpupyeMbl 1O JI000#1 OOPEIEBCKOIl IOJIOKUTEILHON Mepe [t € Measg (D) ¢ xoMmaxT-
HbIM HOocuTesteM Ha D. MHTerpuposanue HepapeHcTBa (1.3) 1o nosoxkurenbHoi Mepe p € JI (D) ¢ KOMIAKTHBIM

HOCHUTEJEM BJIedeT 3a coboit HHTEI'paJIbHOE€ HEPABEHCTBO

/udu+/hdp</md,u+/Md,u,
D D D D

oTkyza 1o ompezenernio (1.2) kmacca J (D) momydaem

/udu+/ hdmdg/ mdu—i—/ Mdy  nmas Beex p € JI(D). (1.5)
D Bo(r) D D

Kaxnas cybrapmonnveckas na D dyHkuus h JjiokajibHOo mg-cymmmpyema (1], BBumy dvero

c:= L hdmg € R,
Bo(r)

rae aucsio ¢ € R He 3aBucur or Mepwl p € JI (D). Iocnennee Bvecre ¢ (1.5) Bieder 3a coboil HepaBeHCTBO
/ udp < / (m+4+ M)dy —c aos Beex p € J5 (D).
D D

Monoxus 3xpecsy C := —c € R, moayuaem tpebyemoe (1.4).
HeobxomumocTh B Teopeme 1 jokas3ana.

Jloka3aTesbCTBO JIOCTATOYHOCTH B TeopeMe 1 moTpebyeT OIpe/esIeHHON IOATOTOBKYM U IIPEJCTABJIEHO B IIO-
cienneM pazzerne 3. s sToro morpebyercss ofuH OO pPe3yJIbTAT 1O JIBONCTBEHHOMY OIMCAHUIO HUXKHEH
orubaroIeil OTHOCUTEJIBHO BBIYKJIOrO KOHyca — TeopeMa A, NpuBeJeHHas HUXKe B pasjeie 2.

HawuGosee Baken B Teopeme 1 miust npumenennmit kK rosomopdHbIM yHKIMSM B ayxe [4; 5| yxke ciywai,
korma m = 0. Coyuait mysnesoit ¢pyukuuu M = 0, T. e. eJUHCTBEHHOI HENPEPBLIBHOW (MYHKIMU M € C(D) B
npasoit vactu (1.3), panee GbLI IIOJHOCTHIO pa3obpaH B [4, ciexcreue 8.1; 5, cueacreue 3.2.1; 6, Teopema 7.2].
Pesynbrar Teopembr 1 mepekIMKaeTCs C MCCIEIOBAHUSIMU 10 JBOMCTBEHHOMY OIMCAHUIO HUXKHUX OTMOAIOIIAX
u3 pabor [9-11] u MHOrMX NOCJIEAYIONMX, €CJIU PACCMATPUBATH HUKHIOK CyOrapMOHHYECKYIO OrUOAIONLYIO
st dyakmun M 4+ m — u B IPEINOIOXKEHNN JIOKAJIHHON OIPAHUYEHHOCTH (MDYHKIIMH % CHUA3Y, HOCKOJbKY B
9TUX paboTax BCerja PacCMaTPUBAJINCH HIDKHUE CyOrapMOHUYECKHE OrnOalolue UCKIIIOYUTEIBHO JJIs JIOKAJIHHO
OrpaHUYeHHBIX cBepxy dyuKIiwmil. Ho B Hambojiee akTyaJlbHOM JJIsl JIaJbHENINNX [IPUMEHEHUNl BapuaHTe U =
= In|f|, tme f — eonomoppnas na obaacmu D C C dynkyus zoma 6v. ¢ odnum koprem, dysxus ln|f]
HE OrPAHMYEHA CHU3Y B OKPECTHOCTHAX KOPHEN.

2. ,Z[BOﬁCTBeHHOG olmmcaHumue 0r1/16a10me171 OTHOCHUTEJIbHO BBIITYKJIOI'O
KOHYCa B ITPOEKTUBHOM IIpe/Jejie BEKTOPHBIX pelIeTOK

Yuopsiiouentoe BekropHoe npocrpancTBo (X, <) Hagx R ¢ orHomenunem nopsiaka <, pedIIeKCHUBHBIM, aHTHU-
CUMMETPHUYHBIM M TPAH3UTHUBHBIM, HA3BIBAETCHA 6€KMOPHOU Dewemkot, ecyan Jyisd Joboro xonewnozo F C X
CYIIECTBYET MOYHAA 6EPTHAA 2panb B X, obo3Havaemasi najee Kak X-sup F' € X (moxpoGree B [7; §]).

MmuoxkectBo Bcex ¢ynkuumii f: X — Y, gelicrByrommux u3z X B Y ¢ 06JylacThbiO OIIpejiesieHusi Ha BceM X,
obosHagaeM jasee depes YX. Jlis BekropHbIX pemerok X u Y depes linTYX o6osnadaem ewnykanid konyc
NUHETIHBIT NOAOHCUMENLHOT, T 8o3pacmatowur, gymkyut 1: X — Y. Jpyrumu ciaosamu, | € linT VX,
ecy i Jo6oro mosoKuTesbHoro B X BeKTOpa T BeKTOp () mojoxuTeabHbId B Y.

ITycts (X5 )nen, — IHOCIENOBATENLHOCTD BEKMOPHOIL pewemok X, € OTHOIIEHWsIMH IIOPsiJKA COOTBeT-
CTBEHHO <, T. €. IOCaeH0BaTeNbHOCTh map (X, <,), n € No. Eil coorBercTBYeT mpousseieHue

(o)
HXn = H X,
n=0

JUTsl KOTOPOro mpu & = (Tp)nen, € || Xn mnomaraem pr,z = x, € X, — npoekyua Bekropa x € [[ X, Ha
npocTpancTtBo X,,. Ilo onpemenennto x < @' B [[ X,, ecm pr,z <, pr,@’ mas xaxmoro n € Ny.
., . . X
ITycts (pp)neN, — MOCIIEIOBATENBHOCTD JTUHEHHBIX HOJIOKHUTEIBHBIX DYHKIHMI Dy, € lin™ X, """ us Xn41 B

X,, n € Ny, Uit KOTOPOi IPEIIoIaraeM COTPaHeHue MOUHOU SepTHel 2pary OAf KOHEUHLLT NOOMHONCECTNS,
a MMEeHHO:

X~ sup pp (Frt1) = pn(Xpg1-sup Fry1)
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I KaXKoro Koneanoro Fyy1 C X, 1. Torgma ciemyromee moampocTpancTBo B npoussenenun || X, o6o3Ha-
JaeMoe KaK

X :=prlim X,,p,, := {x € HX”

C TEM K€ OTHONICHWEM NOpsika <, 9r0 u Ha |[X,, — BEKTOpHAas PpEIIeTKa, HA3BIBACMAS TNPOEKMUGHHLM
npedesom nocaedosamesvrocmu (Xp)nen, 6eKmophuix pewemor no (Pn)nen,- He yMassas OOINIHOCTH, MOXKHO
cantath [4, mpenmoxenne 3.1; 5, npemnokerne 2.1.1], aTo

pr,& = pn(pr, ) Vn € NO},

pr,X = {prnac | T € X} = X,, s jroboro n € Ny,

T. €. IPOEKIUU pr, U3 IPOeKTHBHOro mpexnena X = prlim X, p, #a X, cropsexmusi.
Mommuoxkectso B C X oepanuueno cnusy (ceepry) 6 X, eciu cymecTByeT BeKTOp & € X, Jyisi KOTOPOro
x < b (coorBercrBenno b < x) jyist Bcex b € B u B oepanuveno 6 X, ecaiu B OrpaHUYeHO W CHU3Y, U CBEDXY.

Teopema A [4, Teopema 2, caencrust 6.1 u 3.1; 5, teopema 2.4.1, caencreus 2.4.1 u 2.1.1]. Hyemo
H C X :=prlim X,,p, — 6wunykavili Konyc ¢ sepwunot 8 nyae, a 0ia 10600 ozpanuvernnold 6 X nocaedosa-
MEALHOCTNU (h(k)) sexmopos h'®) € H cywecmeyem npunadaescawuti H seprnui npeden

keN
limsup h*) := inf sup h® € H. (2.1)
k—o0 neNg>p
Iyecms S C X — sexmopnoe nodnpocmpancmso, codepotcausee H, u npu xascdom n € Ny das ar06020

Sn € pr,S natidemca maxoe hy € pr,H, wmo h, <, $p.
ITycmo evibpana aunetnas nososcumenvias gynkyus qo € linTRX0 wa Xo, u das cynepnosuyuu

q:=qoopry € linTRYX (2.2)
npu mo6oti yowearowet 6 X nocaedosamesvrocmu (h¥))en ¢ h%) € H npu ycaosuu xonewnocmu
inf ¢(h®™) € R 2.
af g™ € (23
oma nocaedosamenviocms (h9) ey oepanuvena cnusy 6 X u
inf h®)) > inf g(h™M). 2.4
™) > faf o) 24
Tozda das wasicdozo s € S eeaununa -
sup{q(h) | H>h<s} eR (2.5)
DPABHA BEAUMUHE
inf{ (1, o pr, ) (s) ’ n € No, Ly € "R, g(h) < (I o pr,,) () Vh € H} € R. (2.6)

B wacmmnocmu, ecau npu 3adannom s € S seaununa (2.6) we pasna —oo, mo He pasna —oo seauduna (2.5)
u, caedosamenvro, natidemcs sexkmop h € H, ozubarowuti cnudy s 6 mom cmoicae, wmo h < s.

3. ,Z[OKaBa.Te.TIbCTBO AOCTATOYHOCTHN B TeopeMe 1

CeemeM paccMOTpEHHe JOCTATOYHOCTH B TeopeMe 1 K TeopeMe A. JIjig 3Toro BeIOEpEM ucuepnanue obaacmu
D C R¢ nocie1oBaTEIbHOCTHIO (Dp)nen, obmacreit D,, C R?, nns xKoroporo B,(r) C Dy, samvikanue clos Dy,
obsactu D,, comepxkurca B obnactu D, npm Kaxijaom n € Np, T. e.

D= U D,, B,(r)CclosD, C D,y; mupn Bcex n € Ny.
n€Ng

Hanst n € Ny pacemorpum npoctpanctso X, := L!(closD,,) cymvupyembix ma clos D,, 1o my dbyHKImit ¢
OTHOIIIEHNEM IIOTOYEYHOI0 Hpearopsiika <o, (akropusanuio KOTOPOro 1o orHomeHuio =%¢ o0003HaIuM Ue-
pe3 X, e <€ yKe OTHOIIEHHE IIOPAAKa. B KadecTBe JMHEHHBIX MOJIOXKHUTEIbHBIX DYHKIUT D, € Iin+X7)f it
BbIOEpEM cyorcenusn «Pynryuty u3 X, wa clos Dyy1, KOTOpbIe CTAHOBATCS y:Ke BeKTopamu u3 X,. Ilpo-
eKTUBHBIA tpenen prlim X,,p, 3mech — 310 PaKTOPU30BAHHOE IO OTHOIIEHUIO =%¢ IIPOCTPAHCTBO JIOKAJIHHO
cymmupyembix Ha D 1o mg dyHKuuil ¢ oTHouleHumeM mopsika <%, KoTopoe oGosHauaem uepes Li (D).
B kadectse BbimyKsoro komyca H C Li (D) BbibGepeM BBITYKJIbIH KOHYC

loc
H :=sbh,(D) C L.(D). (3.1)

[TonyHenpepriBHAS CBEPXY PEryJsipU3aIis BEPXHErO IIPEJIEJa IMOCIEI0BATEIHbHOCTH CyOrapMOHUYECKUX (DYHK-
nuit Ha 00JIACTH, €CJIM TOT BEPXHHUI IpeJes HE PABEH —OQ, C OJHON CTOPOHBI, /1aeT CyOrapMOHHYIECKYIO (DYHK-
IIMIO, & C JAPYyroil — oTJIM4aeTcd OT BepXHero IIpejiesia pa3Be 4YTO Ha MHOXKECTBE HyJIeBOH Mg-Mepbl, U JlaxKe
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nossipaoM [1; 2]. Tlostomy muist aroro xoryca H = sbh, (D) BeINONHEHO ycsioBHE TeopeMbl A, 3aBepIIaroIieecs
PABEHCTBOM ¥ IPUHAIEXKHOCTHIO K H u3 coornomenuii (2.1). Tosoxkum

S :=C(D)+ H — H = C(D) + sbh,(D) — sbh,(D) C Li..(D) (3.2)

— BEKTOPHOE IIOJIIIPOCTPAHCTBO B Llloc(D). Iycrs s, € pr,S, T. e. S, = gn+ hy —h,,, THE g, — HeUpepbIBHAS
dbyuxmus uz C(clos D,,), a dyuxkuun h, € pr, H u bl € pr, H — cyxenust Ha clos D,, byHKIuii n3 BBIITYKJIOrO
konyca H = sbh,(D) u3 (3.1). Torna cymecTBylOT noA0HCUMEADHBIE WUCAG € U ¢, IS KOTOPBIX g = —C
Ha clos D, u h!, <, ¢ ma closD,,. Cunenosareinsto, h, —c—c <, sp, tae hy, € pr,H, a TakxkKe IOCTOSHHAs
—c — ¢ € R upunamnexur pr, H, NOCKOJIbKY KaxKJasg HOCTOsHHAs — cybrapmonmdeckas (byHKus. Takum
006pa30M, BBIIOJIHEHBI yCJIOBHs TeopeMbl A st BbIOpanHOoro B (3.2) mogmpocrpancrsa S C Li (D).

B kadecTBe JIMHEHHON MOIOXKHTENBHON byHKIIH o € linTRX0 B Teopeme A BrIGepeM cysKeHHe MepBI Mg

Ha B,(r) B TOM cMBbICIE, UTO

qo(fo) := L fodmg € R st Beex fo € Xo = proLi,.(D) = L'(clos D). (3.3)
Bo(r)
IIpu TakoM BBIGOpE qo JMHEiHAst MOJOKUTeIbHA (DYHKIUs ¢, onpejesneHHast B (2.2), neficTByeT 1o IpaBuiy
q(f) = / fdmg € R s seex f € L (D). (3.4)
Eo(r)

Oyuxmust w: D — R nowmu cybeapmonuveckas Ha D, ecim OHa IIOYTH BCIOAY COBIAIAET C HEKOTOPOH Cy6-
rapMmonmueckoit dynkimeit Ha D [12]. dna npoussoavnoti ybwvisarowed nowmu 6ctody nocaedosamesvHocmu
(")) gen mouTH cybrapmommueckux ma D bynkuuit h*) yerosue (2.3) cormacmo (3.4) osmauaer, uTo

i (k) =i (k)
]irelg Eo(r)h dmy lirelqu(h ) € R, (3.5)

T. €. TOYHAsI HUXKHss TpaHb JieBoi wactu (3.5) koweuna. OTCOmA TPETENT ITOH IIOCTETOBATENEHOCTH €T
nourn cyGrapmonmeckyo byHKIo Ha D, T. €. 5T0 BepHO Jyis yGbBatomeii nocaenoparenbrocTi (h*))cn
u3 konyca H = sbh,(D). Bepxuuii upemgen (2.1) yObiBamomieil moC/aegI0BATEILHOCTH — 9TO TOYHAS HUXKHSAS
rpamb 910l mocegoBarenbHocTn. 1ostomy mas mocaenosaremsuocteii (%)), cn mpu yemosmn (3.5) momyaaem

— inf h*) -
00 # érelgh € H = sbh,.(D).

B wacrHOCTH, TIpH yeaosun (3.5) yopBaoomas mociemoBarensrocts (h*)) ey u3 H, oueBmaHO, orpaHmdeHHast
ceepxy dyukiueii V), orpanmuena u cuusy dynkumei

inf h® € H.
keN

IIpu sToM MoxeM cunrarh Bee dyukmmn hF) momynenpepesubiMu cBepxy. st yObIBAIONIEH [TOCTEIOBATET -
HOCTH Takux GyHKINN infiecy MOXKHO BHECTH IOJI 3HAK WHTErpaJIa:

inf / h*) dm, = / inf h*®) dm,.
keN EO(T) EO(T) keN

CortacHo (3.5) 3TO O3HA4YAET BBINOJIHEHUE PAaBEHCTBA
inf h(k) = inf h(k) IS @ = o © Pro,
q(ke ) i q ( ) pit q qo © pro

9TO JaKe CHUJIbHEe COOTBETCTBYIOIMIEro HepapeHCTBa (2.4). TeM cambIM BBIIOJHEHBI BCE TpeGyeMble YCIOBHSI
TeopeMbl A M MOXKEM HPHUCTYIIUTH K TPAKTOBKE PABHBIX JIPYT APYry BeawduH (2.5) u (2.6) st IPOEKTUBHOIO
npejiesia BeKTOpHbIX pemerok Li (D) n konyca (3.1) npu ycaosun (1.4) reopemsr 1. Teneps, ecin u3 ycaosus
(1.4) Teopembr 1 BeIBemeM, 4To BeamumHa (2.6) ¢ yuerom (3.2) m (3.1) mnsa dyukmn

si=m+M—ucS:=C(D)+H—H=C(D) + sbh.(D) — sbh,(D) C Li,.(D), (3.6)

HE paBHA —O0O, TO II0 3aKJIIOYUTEJbHOW dYacTu TeopeMbl A 310 Oymer O3Ha4YaTh, YTO HARIETCS HEKOTOpPast
dbyukuua h € H = sbh,(D), ana koropoit h <*¢ s = m + M —u wa D, wiu, B 3KBAUBAJEHTHONH dopme,
u—+h <** m+ M wa D. Orciona B cuiy cy6rapmonuunoctu Gynkuuit u, h, M [1],[2] u menpepbisrOCTH
dyukuun m serxko caemyer, uro u+h < m—+ M eciody na D, aro u maer tpebyemoe nHepaBeHCTBO (1.3).
Ocranoch 1mokasarb, 4ro npu yciaosud (1.4) reopembl 1, 3ammcaHHOM B PaBHOCHJILHON (opme Kak

inf m+ M)d —/ud>>—oo, 3.7
MeJ;(m(/D( Jdu— | udp (3.7)

peanauaa (2.6) He paBHa —o0.
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TouHyto HWXKHIOI rpadb B (2.6) mua dyaknum s:=m+ M —u u3 (3.6) MOXKHO 3ammcaTh Kak
inf{(ln opr, )(m + M) — (I o pr, ) () | n € No, 1, € lintRPS g(h) < (I o pr,)(h), h € H} (3.8)

Ipu xazxmaoM durcnposanroM n € Ny 31ech I, mpoberaor dacts lintRP» urs mommpoctpancrsa S = C(D)+
+ H— H u3 (3.2). Torna obs3aTesnsHo I, € linTRP-C(D) — Iin""IRC(C'“’D”)7 OTKyZa 1o Teopeme Pucca [, Ha
C(clos D,,) peamusyercs Ha npoctpancree C(clos D,) Kak HeKOTOpas MOJIOKUTedbHasi KOHEUHash Mepa Bope-
ast p4 Ha D ¢ KoMmmakTHbIM HocuteneM B clos D,,. TpeGosanue u3 (2.6) suga q(h) < (I, o pr,,)(h) upu BCex
he€ H nus g =qoopry cormacHo (3.3) B TepMHUHAX MepbI [ MOXKHO 3alMCaTh KaK TpeGOBaHME

/7 hdmg é/ hdp upu Becex h € HNC(D) (3.9)
B, (r) D

n3 oupenenennst knacca J) (D) B (1.2), mnockoabKy Mepa > 0 ¢ KOMOAKTHBIM HOCHTEJIEM B [ IPOIO/IKAETCH
OJIHO3HAYHO Ha BCe CyGrapMoHmueckne (byHKIMH, KOTOPBIE CTAHOBSTCS {-MHTEIPHPYEMBIMU BBH/Y BO3MOZKHO-
CTU NPEJCTABATH MX KaK Ipenes yObIBaiomieil Moc/aeZ0BaTeSbHOCTH HENPEPBIBHLIX CyOrapMoHnYecKux Ha D
dbyukmit. 910, B wacTHOCTH, BJedeT 3a COOON KOHEYHOCTb UHTETPAJIOB

/ hdp € R st Beex h € H = sbh, (D).
D

Ciie/10BaTeIbHO, MOJIYHeHHbe TakuM 06pasoM Mepel 4 € Meas] (D), yrosiaersopsiomue (3.9), KOPPEKTHO ompe-
JIEJIEHbl ¥ TPUHUMAIOT KOHEYHBIE 3HAYEHUsI HA BBITYKJIOM KOHYCE

C(D) + H = C(D) + sbh, (D) > sbh, (D).

B uacrnocrn, bymximmn uz C(D) 4+ H cymmvupyemsr o mepam g € Measd (D), yrosmersopsionmmv (3.9), a
HepaBeHcTBO (3.9) BepHO Jyuia Beex dyukiwmit h € sbh, (D). Bosnee Toro, sro o3nagaer, uro neiicrsue Ha C(D)+
+ H dyuxmmit 1, € linTRPS yrosnersopsionux nepasencrsy q(h) < (I, o pr,)(h) mns Becex h € H, upu
paccMaTpUBaeMbIX KOHKDETHBIX BblOopax S kak B (3.2), mpoekuuii pr,, Kak cyxenuii Ha closD, u ¢ Kak B
(3.4), MoxkeT OBITH PEAJM30BAHO B BUJE MEPBI (i € I\/Ieasér(D) ¢ HocurejieM B clos D, yIOBIETBOPSIOIIEi
(3.9), no yxe npu Bcex h € H = sbh (D). dpyrumu cioBamu, Kjaacc Takux mep B jeiicrBusax wa C(D)+ H
He yxKe Kiacca dyukmmii [, € linTRP»S | yuacTByOmIX B ONpeIeNeHIN TOYHON HUZKHEH TDaHn (3.8). Orcrona
cpasy cJeflyeT, 9TO TOYHAs HIDKHsA IpaHb B (3.8) He MeHbIne TOYHON HuKHedl rpanm B (3.7), KOTOpas He
pasHa —oo. Cie/loBaTeNbHO, U TOUHAS HIDKHsISA I'paHb B (3.8) He paBHA —0O, UTO 3aBepIIAeT JOKA3aTEIbCTBO
JIOCTATOYHOCTU B TeopeMe 1.
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SUBHARMONIC ENVELOPES FOR FUNCTIONS ON DOMAINS?

ABSTRACT

One of the most common problems in various fields of real and complex analysis is the questions of
the existence and construction for a given function of an envelope from below or from above of a function
from a special class H. We consider a case when H is the convex cone of all subharmonic functions on the
domain D of a finite-dimensional Euclidean space over the field of real numbers. For a pair of subharmonic
functions uw and M from this convex cone H, dual necessary and sufficient conditions are established under
which there is a subharmonic function h #Z —oo, “dampening the growth” of the function u in the sense
that the values of the sum of u+ h at each point of D is not greater than the value of the function M
at the same point. These results are supposed to be applied in the future to questions of non-triviality of
weight classes of holomorphic functions, to the description of zero sets and uniqueness sets for such classes,
to approximation problems of the function theory, etc.
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ON ONE SOLUTION OF THE PROBLEM OF VIBRATIONS
OF MECHANICAL SYSTEMS WITH MOVING BOUNDARIES

ABSTRACT

An analytical method for solving the wave equation describing the oscillations of systems with moving
boundaries is considered. By changing the variables that stop the boundaries and leave the equation invariant,
the original boundary value problem is reduced to a system of functional-difference equations, which can be
solved using direct and inverse methods. An inverse method is described that makes it possible to approximate
quite diverse laws of boundary motion by laws obtained from solving the inverse problem. New particular
so-lutions are obtained for a fairly wide range of laws of boundary motion. A direct asymptotic method for
the approximate solution of a functional equation is considered. An estimate of the errors of the approximate
method was made depending on the speed of the boundary movement.

Key words: wave equation; boundary value problems; oscillations of systems with moving boundaries;
change of variables; laws of motion of boundaries; functional equations.
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Introduction

One-dimensional systems, the boundaries of which move, are widely used in engineering: ropes of lifting
installations [1; 4; 8; 11-15; 21|, flexible gear links [1; 2; 5; 16; 19; 20], solid fuel rods [22], drill strings [8],
etc. The presence of moving boundaries causes significant difficulties in describing such systems; therefore,
here, approximate methods of solution are mainly used [1-4; 8; 10; 16; 17; 20-22; 25-29|. Of the analytical



Becmnux Camapcerozo ynusepcumema. FEcemecmeennonaywnasn cepus 2023. Tom 29, M 3. C. 72-81
Vestnik of Samara University. Natural Science Series 2023, vol. 29, no. 8, pp. 72-81 73

methods, the most effective is the method proposed in [5], which consists in the selection of new variables
that stop the boundaries and leave the wave equation invariant. In [6], the solution is sought in the form
of a superposition of two waves running towards each other. The method used in [7] is also effective, which
consists in replacing the geometric variable with a purely imaginary variable, which makes it possible to
reduce the wave equation to the Laplace equation and apply the method of the theory of functions of a
complex variable to the solution.

This article considers an analytical method for solving the wave equation that describes the oscillations of
systems with moving boundaries. By changing the variables that stop the boundaries and leave the equation
invariant, the original boundary value problem is reduced to a system of functional-difference equations that
can be solved using direct and inverse methods. An inverse method is described that makes it possible to
approximate quite diverse laws of boundary motion by laws obtained from solving the inverse problem. New
particular solutions are obtained for a fairly wide range of laws of motion of boundaries. A direct asymptotic
method for the approximate solution of a functional equation is considered. An estimate of the errors of the
approximate method is made depending on the speed of the boundary movement. This approach successfully
combines the technique used in [5; 6; 9; 18; 23; 24].

1. Statement of the problem

Let us consider free oscillations in a system with moving boundaries.
wge (2,1) — a*Ugy(x,t) = 0. (1)
The boundary conditions at the fixed ends have the form
w(ly(t),t) =0; w(l2(t),t) =0. (2)
(12(0) < = < 12(0))

Here, u(z,t) — is the displacement of the point of the object with the coordinate = at time ¢; a — velocity
of wave propagation in the system; {y(z), lo(z) — the laws of movement of borders.

In the works [5; 6] Vesnitsky A.L. a fairly general method for selecting new variables for the wave equation
was proposed. Following this method, the change of variables is made in the following form:

7= 0~ p(t +2/a) + $(t — 7/a)],
where ¢ and ¢ — are some functions. As a result of such a replacement, the original equation remains

invariant (wave), and ¢, ¥ are determined from the condition of constancy £ at the boundaries.
In new variables &, 7, defined by relation (3), the original problem (1)—(2) is reduced to the following

Urr(§,7) = Uge(§,7) = 0 (4)
under boundary conditions
U(li(7),7) = 0; Ue(ba(7),7) = 0; (5)
(£a(r) < €< La(7)).
Here 7, & dimensionless time (7 > 0) and dimensionless spatial coordinate; U(&,7) = u(z,t) ; £;(7) — the

laws of movement of borders.

Boundary conditions (5) in variables £, 7 are set on new, generally speaking, moving boundaries, the
position of which depends on two functions ¢ and 1. Since they ¢ and ¢ are arbitrary, one can require that
the boundary conditions are written on fixed boundaries, i.e. ¢; = const and fy = const ({3 > (7).

For this, it is ¢ and ¥ necessary to satisfy the system of functional equations:

{ srraen vt = ©)
(7 4+ £2(7)) — (1 — La(7)) = Lo,

which uniquely determine the functions ¢ and ¢ through the known laws of boundary motion. When the
borders move at a speed greater than the speed of wave propagation, the solution of the wave equation

becomes incorrect, therefore, a restriction is imposed on the speed of the borders |¢;(7)| < 1. Constants ¢;
can be arbitrary, but not equal values (for example, ¢4 =0, 2 = 1). Then system (6) will take the form:

{ o(r+ (1) = ¢(1 = b (7)); (7)
P(T +42(7)) = (7 — £o(7)) + 1,

The existence of a solution to this system was proved in [5].
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Solution (4)—(5) is found by the Fourier method [24]:

U, ) = Z sin (wo,,€) (D €08 (wp,, 7) + En sin (wy,7)) =
o ! (8)
= > {sin (wo, (7 + &) + o) — sin (wo,, (T — &) + an)},
n=1
where w, (e,7) = 7% 10 = 5/D2 + EZ; oy, = arctg(E,/D,) .
The solution obtained in [1-6; 8-10] has a form similar to ().
Returning to the variables z and ¢, we get

u(z,) =Y {sin (wo, p(t + @) + @) — sin (wo,(t — @) + @)} 9)

n=1

Here ¢ and ¢, they are found from the solutions of the system of functional equations (7) according to
the known laws of motion of the boundaries, and the constants D,, F, are determined from the initial
conditions.

Generally speaking, it is not easy to solve system (7). There are two different approaches to solving it:

— is the inverse problem [5; 6; 8; 9; 18; 22; 23|, i.e. according to the given "phases" of natural oscillations
 and v, finding the laws of motion of the boundaries ¢;(7);

— is the direct problem [17; 22], i.e., finding the "phases" of natural oscillations according to the given
laws of motion of the boundaries ¢;(7).

2. Solution of the inverse problem

To solve system (7) A.L. Vesnitsky [5] used the inverse method, i.e. given ¢ and ¢ from the resulting
system of equations, the laws of motion of the boundaries ¢1(7) and ¢5(7) are found. When solving the inverse
problem, the equations of system (7) are reduced to the study of algebraic or transcendental equations with
respect to ¢;(7), which in many cases admit exact solutions. Based on the inverse problem Vesnitsky A.I.
and Potapov A.L [5; 6] obtained solutions for a fairly wide range of laws of boundary motion.

System (7) has infinitely many solutions, since on the interval [0,1] the function ¢(z) and on the interval
[-1,0] the function (z) can be set arbitrarily, and using the method of successive approximations [24], the
values of functions in other areas are found. It is enough for us to find one particular solution that determines
the one-to-one correspondence of points z and points y; = ¢(z); y2 = ¥(z) Of all the solutions, we are only
interested in monotonic ones, and monotonic solutions in the case of boundary movement at a speed lower
than the wave propagation speed (|¢}(7)| < 1; |¢3(7)| <1) can only be monotonically increasing.

Lemma. If a function ¢(z) — is monotonically increasing (decreasing), then the function (z) — is also
monotonically increasing (decreasing).

Proof. Indeed, from the first equation of system (7) at 7 = 7p, it follows that

o(10 +£1(70)) = P (10 — 1(70))-

Now suppose that 7 > 79 the function ¢(z) also increases (decreases) then in the case of boundaries
moving at a speed lower than the wave propagation speed (|€1(7)| < 1; |fy(7)| < 1), we will have:

1 +£1(T1) > 70 +£1(T0);

T —61(7'1) > To —gl(To)

Since the function ¢(z) in this case increases (decreases), then in order to fulfill the first equality of
system (7) at 7 =7, it is necessary that the function t(z) increases (decreases), i.e. the function (z) is
also increasing (decreasing).

Let us also show that the monotonic solution of system (7) in the case of boundary motion at a speed
lower than the wave propagation velocity can only be increasing.

Indeed, given the inequality ¢1(7) < f2(7) we get:

TH0(T) <T+b(1); T—L01(T) >T7—La(T);
Suppose that ¢(z) and ¥(z) they decrease, then we can write:
(1 4+ €2(7)) < (7 + (7)) = (7 = la(7)) < (7 — La(7)).

However, this inequality contradicts the second equation of system (7). Therefore, functions
©(z) and ¥(z)can only be monotonically increasing. The lemma is proved. O
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Note that from system (7) the functions p(z) and ¢(z) are determined up to a constant in the sense that
if ¢©(z) and 1(z) the solution to system (7) is ¢(z)+ C and ¢(z) 4+ C also a solution (here C' — an arbitrary
constant). Therefore, for definiteness, we can choose such a function (z), that ¢(—1) = —1. At the same
time, from the second equation of system (7) for 7 =0, it follows that ¢(1) = 0. From the first equation of
system (7) for 7 =0, we obtain

©(0) = (0).

When assigning functions ¢(z) and(z), several arbitrary constants are introduced into them. The
dependence of the laws of motion ¢;(7) and ¢2(7) found on the values of these constants makes it possible
to approximate quite diverse laws of motion of the boundaries by laws obtained from solving the inverse
problem.

The set of inverse solutions is quite wide. The solutions below satisfy the relations:

6(0) =05 £2(0) =1; (-1) =—1.

The set of obtained laws of motion of boundaries is divided into classes:

1. The solutions shown in Table 1 are class A when the left boundary is fixed and ¢(z) = 1¥(z). Solutions
numbered 1, 2, 3, 6 were obtained by A.L. Vesnitsky and A.I. Potapov [5; 6], solutions 4, 5, 7 were obtained
for the first time.

Table 1
Class A decisions

Tabsmia 1
Pemnenua kiaacca A

l2(7) p(2) = ¥(2)

Ln[(vz+1)/(1—v)] .
1 vr+1 Lol /=) 1

VB T B 0.5
2 VBT + B2/|B| VB2 -B+0.25—1

3 1/(4B7 +1) B22 40,52~ B—0,5
. Bi(e®* — e %) + By(e™®* —e%) — 1,
4 éarcsh [W]

By =By+1/(e*—e™®), a>0

Ln[(z+B)*+1+2aB+B”]
Ln[(1+a)/(1-a)]

5| V(t+B)2(a2-1)+1+2aB+ B2 —a(r + B)
Ln[(B—1)’+1+2aB+B’]

Lal(Fa)/0=a)] 1
1 arctg(az+B) N
. 1 [—d +VI+TE+ (ar + B)?} , arectg[(1+ BZ—a®) ] (2a)]
d = 14+B%—o? arctg(B—a) 1
20 arcctg[(1+B2—a2)/(2a)]
7 1 (n VIR g Ae®* + B, o = In 1HV/IHAT

2. The following class B is determined by the fact that the boundaries move according to the same law:
01(T) =L(7); La(T) =1+ £(7); £(0) = 0.

Since the movement of the boundaries is interconnected, there is also an interconnection between the
functions ¢(z) and 1(z). It is expressed by the functional equation:

P(e(Y(z) +1) —¢(z—1) = 1. (10)

System (7) in this case can only be satisfied by functions that are solutions of equation (10). Here are
two previously unknown solutions of class B:
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1) L=vr; o(z)=(1-v)z/24+(14+v)/2 -1,
P()=0Q+v)z/2+ (1+v)/2-1;
2) (1) = ;In[(Be T — Ce®T) /(B - C);

@ Blee** -1)—-C(e*—=1)—1; B=C+1/(e*—1);

P(z)=Ce** -1)—-Ce*—1) - L.

3. For class C solutions, the boundaries move symmetrically in different directions, i.e.
b (1) = —L(7); ba(T) = (7).

The equation for the relationship of functions ¢(z)and (z)here has the form:

p(z) = ¥(2) + 0,5

Class C solutions are obtained from class A solutions using the following formulas:

r) = La(r); (=) = 39a(2): 9() = ¥(z) +0,5,

where the index A denotes the corresponding functions of solutions of the class A.
4. A solution of class D is obtained for the case when both boundaries move uniformly:

61(7') = (BQ — Bl)T/(B2 + Bl); KQ(T) = (Bgel/c — Bl)T/(Bl + Bgel/c) + 1;
©(z) =C Ln(B1z+ D) —C Ln(D — By) — 1;
Y(z) =C Ln(B1z+ D) — C Ln(D — By) — 1;
D = (By + Bye'/¢)/(e}/ —1).

The solution number one in Table 1 can be used to study the vibrations of the ropes of load-lifting
installations with a uniform ascent (descent) [1; 4; 11-15; 21]. The given solutions of class B can be used
in the study of oscillations of flexible gear links [16; 19; 20]. The rest of the solutions are model.

The class of inverse solutions is limited, for example, no solution was obtained for the uniformly accelerated

motion of the boundary I(7) = 1+ v72. Obtaining the indicated solution is relevant when describing the
longitudinal and transverse vibrations of the ropes of load-lifting installations at the acceleration stage [1].

3. Solution of the direct problem

The solution of the direct problem, as a rule, faces great difficulties, because well-known methods for
solving functional equations, although sometimes they can be found ¢ and ¢ from known ones ¢;(7), but in
a limited range of argument values and in a form that is not very suitable for analytical research.

In this regard, we consider an approximate solution of the functional equation

e(r+1U(1)) — p(r = U(1)) = 1. (11)
For an approximate solution of equation (11), it is proposed to use the asymptotic method [17].
For fixed boundaries ¢(7) = ¢, the solution to (11) is the linear function

()—1 + t
@32—2[2 const.

In the case of a slow motion of the boundary ¢(7), the “phase” of the wave p(z) during its run through
the system changes insignificantly with respect to ¢s(z). It is assumed that ¢(z) it has derivatives of any
order, and writing ¢(7+¥¢(7)) in the form of power series in ¢(7), after substituting them into (1), we obtain
a differential equation for slowly changing current "phase" (1)

0 k+1 k+1
3 h : ZTij ~ 1 (12)
k=0

Since o(7) it deviates little from the linear law ¢, (z = 7) during the wave travel time, each next term
on the left side of equation (12) is much smaller than the previous one, and its solution must be sought in
the form of a series

o(1) =Y on(r). (13)
n=0

Substituting (13) into (12) and equating the terms of the same order of smallness individually to zero,

we obtain for the zeroth approximation
.

1 ot
eo(T) = Q/K(t)'
0



Becmnux Camapcerozo ynusepcumema. FEcemecmeennonaywnasn cepus 2023. Tom 29, M 3. C. 72-81
Vestnik of Samara University. Natural Science Series 2023, vol. 29, no. 8, pp. 72-81 77

In the case of a linear law of motion of the boundary £(¢t) = 1+ v7, the phase of dynamic natural

oscillations is equal to

o(z) = In[(vz + ;Z/(l +v)] . (14)

Values (14) were compared with the values obtained using the exact solution (Table 1):

_ Lnfwz+1)/(1-v)
w2 =T, [(1+2)/(1— )]

The values of the maximum absolute errors A of the asymptotic method, depending on the speed of the
boundary movement v, are given in Table 2.

~1. (15)

Table 2
Error of the asymptotic method depending on the velocity of the boundary

Tabauma 2
IlorpeniHoCTh ACMMIOTOTHYECKOrO METO/A B 3aBHCUMOCTU OT CKOPOCTU T'PAHUIIBI

v 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
A 0,002 | 0,006 | 0,013 | 0,023 | 0,036 | 0053 | 0,073 |0,0100 | 0,139

In the interval v € [0,1;0,6] of error of the approximate method are small. The increase in the error when
approaching v unity is explained by the fact that the function (15) becomes infinitely large when v — 1.

Insignificant errors make it possible to apply the described method to solve functional equation (11) in
cases where its exact solution is not known.

Conclusion

Using the analytical method of change of variables, the original boundary value problem is reduced to
a system of functional-difference equations. The solution of the original problem depends on whether it is
possible to solve the given system (7). Vesnitsky A.I. proposed to solve it by the reverse method, i.e. to
set functions ¢ and ¢ from the resulting system of equations to find the laws of motion of the boundaries.
The paper presents five new inverse solutions of the system.

An approximate asymptotic method for solving the functional equations of system (7) is considered. Under
conditions of slow motion of the boundaries, minor errors make it possible to apply this method in cases
where the exact solution of the system of functional equations is not known.

The above solutions can be used in the study of vibrations of ropes of lifting installations with a uniform
rise (descent), flexible links of transmission (for example, a belt drive), etc.

References

[1] Savin G.N., Goroshko O.A. Dynamics of a thread of variable length. Kiev, 1962, 332 p. (In Russ.)

[2] Samarin Yu.P. On a nonlinear problem for a wave equation in a one-dimensional space. Applied Mathematics
and Mechanics, 1964, vol. 26, Ne 3, pp. 77-80.

[3] Anisimov V.N.; Litvinov V.L. Investigation of Resonant Properties of Mechanical Objects with Moving Boundaries
by Application of the Kantorovich-Galerkin Method. Journal of Samara State Technical University, Ser. Physical
and Mathematical Sciences, 2009, Ne 1 (18), pp. 149-158. DOI: https://doi.org/10.14498/vsgtu658. EDN:
https://www.elibrary.ru/kzzxnn. (In Russ.)

[4] Goroshko O.A., Savin G.N. Introduction to the mechanics of deformable one-dimensional bodies of variable
length. Kiev: Naukova Dumka, 1971, 270 p. (In Russ.)

[5] Vesnitsky A.I. Waves in systems with moving boundaries and loads. Moscow: Fizmatlit, 2001, 320 p. Available at:
https://knigogid.ru/books/1915093-volny-v-sistemah-s-dvizhuschimisya-granicami-i-nagruzkami/toread?ysclid=
Inx2mbqz7e29843152. (In Russ.)

[6] Vesnitsky A.I. The inverse problem for a one-dimensional resonator the dimensions of which vary with time.
Radiophysics and Quantum Electronics, 1971, vol. 14, pp. 1209-1215. DOI: https://doi.org/10.1007/BF01035071.

[7] Barsukov K.A., Grigoryan G.A. Theory of a waveguide with moving boundaries. Radiophysics and Quantum
Electronics, 1976, vol. 19, pp. 194-200. DOI: https://doi.org/10.1007/BF01038526.



78

Litvinov V.L., Litvinova K.V. On one solution of the problem of vibrations of mechanical systems...
Litvinov V.L., Litvinova K.V. 06 odnom peweruu 3a0a4U 0 KOAEOGHUAL METAHUMECKUL CUCTEM...

18]

(9]

[10]
[11]
[12]
[13]

(14]

[15]

[16]

[17]

(18]

[19]

[20]

21]

[22]

23]

[24]

[25]

[26]

[27]

Litvinov V.L., Anisimov V.N. Mathematical modeling and study of oscillations of one-dimensional mechanical
systems with moving boundaries: monograph. Samara: Samarskii gosudarstvennyi tekhnicheskii universitet,
2017, 149 p. Available at: https://www.elibrary.ru/item.asp?id=36581641. EDN: https://www.elibrary.ru/yqksvn.
(In Russ.)

Anisimov V.N., Litvinov V.L., Korpen I.V. On a method of analytical solution of wave equation describing the
oscillations sistem vibrations of systems with moving faces // Journal of Samara State Technical University.
Ser. Physical and Mathematical Sciences, 2012, Ne 3(28), pp. 145-151. DOI: https://doi.org/10.14498 /vsgtul079.
EDN: https://www.elibrary.ru/qbutvh. (In Russ.)

Lezhneva A.A. Flexural oscillations of a beam of variable length. Izv. Academy of Sciences of the USSR.
Mechanics of a solid, 1970, no. 1, P. 159-161.

Kolosov L.B., Zhigula T.I. Longitudinal and transverse vibrations of the rope string of the lifting installation.
News of the Higher Institutions. Mining Journal, 1981, no. 3, pp. 83-86. (In Russ.)

Zhu W.D., Chen Y. Theoretical and experimental investigation of elevator cable dynamics and control. Journal
of Vibrations and Acoustics, 2006, vol. 128, issue 1, pp. 66-78. DOI: https://doi.org/10.1115/1.2128640.

Shi Y., Wu L., Wang Y. Nonlinear analysis of natural frequencies of a cable system. Journal of Vibration
Engineering € Technologies, 2006, no. 2, pp. 173-178.

Wang L., Zhao Y. Multiple internal resonances and non-planar dynamics of shallow suspended cables to
the harmonic excitations. Journal of Sound and Vibration, 2009, vol. 319, issues 1-2, pp. 1-14. DOL:
http://dx.doi.org/10.1016/j.jsv.2008.08.020.

Zhao Y., Wang L. On the symmetrical modal interaction of the suspended cable: three-to one
in-ternal resonance. Journal of Sound and Vibration, 2006, vol. 294, issues 4-5, pp. 1073-1093. DOI:
https://doi.org/10.1016/j.jsv.2006.01.004.

Litvinov V.L., Anisimov V.N. Transverse vibrations rope moving in longitudinal direction. lzvestia of Samara
Scientific Center of the Russian Academy of Sciences, 2017, vol. 19, no. 4, pp. 161-166. Available at:
https://elibrary.ru/item.asp?id=32269460. EDN: https://elibrary.ru/tboayo. (In Russ.)

Litvinov V.L. Study free vibrations of mechanical objects with moving boundaries using asymptotical
method. Middle Volga Mathematical Society Journal, 2014, vol. 16, issue 1. Pp. 83-88. Available at:
https://journal.svmo.ru/en/archive/article?id=1295. (In Russ.)

Litvinov V.L. Solving boundary value problems with moving boundaries using the method of change of variables
in the functional equation. Middle Volga Mathematical Society Journal, 2013, vol. 15, Ne 3, pp. 112-119. URL:
https://www.mathnet.ru/eng/svmo405. (In Russ.)

Erofeev V.I., Kolesov D.A., Lisenkova E.E. Investigation of wave processes in a one-dimensional system lying
on an elastic-inertial base with a moving load. Bulletin of Science and Technical Development, 2013, no. 6 (70),
pp. 18-29. Available at: https://elibrary.ru/item.asp?id=22010422. EDN: https://elibrary.ru/snqzyx. (In Russ.)

Litvinov V.L. Transverse vibrations viscoelastic rope variable length on an elastic foundation with considering the
influence of the resistance forces environmental. Bulletin of Science and Technical Development, 2015, no. 4 (92),
pp- 29-33. Available at: https://elibrary.ru/item.asp?id=29275371. EDN: https://elibrary.ru/yqqlgb. (In Russ.)

Litvinov V.L. Longitudinal vibrations of a rope of variable length with a load at the end. Bulletin of Science
and Technical Development, 2016, no. 1 (101), pp. 19-24. Available at: https://elibrary.ru/item.asp?id=28765822.
EDN: https://elibrary.ru/yfmnxr. (In Russ.)

Litvinov V.L. Exact and approximate solutions the problem of oscillations of a rod of wvariable
length. Bulletin of Science and Technical Development, 2017, no. 9 (121), pp. 46-57. Available at:
https://elibrary.ru/item.asp?id=30267074. EDN: https://elibrary.ru/zmiruh. (In Russ.)

Anisimov V.N., Litvinov V.L. Analytical method for solving a wave equation with a wide class of conditions on
moving boundaries. Bulletin of Science and Technical Development, 2016, no. 2 (102), pp. 28-35. Available at:
https://elibrary.ru/item.asp?id=28765827. EDN: https://elibrary.ru/yfmnzp. (In Russ.)

Koshlyakov N.S., Gliner E.B., Smirnov M.M. Equations in partial derivatives of mathematical physics. Moscow:
Vysshaya shkola, 1970. Available at: https://alexandr4784.narod.ru/kgs.html?ysclid=Inyc6xnrdc604386929.
(In Russ.)

Anisimov V.N., Korpen I.V., Litvinov V.L. Application of the Kantorovich-Galerkin method for solving boundary
value problems with conditions on moving boundaries. Mechanics of Solids, 2018, vol. 53, Ne 2, pp. 177-183. DOLI:
https://doi.org/10.3103/S0025654418020085. EDN: https://elibrary.ru/wtofxt. (In English; original in Russian)

Litvinov V.L. Solution of boundary value problems with moving boundaries by an approximate
method for constructing solutions of integro-differential equations. Proceedings of the Institute of
Mathematics and Mechanics Ural Branch of the RAS, 2020, vol. 26, no. 2, pp. 188-199. DOI:
https://doi.org/10.21538/0134-4889-2020-26-2-188-199. EDN: https://elibrary.ru/lgjahf. (In Russ.)

Litvinov V.L., Litvinova K.V. An approximate method for solving boundary value problems with moving
boundaries by reduction to integro-differential equations. Computational Mathematics and Mathematical
Physics, 2022, vol. 62, Ne 6, pp. 945-954. DOIL: https://doi.org/10.1134/s0965542522060112. EDN:
https://elibrary.ru/qexsaz. (In English; original in Russian)



Becmnux Camapcerozo ynusepcumema. FEcemecmeennonaywnasn cepus 2023. Tom 29, M 3. C. 72-81
Vestnik of Samara University. Natural Science Series 2023, vol. 29, no. 8, pp. 72-81 79

[28] Litvinov V.L. Variational formulation of the problem on vibrations of a beam with a moving
spring-loaded support // Theoretical and Mathematical Physics, 2023, vol. 215, issue 2, pp. T709-715.
DOLI: https://doi.org/10.1134/S0040577923050094. (In English; original in Russian)

BY

DOI: 10.18287/2541-7525-2023-29-3-72-81

YVIK 517.958:531.12; 534.11 Hara: moctymaenns cratbu: 12.07.2023
rocJjie pernersupoBanus: 16.08.2023
npunaTusa cratbu: 30.10.2023

B.JI. Jlumeunos

Camapckuii TocyapcTBeHHbIN TexHudeckuit yuusepcuret, r. Camapa, Poccuiickas Pemeparnuyst

MockoBckuit rocymapctBennbiit yauepcuter nmenu M.B. Jlomonocosa, r. Mocksa, Poccuiickas Pemeparius
E-mail: vladlitvinov@rambler.ru. ORCID: http://orcid.org/0000-0002-6108-803X

K.B. JlumeuHnosa

MockoBckuit rocymapctBeHublit yauBepcuteT uMmenn M.B. Jlomomocosa, r. Mocksa, Poccuiickasa Peneparms

E-mail: kristinalitvinova900@rambler.ru. ORCID: http://orcid.org/0000-0002-1711-9273

OB OJIHOM PEINTEHUN 3AJAYN O KOJIEBAHUAX MEXAHUYECKUX
CUCTEM C ABUNXXVYIHINIMUCA I'PAHUITAMUAU

AHHOTAIIN A

B crathe paccMOTpeH aHAJMTUYECKHMII METOJ, PEIIeHUsi BOJHOBOIO YPaBHEHUsl, OIMCHIBAIONIETO KOJIEOAHUST
CHUCTEM C JBUXKYIIUMCH TPAHUIAME. 3aMEHsisd [E€PEMEHHBbIE, OCTAHABJIMBAIONINE TPAHUIBI U OCTABJIAIONINE
ypaBHEHHE WHBAPUAHTHBIM, HCXOJHAs KpaeBas 3aJada CBOAUTCA K cHCTeMe (OYHKIIMOHAJIHHO-PA3HOCTHBIX
yPaBHEHUil, KOTOpasl PelleHa MpsMbIM U 00paTHbIM MeTojaMu. OnucaH Tak»Ke 0OpATHBIA METO/I, TIO3BOJISIIOIINI
alllIPOKCUMUPOBATh BeCbMa pPa3HOOOPA3HBbIE 3AKOHBI JIBUKEHHSI TPAHUIBI 3aKOHAMHU, IMOJYYECHHBIMH B
pe3yJiibraTe perieHns oOpaTHO 3ajadn. HoBble YacTHBIE PpeIIeHUsl TOJYYEHBI I JOCTATOYHO IIMHPOKOrO
Kpyra 3aKOHOB JBUKeHUs rpaHurbl. C [MOMOIMBI0 MOPIMOrO ACHMITOTAIECKOTO METOHa PACCMATPUBAECTCH
npubJinyKeHHoe penienne GYHKIMOHAILHOTO ypaBHeHusi. OIeHKa IMOTPEITHOCTeN MPUOJIMKEHHOTO METOJIa
IIPOU3BOJUTCH B 3aBUCUMOCTH OT CKOPOCTHU JIBUKEHUsI I'DAHUIIBI.

KiroueBblie cjioBa: BOJIHOBOE YpaBHeHue; KpaeBble 3a/ a1, KOJIEDAHUsT CUCTEM C IIOABU2KHBIMU I'DaHUITaAMM]
3aMeHa II€epEMEHHbIX; 3aKOHbI JBU2KCHHUA I'DAaHUIL] Cl)yHKLH/IOHa.HbeIe YpaBHEHUI.

IIntupoBanme. Litvinov V.L., Litvinova K.V. On one solution of the problem of vibrations of
mechanical systems with moving boundaries // Becrnux Camapckoro ynusepcurera. EcTecTBeHHOHAYYIHAS
cepus / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3. C. 72-81.
DOLI: http://doi.org/10.18287/2541-7525-2023-29-3-72-81.
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CPABHEHUE HEITAPAMETPUYECKUX OIIEHOK ®YHKIINU
BBI2KNUBAHUNA

AHHOTAIINA B cratbe mpoBommTCcs CpaBHEHHME TpPEX BUJOB OIEHOK: JKCIOHEHIMAJIHHOIM,
MHOXKWTEJIbHOW ¥ CTEIEHHOW CTPYKTYp J[Jid OYHKIMH BBDKUBAHWS [IPUA CJIYYaflHOM IE€H3YPUPOBAHUU
naburofieHnii  cupaBa. Pamee OBLIO yCTAHOBJIEHO, YTO BCE OSTH TPH OIEHKA [PHA PACTYIEM o0beMe
BBIOODKM SKBUBAJEHTHBI, T. €. IPU OJMHAKOBON IIEHTPOBKE M HOPMHUPOBKE CXOJATCH K OIHOMY H TOMY
K€ TayccoBCKOMy mporieccy. KOHKpeTHO B BBIOOpKE IIOKA3aHO, YTO CTElEHHBIE OIEHKU OIIPE/IEJIEHbI Ha
BCell MpsIMOl B OTJIUYHME OT SKCIIOHEHIMAJBHON ¥ MHOXKHUTEJbHBIX OIeHOK. CJiel0BaTe/IbHO, CTelleHHbIe
OIEHKHU SIBJIAIOTCS JIydIlle, 9eM OCTaJibHble JBe. [loiBepruyTeie meH3ype JaHHBIE UCIOIL3YIOTCS MPU AHAJIN3E
BBRKMBAEMOCTH, B OMOMEIUIIMHCKAX WUCIBITAHUSIX, B ITPOMBINLIEHHBIX KcIepuMeHTax. CyIecTByeT HECKOJIbKO
CXeM I[eH3ypupoBaHus (CIpaBa, cjeBa, ¢ 00euX CTOPOH, B COYETAHMU C KOHKYDPUDPYIOUIMMHU DPHCKAMU U
apyrumu). OIHAKO B CTATUCTHYECKON JIMTEPAType IMUPOKO DACIPOCTPAHEHO INPABOCTOPOHHEE CJIydaiiHoe
[EH3YPUPOBAHUE, TOCKOJbKY €ro JIerKO OIHNCATbH C METOJIOJIOTHYECKOl TOYKM 3peHus. B crarhbe TakxKke
PacCMOTpPEH 3TOT BUJ, IE€H3YPUPOBaHUSI, YTOOBI CPABHUTH HAIM PE3YJIbTATHI C JPYTHUMHU KUCCJIEIOBAHUSIMU.

KurouyeBbie cjioBa: oOneHKHW; CiydaiiHOe IEH3ypPUPOBAHUE CIpaBa; (DYHKINsI BBIKUBAHUS; JTOBEPUTEIbHBIE
TI0JIOCHL.
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Nudopmanusi 0 KOHMINKTE MHTEPECOB: ABTOPHI U PEIEH3EHTHI 3AABJISIOT 00 OTCYTCTBUU KOH(MJIUKTA
HHTEPECOB.

© AbnymykypoB A.A., Bozopos C.B., 2023
A6dyparum Azmedosuy A60ywyrxypoe — mupodeccop Kadeapbl NMPUKJIAIHOW MATEMATHKH W UH(POPMATHUKH,
MockoBckuit rocymapcrBertbiit  yauBepcurer umenu M.B. Jlomomocosa, dwuaman B 1. Tamkent, 100060,
Vabekucran, r. Tamkent, np. Amupa Temypa, 22.
Cyxpo6 Bazxoduposuw Boszopos — pokTopanT Kadeapbl MareMaTwuku (akyjabrera WHOOPMAITHOHHBIX
texHosioruil, ['yiaucranckuii rocymapcrBeHHblil yHusepcurer, 120100, Ys6ekucran, ChIpgapbUHCKas 00JIACTb,
r. I'yaucran, 4 mukpopaiion, 1.

1. IIpenBapuresibHble CBeJICHUS

WcciremoBannst HemapaMeTpUIeCKuX OIEHOK, KCIIOHEHIINAIbHOM, MHOYKUTEJIBHON U CTEIIEHHON CTPYKTYP MO-
Ka3bIBAIOT UX ACHMIITOTUYECKYIO IKBUBAJIEHTHOCTb (Ipu 1 — 00). HeKoTopble oTsinduTe/IbHbIE CBOHCTBA 9THX
OIIEHOK MPOSIBJISIOTCSA TPU (DUKCHPOBAHHOM 00beMe BBIOODKH, W OHM MPOBEIeHbl B MoHOrpadwun [1].
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IIycrs {Z;, j > 1} u {Y},j > 1} — B3anMOHe3aBUCHMBIE IOCIIEOBATEILHOCTH, HE3ABICHMbIE M OJIUHAKOBO
pacipejieJieHHbIE CIydaiiHas BeJIUYNHA C HelPepbIBHbIMU (DYHKIUsiMU pacupeiesieanss H u G cOOTBETCTBEHHO.
Habusromaercss Boibopka obbema n:

C(n) = {(gijj)v 1<j< n}7

rie
§ =min (Z;;Yj),
Aj = 1(Z; <Y;)

(I (A) — 10 nnmurarop cobbitus A.

1. Ecmm Z; <Y, to § =min(Z;;Y;) =Zj, Aj =1, u B 93TOM ciIydae MBI MOXKeM HaOIOIATb Z;

2. Ecm Y; < Zj, 10 § =min (Z;;Y;) =Y, A; =0, 310 Gyaer ciydail 1eH3ypHPOBAHUSL.

Basiata cocTonT B orenusamnn bynkmun spuKusanus 1 — H (z) no seibopke C™) mpu menmaromeii dbyskimm
pacupenesiernss G. s 1 — H cupaseJyimBo npejicrasiesue [2]:

1 — H(z) = exp(—A(z;1)),

rie
May= [ Q-H@-)TaH@= [ 0= N =) @),
(—5cia] (—ocia]
N(@)=P(¢<z)=1-(1-H(z)(1-G(x) =M (z;1) + M (;0),
M(z;1)=P(§ <z, Aj=1), i=0;1.
Hyn () =1— ] exp {—M’L(?f};f(ﬁ‘f?’”)} =1—exp(—A,(z31)),
u<lz )
Hap (2) =1 T exp {1- Mttt |, (1)
Hs, (z) =1— (1= N, (2))*®),
rie

Ry (z) = Ap(x; 1)(An(x))71,

A (1) = / (1= Ny (u—)) M, (u:1),

—o00;x)
-1
M@= [ - Naw) ),
(—ocial
N () = Moy (1) 4+ Moy (250) = ST (6 < ),
j=1
M, (z;1) = %ZI(EJ <z,A;=14),1=0,1
j=1

TakuM 06pa3soM, paccMaTpuBaeMasi MOJEIb SBJISETCS MOJENBI0 CIIy9YaifHOrO IeH3ypPUPOBAaHHs CIIpaBa 7
opu nomomy Yj, rae Z; HabmomaeMbl jmmb npu A = 1.

IIycts Gin(z), Gan(z) u Gsp(z) coorBercrByromue oneHku Memaroreli dbyHKuun pacnpejenenus G(z),
onpenensiemble opmyaamu (1) ¢ samemoit M, (z;1) ma M,(z;0). B paccmarpusaemoit momemun 1 — N(z) =
=(1—-H(x))(1 —G(z)) ana sBcex = € R. Oapako s 9TUX TPEX THUIOB OINEHOK HMEEM:

I
(1= Hip(2)(1 = G1a(2)) = exp(—An(2)) # 1 — Na(x)
u 1pu
& 2§ = max {&},
max (Hyp,(z); Gin(z)) < 1.
II.
(1 = Hopn(2))(1 = G2n()) # 1 — Np(z)

u upu

T 2 )

oueku Hop(z) u Gapn(x) HeoupemeseHHbI.
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ITI. JInst cTemeHHBIX OIEHOK

(1= Hsn(2))(1 = Gsn(2)) = 1 = Na(2)

U, CleJIoBaTebHo, Ipu T = &y, Hon(x) = Gan(z) = 1.

Takum obpazom, i ciydas HenpepblBHbIX pacupesenenuii H nu G, TOJBKO OINEHKN CTENeHHOI CTPYK-
typol Hs,, u (3, gBisiorcs uieHTUDUIUPYEMbIME ¢ MOJebio. s jgeMoHcTpanuu cBoiicTB oneHok (1)
paccMoTpuM BBIGOPKY o0beMa n = 97 u3 pabor [3; 5]. Dro manHble u3 neHTpa yeiuHenus UexmnuHr Xayc
(Channing House) B r. ITaso Ansro (Palo Alto) B Kamudoprun (CIIA). BapnannoHmeril psj, mOCTpOEHHDIH
II0 3THUM JTaHHBbIM, €CTb:
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), (911;1), (911;0), (914;0), (927:1), (932:1), (936:0), (940;0), (942,5:0), (943:0), (945;1
951;0), (953;0), (956:0), (957:1), (957:0), (959:0), (960:0), (966:1), (966:0), (969;1), (970;0

)

( )
( )
( ) )
(973;0), (977:0), (983;1), (984;0), (985;1), (989:1), (992,5:1), (993;1), (996;1), (998;1), (1001;0), (1002;0),
(1005;0), (100630), (1009;1), (1011,5:1), (1012;1), (1012;0), (1013;0), (1015:0), (1016:0), (1018;0), (1022;1),
(1023;0), (1025;1), (1027:0), (1029:1), (1031;1), (1031;0), (1031,5:0), (1033;1), (1036;1), (1043;1), (1043;0),
(1044;1), (1044;0), (1045:0), (1047:0), (1053;1), (1055;1), (1058;0), (1059;1), (1060;1), (1060;0), (1064;0),
(1070;0), (1073;0), (1080;1), (1085:1), (1093;0), (1093,5;1), (1094;1), (1106;0), (1107;0), (1118;0), (1128;1),
(1139;1), (1153;0).

3/ech JaHHBIE MIPEJCTABIEHBI B MECSIax, MPUYeM HAXOMSINEecs: C PsiIoM YuCao 1 B mapax O3HAYaeT HeIeH-
gypupoBanue (T. e. cMeprh), a 0 — nensypuposBanue. Ilpu srom 46 4YejOBEK yMep/d ¢ HAYAJId OTKPBITHS
neaTrpa B 1964 romy mo 1 wmross 1975 roma Ko JHIO cOOpa JAHHBIX. DTO HEIEH3YypUPOBaHHBbIE JaHHBIE. U3
OCTAJIbHBIX JIAHHBIX O 51 desloBeke H ObLIM BBIMMCAHLI U3 IeHTpa, a 46 eme ObLm KuBbl K 1 mions 1975 ro-
1a. DTo leH3ypupoBaHHble jgaHHbie. [Io 3TuM 97 jaHHBIM IpPUBEIEHBI IPAMDUKU OIEHOK Hm;97(x), m=1,2,3
Ha puc. 1-3 mo orpesbHOCTH W HA puc. 4 BMecTe:

Puc. 1. Onenxa 1 — Hy,97(x)
Fig. 1. Estimator 1 — Hi,o7(x)

W3 pucyHKOB BHIHO, 9TO B OTJIMYHE OT IKCIOHEHIIHAJIHHBIX M MHOYKUTEJBbHBIX OIEHOK TOJBKO CTEIeHHBIE
OLIEHKH OIIpeJeJIeHbl Ha Beeil npsiMoil. Temepb npu momornu omeHok (1) HOCTpouM JOBEpUTENbHBIE TI0JIOCHL It
HemssecTHON byHkuuu 1 — H(z). Hus sroro Gynem ciemosarh paboram [3; 4] um ucmosib3yeM J10BEpUTETbHBIE
[IOJIOCHI BHJIA,

M (2, p2) = | MS) (@, i, p2) s M) ($,u1,uz)] ,
rme m=1,2,3,

M, (2,1, 12) = Hynp () =07 % (1= Hypp () (uldé (T) + p2 - — ) ) ,
dz (T)

S

Hpn () + n"s (ﬂldé (T) + N2d?m>
2
M) (a1, pa) = 22 {0

1 )
14+n2 (md% (T)+ uzd?(x))
di (T)
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Puc. 3. Ouenka 1 — Hs.g7(x)
Fig. 3. Estimator 1 — Hso7(x)

Puc. 4. Onenka 1 — Hp,.97(2), m= 1,2,3
m

Fig. 4. Estimator 1 — Hpm g7(x), = 1,2,3

T=1128 uy =1 uo= 1,37ud,(x)= [ (1-N, (u—))_2dMn (u;1). DTH TOMOCHL I TAHHBIX O0BeMa
(—o0s]
n=97 ¢ ucrnojab30BaHueM OIEHOK (1) mpuBemeHsl Ha puc. 5-7.
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Puc. 5. Hosepurenbusle momocsl Mi*.g7(x;1;1,37)
Fig. 5. Confidence bands M;"97(z;1;1,37)
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Puc. 6. Hosepurembusie mosmocer Ma*.g7(xz; 1; 1,37)
Fig. 6. Confidence bands M>"97(x; 1; 1,37)

Puc. 7. Hosepurensuee monocsr Ms*.g7(x; 1; 1,37)
Fig. 7. Confidence bands M3*;97(z; 1; 1,37)

3akJIroueHue

CpaBHUBAIOT TP BHJIa OIEHOK: IKCIIOHEHIIMAJIBHOMN, MHOXKUTEJIHHOW M CTENEHHON s (DYHKINM BbIXKUBa-
HUS TIPU CJIyYAHOM II€H3YyPHUPOBAHUU CIpaBa. PaHee Oblaa yCTAHOBJEHA ACHMITOTHYECKAS IKBUBAJIEHTHOCTH
9TUX TPeX BHUJOB OIEHOK IPH PACTYIIEM OObeMe BBIOOPKH B CMBICIE CXOAMMOCTH K OJHOMY U TOMY XK€ Tayc-
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coBckoMy Tiporieccy. Jjisi KOHKpeTHOM KOHEYHON BBIOOPKU oO0beMa n = 97 moKa3aHbl HEKOTOPBIE ITPENMYIIECTBA
CTEIEeHHOI OIEHKHU 110 CPABHEHUIO C OCTaJbHbIMU JiByMsi. CjieoBaTe/ibHO, 3Ta OIEHKa JIydllle, YeM OCTaJIbHbIE.
Nmetorcss unciieHHEBIE TPUMEPHI IEMOHCTPAITUN PE3YILTATOB.
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MATEMATNYECKOE MOJIEJIMPOBAHUE KAK METO/I
®OPMUPOBAHUS ITO3HABATEJIbHBIX YHUBEPCAJIbHBIX
YUYEBHBIX JEVNCTBUN 11 KOMIIETEHIINN OBYYAIOIIINXCHA
B VCJIOBUSIX XOJMCTUYHON OBPA3OBATEJIBHOWN CPEIBI

AHHOTAIINA

C mozuruii mHGOPMAIMOHHO-00PA30BATEILHOIO XOJu3Ma Y iteh, yCaoBUil W OCODEHHOCTEl TepexoHOro
mepuoga  1udpoBoit  Tpancdopmaruu  00pa3oBaHUS — AHAJIU3UPYETCS  JUJAKTHYECKHN  MOTEHITHAT
MATEMaTHIECKOT0 MOJEJUPOBaHus B (DOPMUPOBAHUM W PA3BUTHU IO3HABATEJHHBIX YHUBEPCAJILHBIX yIeOHBIX
neticruit (YY) Ha ypoKax MATEMATHKA y IIKOJIBHUKOB M yHUBEpCanbHbIX Kommerernuii (YK) npn nzyuennn
MaTeMaTUIECKUX U METOIUKO-MATEMATHYECKUX JUCIHUILUIMH CTY/JAEHTaMU BY30B HAIIPABJIEHUs IIOJIOTOBKU
Iedazozuneckoe obpasosanue. Ha ocHOBe coderaemocTu TpeboBaHUil (hegepasbHBIX TOCY/IAPCTBEHHBIX
00pa3oBaTEeJIbHLIX CTAHJAPTOB CcpejHero obmero u Boicmiero obpasosanusa (OPT'OC COO u OT'OC BO),
OTIPEJIETIATONINX YCJIOBUS U OCOOEHHOCTH (DOPMUPOBAHUSI U PA3BUTUsI YHUBEPCAJIBHBIX YUIEOHBIX JEHCTBHL Y
[IKOJIbHUKOB U YHUBEPCAJIbHBIX KOMIIETEHIIUN Y CTYJIEHTOB — OyAyIIUX yduTeseil MaTeMaTUKHU, OIPEIesTeTCs
ONTUMM3UPYIOIlee BJUsIHHE Y 4jeh Ha 3TM Iporecchbl. PaccMaTpuBarOTCs BO3MOMXKHOCTH MaTEMaTUIeCKOIO
MOJIEJINPOBaHMsl KaK 00pa30BaTe/bHON TEXHOJIOIUHU, IIO3BOJISIONIEN IOBBICUTH 3I(PMEKTUBHOCTD ITOJIyYeHUs,
YCBOEHUS ¥ IPUMEHEHUsI 00y YarONUMUCS HOBBIX MPEJIMETHBIX U METOJNYECKUX 3HAHUN B YCJOBUSAX CMEIIAHHOTO
oditaita- u onmaita-obyuenus. [IpuBomurcst mMozmens nHOOPMAITMOHHO-00PA30BATEILHOTO XOJU3Ma U IIPUMEPHI
3aJaHUIMA.

Kirouesbie cJjioBa: i poBU3aAIUT 0oOpa3oBaHUST; MaTeMaTUIECKOe MOJIEJTUPOBAHUE;
MHMOPMAITMOHHO-00PAa30BaTEILHBI XOJIN3M; XOJUCTUYHAsT obpa3oBaTe/ibHAs Cpejia; Mo3HaBaTeabHbie Y Y/I;
VK; moaroroBka yuuresiell MATEeMATUKWU; PA3BUTHE JIMTIHOCTHBIX KAYECTB OOYIAIOIIIXCS.
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MeTosT  (DOPMUPOBAaHWST  IIO3HABATEJbHBIX  yHUBEPCAJBHBIX  y9IeOHBIX  JIefiCTBUI  ©W  KOMIIETEHIHit
00ydJaomuxcs B YCJIOBUSAX XOJIMCTHYHON obpasoBarenbHoii cpeiapl // Becrnuk Camapckoro yHuBepcurTeTa.
EcrecrBennonayunasi cepust / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3.
C. 89-102. DOI: http://doi.org/10.18287/2541-7525-2023-29-3-89-102.
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BBenenune

Mudposas Tpancdopmanys SKOHOMUKN U JIPYIUE TEXHOJIOI'MYECKUE IIPOIECCHI, 00yCJIOBJIEHHbIE JOCTUKEHU-
MU HAyYHO-TEXHHYECKOTO IIPOIpecca, B IMOJIHOW Mepe CIIOCOOCTBYIOT CO3JAHUIO HOBBLIX CIIEIHAIN3UPOBAHHBIX
U YHHUBEPCAJBHBIX MHMOPMAIMOHHO-KOMMYHUKanuoHHbIX Texnooruii (MKT), Briouas MCKyCCTBEHHO-MHTEJI-
JIEKTyaJIbHbIe, KBAHTOBBIE U HEHPOTEXHOJIOIHH, BUPTYAJIBHYIO M JIONOJHEHHYIO PEAJbHOCTD, OOJIbINNE JAHHbBIE,
pobororexuuky, ceacopuky u jpyrue SMART-rexnosornun. Hosoe mudpoBoe mpocrpancTBo, dhopmMupyemoe B
coorercreun ¢ IIporpammoit «Iludposast sxoHomuka Poccuiickoit @enepanuns Ha mepuon mo 2024 roma [1],
OIIPEJIEISIeT YIEHBIM, KOHCTPYKTODAM, MHXKEHEpPaM, IIPOM3BOJMTEJsIM KOMIbloTepHoil Texuuku, UT-crennaim-
cTaM U JPYruM pa3paboTIMKaM Te aKTyasbHble HAIIPABJIEHUS I AJalTalii, YHUMDUKAINE U KOMILJIEKCHPO-
BaHUsI TPAJUIMOHHBIX, ONTUMU3AINKA COBPEMEHHBIX W Pa3pabOTKM MEPCIEKTHUBHBIX KOHCTPYKTOPCKO-TEXHOJIO-
TUY€CKUX, ITPOrPAMMHO-TEXHUYIECKNX, IKCIIIYATAIIMOHHO-TIOIb30BATEIbCKUX U UHBIX PEIIeHUil, KOTOPLIE CMOTYT
obecrieqnTh 3PDHEKTUBHOCT U MPOJLYKTUBHOCTH HCIIOJIb30BAHUS OTEHINAJA BBICOKUX IN(MPOBBIX TEXHOJOTUN
BO BCEX OTPACISX M cdepax HAIIero COIMyMa, BKJIIOYAs CHCTEMY OOpa30BAHUSI.

IlomobHnass «0ObEKTUBHAS W AMPEKTUBHAS» MIMPOBU3AIINST POCCUICKOTO 00pa3oBaHus, OypHOE pPa3BUTHE
koMmibioTepHbix SMART-cpescTs, cucreM m TeXHOJIOTW, WHBIE OPraHU3AIMOHHBIE W COJEpKAaTeIbHbIE UHHO-
BaIlMOHHBIE MW3MEHEHUsI TPAUIMOHHBIX JHJIAKTUKO-COIUATBHBIX, 8 TaKyKe MPEeJIMETHO-CIENNAIbHBIX YCTOEB U
CTEPEOTUNIOB OOYYEHUsI W BOCIHUTAHHUS NIKOJHHUKOB M CTY/IEHTOB OOYCJIOBIMBAIOT HEOOXOIUMOCTH aJ[AIITUBHO
aKTyaJM3aliid K HOBBIM DEAJIMSM HBIHE AeHCTBYIOMUX u pa3dpaborku HOBbIX BapuanTtoB PI'OC COO u OI'OC
BO, onpejessitor 06pa30BaTeIbHBIM YIPEKICHUSIM BCEX YPOBHEN 3ajiadn (DOPMUPOBAHUS Y O0YUIAIONUXCS TI0-
snaBaresnbHbIX Tex YV [2] m YK [3], KoTopble 3aHUMAIOT BeIyIiume MecTa B IPOIEccax Pa3sBUTHsI COIUAIBHO-
TEXHOJIOTMIECKUX KOMIETEeHIMHA 1 nudpoBoil KyJbTyphl JMIHOCTH Obydvarormerocst [4].

OueBUIHO, YTO B TAKUX YCJIOBUSIX JJIsl YAUTEJEH-IIPEIMETHIKOB 00Ie00pa3oBaTeIbHBIX MIKOJI U IIPEoaBa-
Tejiell By30B OCOOEHHO aKTyaJibHBI ITOMCK HAIIPABJIEHWI YHUBEPCAJIU3AIUA U YHU(PUKAIME KOMIIOHEHTOB 0OOpa-
30BaTEJILHOIO POIECCa, PeobpPa30BaHUe yXKe CYIIECTBYIONMX U Pa3pabOTKa HOBBIX, IIPUOPHUTETHBIX, U Oojee
COBEPIIIEHHBIX YIe0HO-BOCIIUTATEIbHBIX, NH(MOPMAIMOHHO-INIAKTHIECCKIX, VIeOHO-METOINIECKUX, KYIbTYPHO-
IIPOCBETUTENILCKUX, CIENUAIbHO-IIPAKTUIECKUX, TPOM3BOJICTBEHHO-IPUKIIAIHBIX U JIPYTUX IMPOEKTOB, CPEJICTB,
METO/IOB, TEXHOJIOTHI W (DOPMATOB KakK 3JEKTPOHHON HHGMOPMAIMOHHO-00PA30BATEILHON CPeibl, TAK M XOJIU-
CTUYHOM cpeibl 00pa30BaTENILHOrO yUpesKaeHus. [Ipu 9ToM MOC/IeIHIOI MBI OmpesessieM KakK CUCTEeMHO-MHTe-
IPATUBHBIN KOMILJIEKC TPaJIUIMOHHBIX, COBPEMEHHBIX U IEPCIIEKTUBHBIX IMIUMPOBBIX U AHAJOIOBBIX CPEJCTB 00Y-
qeHust; «OyMayKHBIX», JIEKTPOHHBIX U CETEBBIX yYeOHBIX, BOCIUTATEIbHBIX, METOIUIECKAX, HAYIHBIX U HHBIX
nHGOPMAIMOHHBIX PECYPCOB; MPOTPAMMHEBIX CPEJICTB YIeOHOINO0 HA3HAYEHUS W IPOrPAMMHO-METOIMIECKIX KOM-
IJIEKCOB; COBPEMEHHBIX OBITOBBIX rajizkeToB u Jp. SMART-ycrpoiicTs, npegHasHadeHHbIX s MOy YeHnsT HEeOO-
XomUMOil nHMOPMAINH, €€ XPAHEHHU U 0DECIIeUYeHNsT IPEIOIABATENsIM U CTY/IeHTaM OHJIAWH- u odJaifH-1ocTyna
K MH(POPMAIMOHHBIM MCTOYHUKAM; a8 TaKKe y4IeOHO-UCC/IeI0BaTE/IbCKUX U YIeOHO-METOIUIECKUX KOMILJIEKCOB
U JIpyroro oOOPY/IOBaHWS KBAHTOPUYMOB W TEXHOIAPKOB OOPA30BATE/IBHBIX YUPEXKIEHUH, J1aOOpATOPHOIO U
WHOTO y4IeOHO-IIPON3BOICTBEHHOIO O0OODY/IOBAHMUS.

MHeHUsI yIeHBIX-TIeJarOr0B M IICUXOJIONOB OTHOCHUTEILHO HEOOXOIMMOCTH YHUBEPCAJIM3AINN U YHUDUKAIIUT
METOJIOB O0Y4YeHUsI MKOJILHUKOB M TEXHOJIOIHI COBPEMEHHON KOMITETEHTHOCTHO-OPUEHTUPOBAHHOMN ITOIOTOBKHI
CTYJIEHTOB IeJArOrudIecKuxX Mpoduieil js ycruemnoro (hbopMUPOBAHUs TO3HABATEBHBIX YIeOHBIX JeficTBUit
ux OyJIymux YIeHHKOB HE BCETJa OJIHO3HAYHBI. BMecTe ¢ TeM JOCTATOYHO OOJIBINOE KOJIMIECTBO PE3YIHTATOB
UCCJIeIOBAHUI 110 JIAHHOW TeMaThKe, MoJydYeHHbIX, Hanpumep, A.I. AcmosiosbiM, I.B. Bypmenckoii, 11.A. Bo-
sgonapckoit u gp. [5]; IL.4. Tambnepunsiv [6]; HM. 2Knanosoit [7]; T.FO. Kynukosoii [8]; B.B. Mamok [9];
H.A. Cxko6enunoii, I.B. Konockosoit [10]; JL.II. Tepenrsepoit, I1.II. eanoBoii [11], n03BOIAIOT cresaTh Bbl-
BOJ, O I[EJIECOODPA3HOCTH TIOJOOHOIO XOJUCTHYHOTO MHTEIPUPOBAHUS W YHUBEPCAJU3AINN KaK KOMIIOHEHTOB
06pazoBaTeIbHO-BOCIUTATEILHON JIeTeTLHOCTH, TAK U PE3yJIbTATOB CTAHJIAPTU3UPOBAHHON MTOJIIOTOBKU 00y 4a-
romuxest. T.FO. KynukoBoii, Ha ocHOBe aHajm3a IyOJIMKAIMil 10 MIpobjieMaM yHUBEPCAJIM3AIMH O0Pa30BaHUs,
eJI0CTHOE (XOJIMCTUYHOE) BOCIPHSITHE U MIO3HAHNE MHUPA YUYAIMMUCS, & TAKXKE MX TOTOBHOCTH K TBOPYECKOMY
CaAMOPA3BUTHUIO OIPEJIEJISIeTCs KAK «CIIOCOOHOCTh CTPOUTH B3aMMOCBSI3U C MUPOM HA OCHOBE YHUBEPCAJBHBIX 3a-
KOHOB TIPUPO/IbI, IBOJIIONMOHHBIX 3aKOHOB Pa3BUTHUs» M 0CO0O MOAUEPKUBAETCS TPU STOM TO ODCTOATENHCTBO,
9TO «...COBPEMEHHAs CHCTeMa O0Dpa30BaHUsI aKIEHTUDYeT BHUMAHUE HA METAIPEIMETHBIX TPAHCIACIUILINHAD-
HBIX 3HAHUSX M YHUBEPCAJIBHON y4ueOHON mesiTesbHOCTH» [8].
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1. Coueraemocts TpedboBanniit PI'OC COO nu ®I'OC BO
K ¢popmupoBanuio ¥ VI n YK

W3 mpuBelieHHBIX BhIIIE PabOT, a TakKKe JAPYyTHX JIMTEPATYPHBIX HMCTOYHUKOB H3BECTHO, YTO II0 CBOEMY
00pa30BaTEIbHO-IUIAKTUIECKOMY ITOTEHIUAJTY, OIPEIEIsIEMOMY CBOHCTBAMEU WM (DYHKIUSMHU HAJIIPEIMETHOTO
(meranpenmernoro) xapaxrepa, Y Y/ fesnsrcs Ha YeTbIpe OCHOBHBIX BHUJIA: JUYHOCTHBIE, KOMMYHUKATUBHBIE,
peryJaTHBHbIE W TIOo3HaBaTesnbHbIe [5; 9]. Takas e Tpamamusi TpUCyTCTBYeT W B HbHE geiictByomem OT'OC
COO, ompegessitonieM KOMIIOHeHTHI Y Y/, ocBanBaeMbIX INKOJBHUKAMU B IIE€PUOJ UX 0OydYeHUsI B oOpa3oBa-
TesbHOM yupexkgenun. OrHocureibHO YK, (bopMUpyeMbIX U pasBUBAEMbIX y CTYIEHTOB BY30B HallpaBJIeHUS
o/iroToBKU [ledazozuneckoe obpasosanue, CIeyeT OTMETUTb, 9TO ODS3aTEILHOCTH ITUX KOMIETEHIIMH BKJIIO-
yena B omy6smkoBanubiil npoekr ®I'OC BO 4-ro nokosnenus [12] ¢ gononnenuem geiicrsyomero @T'OC BO
(34++) 6a30BBIMH KOMIICTEHIHSIMU.

ITosToMy BIOJIHE yMECTHO HPEAIIOJIOXKUTH, 9TO OBJyajeHne YK BBIIYCKHHKAMH By3a O3HAYAET UX CIOCOD-
HOCTH BBIIOJHSTH PaboTy 10 (POPMUPOBAHUIO M PA3BUTUIO PETYISTUBHBIX, MIO3HABATEIBHBIX U KOMMYHUKATHB-
HbIX Y VY]] y IIKOJIBHUKOB C KCIIOJIb30BaHUEM 00pPa30BATEILHOIO, WH(POPMAIMOHHO-TUJAKTHIECKOTO U yIeOHO-
METOINYECKOrO TIOTEHITHATIA TPAIUIMOHHBIX, COBPEMEHHBIX U MEPCIEKTUBHBIX KOMIbIoTepHbix SMART-cpescrs,
cucrem u rexuosoruii [13; 14]. Ornocurensro xke tpebosanuit PT'OC COO HEOOXOIUMO OTMETUTH, YTO, CO-
IJIACHO STOMY CTaHJAPTY, COBOKYITHOCTH OCBOEHHBIX INKOJBHUKAMHU B TEPUOJ] OOYUEHUST MEXKITPEIMETHBIX II0-
uatuit ¢ YY/ onpenesisier MeTalpeIMETHYIO COCTABJISIONIYIO OOIIMX PE3y/IbTATOB O0yYeHHs BBIIIYCKHUKOB B
MHTErpaliy ¢ JUIHOCTHBIMU ¥ IIPEJIMETHBIMU pe3yJbratamu [2].

Hausumo opranundeckasi coueTaeMoCTh M siBHasi KoppeJsiust B npeanuckiBaeMbix @I'OC BO u @T'OC COO
MMOJIXOJIaX K pe3yJjbraraM o0ydeHusi ¢ nosunuii popmupoBanust YK y CTyIeHTOB By30B HAIIPABJIEHUS ITOJIO-
ToBKU [ledazozuueckoe obpasosanue u YY]I y ydammxcs ob6ImeoOpa3oBaTeIbHBIX IMKOJI. [Ipu sTOM 00paszo-
BaTeJIbHbIE CTAHIAPTHI ONPEIE/IA0T By3aM W IIKOJaM 337adnd (pOpMHUPOBaHUs y obydamomumxcs Taknx YK u
VYV, KoTopble CIyKaT OIHOI M3 OCHOB JJjIs DA3BUTHS HE TOJILKO HHQOPMAIMOHHO-KOMMYHUKAIIMOHHBIX U
COTHAJTbHO-TEXHOJIOTUIECKAX KOMIIETEHIINH, OCOOEHHO BaXKHBIX B IHUMPOBOM 00IIecTBe, a B IEJ0M OOIeit co-
rajbHoN U 1udpoBoii KyabTypbl jguuHocta [4; 15; 16].

Ilomobnast coueraemocth aupekTuBHBIX TpeboBanuiit PI'OC COO m ®I'OC BO HarasaHo MTOATBEPXKIA-
€T, 9TO OIpejiesieHne Hanbojee ONTUMAIBLHOTO, KOMILIEKCHOIO W MHOTOMYHKITMOHAJILHOTO HabOpa yHUBEPCAJIb-
HBIX CPEICTB, METOJIOB, CHCTEM M TEXHOJOTHIl 00pPA30BATEJbHOIO HA3HAYEHHUS, B T. U. TPATUIMOHHBIX <«Oy-
MasKHBIX» ¥ AHAJIOrOBbIX TexHumueckux cpeicrs obydenus (TCO), coBpeMeHHBIX peasbHBIX M BUPTYAJbHBIX
KOMITBIOTEPHBIX I/II<1‘7 a TaKzKe IIePCIEeKTUBHBIX L[I/ICI)pOBbIX HNCKYCCTBEHHO-UHTEJ/IJIEKTYaJIbHBIX, KBaHTOBbBIX H
HeiiporexHosioruit, pobororexandeckux u japyrux SMART-ycTpoiicTB 1 KOMILIEKCOB, 00JIAJAIONINX KOHCTPYK-
TUBHO-00YCJIOBIEHHBIMU (IIPUPOIHBIME) 00PA30BATEJILHBIMY, JUJAKTUYCCKUMUA ¥ METOJAMIECKUME CBOHCTBAMUI
u QYHKIUIMHA, SBISETCS aKTyaJbHON MpOOJEeMOil COBPEMEHHBIX HEIATOTHIECKUX, MCUXOJOTUIECCKUX, METOIM-
YeCKHUX, TYMAHUTAPHBIX, €CTECTBEHHBIX, TOYHBIX W Jpyrux HayK. OUeBHIHO TakyKe, UTO TakKoil HAbOp obpa-
30BATEILHBIX TEXHOJOTMIECKUX CPEJICTB, YCTPOMCTB M KOMILJIEKCOB SIBJISIETCSI OCHOBOM M CHCTEMOOOPA3yIONuM
KOMIIOHEHTOM YHHBEPCAJbHOMN, IEJIOCTHON, XOJUCTUYHON 00pa30BaTe/IbHON Cpelbl, B YCJIOBHSAX KOTOPOM MO-
KeT OBITh B IOJTHOW Mepe peaiM30BaH CHCTEMHO-IIESITeIbHOCTHBIN TOXO0, OIpeIesieMblii 00pa30BaTeIbHBIMU
CTaHJAPTAME B KA4eCTBE HAYJIHO-METOOJOTUIECKON OCHOBBI JIMYHOCTHBIX, METAIPEIMETHBIX U IIPEIMETHBIX
PE3yJIbTaTOB OCBOEHUs OCHOBHBIX oOpaszoBaresbHbix mporpamMm (OOII) obyuatommumucs [2; 3.

Ilo cyTtu, xommcTuaHasi obOpa3oBaTe/NbHAS Cpea IMPEACTABISIET CO00Ht MHOTOMYHKITHMOHAJIBHBIA KOMILIEKC
CPEJICTB, CHCTEM W TEXHOJIOTHil, ONTHUMHU3UPYIONUI MpoIecchl (DOPMUPOBAHUST W PA3BUTUS Y YUAIUXCS YHU-
BEepCAJIbHBIX U MHOIOIJIAHOBBIX YMEHUI M HABBIKOB CaMOCTOSITEJILHOI'O IIOMCKa M cOopa y4yeOHOI U WHON WH-
dopMaIyy, BbIJIBUKEHUS T'UIIOTE3bl WCCJIEIOBAHUS U IPOBEJEHUs €€ SKCIEPUMEHTAJBHOU ITPOBEPKY, yMEHU
JIeJIaTh BBIBOJIBI U YMO3AKJIIOUEHUS [0 PE3y/IbTaTaM HUCCICIOBAHUS, & TAKXKEe APYTUX BAXKHBIX yIeOHBIX, YIeOHO-
METOJINYECKUX ¥ YyIeOHO-UCCIeIOBATEILCKUX JeiicTBuilt u onepanuii. OCOOEHHO BasKHOE MECTO OIPEJIeIEHUE
TaKWX YHUBEPCAJIHHBIX IIPUEMOB U CIIOCODOB 3aHMMAET B OCHOBHOM, CDEJIHEM OOINEM, CPEJIHEM U BBICIIEM IIPO-
deccuonaipHOM 00pa30BaHUU, TaK KaK MMEHHO Ha 3THX YPOBHSX 3aKJIAJbIBA€TCs (DYyHJIAMEHT COIHAJIbHBIX,
OOIIEKYABTYPHBIX U OyIyImuX ITPOdeCCHOHAIBHBIX Ka4eCTB O0yYarommXcs, (OPMUPYIOTCS COIUAJIBHO-TEXHOJI0-
rudeckas 1 1udpoBas FPAMOTHOCTD U KyJIbTYpa JIMYHOCTH YeJI0BeKa [4], 4ro eme pa3 HAIISIAHO IIOITBEPKIAET
coueraemoctb TpeboBanmit PT'OC COO u ®I'OC BO k dopmuposanuio YV u YK.

Bimnsane nadopMalimoHHO-00pa30BaTEJIbHOIO XoJau3Ma X ieh
Ha popMHUpOBaHMEe NOo3HABaTeJabHBIX ¥ Y/ n YK

Ilo mamemy mMueHMIO, 0COOYIO POJIL B Tporeccax (pOpMUPOBAHNS BBIMIEYKA3AHHBIX JIMIHOCTHBIX KAYECTB 00Y-
YAIOLIMXCs MOXKET ChIIPATh IPUHIUI UHMOPMAIMOHHO-00pasoBaresibaoro xoimu3ma (information and education
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holizm — ¥ ieh), KoTOpBI B paMKax OpOOJEMBI JAHHOTO HCCJIEOBAHUS ONUDPEJENSIeTCsl HAMU, B OTJIMYHE OT
nedbuHnMY, upejaraBmieiics panee [17], Kak uHTerpanus ¥ KOMIUIEKCHDOBAaHHE TeX IPHEMOB U CHOCOGOB
Y'Y mKoapbHUKOB W KaTeropuit YK CTyIeHTOB, pasJIWYHBIX IO CBOUM JIHJAKTUKO-COIUAJIHHBIM, IIPEIMETHO-
CHEIUAJIBHBIM U yIe0HO-METOANIeCKUM (DYHKIMSAM, HO UMEIOIUM OJIHY OOIIYI0 KOHEYHYIO IEJb — DPEaIIM3aINIo
CHHEPTeTUYEeCKOro 3ddeKTa U IPUHIHIA IMEPIKEHTHOCTA B PENIEHHH 00Pa30BATE/HLHO-BOCIIUTATEILHBIX 3a-
a4 B YCJIOBUSIX XOJIMCTHYIHON 00Pa30BATE/IBLHON CpeJbl 38 CYeT OObeIMHEHUs] BCEX KOMIIOHEHTOB ITOTEHIUAJIA
nHGPACTPYKTYPBl 00Pa30BATE/IBHOIO YUPEXKJIEHUsT U €r0 MapTHEPOB B €IUHYIO ODIIYI0 CHCTEMY, 00JIaIafoILyo
HOBBIMI Ka4eCTBAMM U BO3MOXKHOCTSIMU JIJIsl TTOBBINIeHNsT 3DPEKTUBHOCTH (HOPMUPOBaHUSA U paspuTust Y Y/
u YK. Cumraem, uro mpumeHnMO K perneruio 3azad gopmupoanus ¥ Y u YK norenmuan X ieh crmocoben
OKa3bIBATH ONTUMHU3UPYIOIEEe BJIAsAHNE, ODECIeUNBas JIOCTUKEHHE IejIeil IIKOJIBHON M BY30BCKOIl IOJIIOTOB-
KM YYAIIUXCd 33 CYeT CJUSHUS OTIEJIbHBIX COCTABJSIONUX (IpUEMOB U CIOCO60B 0OydeHUsI U BOCHHUTAHUA) B
€JINHYIO0 CHCTeMY U YIIPOIIEHUs] BO3SMOXKHOCTEH JOCTUXKEHUsI CUCTEMHOro 3ddekra. VHBIMEU C/IOBAMM, UHTErpa-
nusl 1 KOMOWHAIUsT O0yJaroluX MPUEMOB M CIIOCODOB HA OCHOBE Y. ieh MOTYT JaTh ropasio OObIIuil oOIImii
sddekT or mpumenenus Y Y, gem mpocras cymMMa WHIUBUIYAJbHBIX JACHCTBUN yUIAIIAXCS.
CrpykrypHast Momenb Y. ieh mpusenena Ha puc. 1.
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Puc. 1. Mozaens undopManmoHHo-06pasoBarTeabHoro xommsma (X ieh) [17]
Fig. 1. Model of information and educational holism (X ieh) [17]

Tunorernyeckas dopmyna norennuana P(n) ¥ ieh morna 6bl uMers cieryiomuii Bui;:
P(n) tle+ P(n) eice+ P(n) ies
N nutee
rne P() tle — movenmman (KILI) cpensr TpajgunmorHoro obydenus (traditional learning environment),
P(n) eiee — norennmain (KII) ssekrponnoit nudopMaiimonno-obpasosaresibaoil cpesl (electronic information
and educational environment), P(n) ies — norenmman (KII/I) wabOpMATHOHHO-06PA30BATENBHOIO MTPOCTPAH-
cTBa 00pPa30BATEIBHOIO yupexKaeHus u ero naprHepos (information and educational space), N nuiee — xosn-
YeCTBO MOJIb30BaTeseil (IKOJBHUKOB, CTYIEHTOB, IperojaBaTeseil, HAyuIHbIX U JAPYTUX COTPYJHUKOB) HHGMOD-
MAIMOHHO-00pA30BaTE/IbHOM cpeibl (IpocTpaHcTBa) o6pa3oBarebHOro yupexkaenus (number of users of the
information and educational environment).

Oupenensist nesecoobpasHocTh U upeumyniectsa P(n) ¥ ieh xomucrudHoi 06pa3oBaTesbHON cpeibl B (op-
mupoBannu YK y cTyaeHTOB — OyAymux MeJaroroB M WX MOJATOTOBKE K (POPMHUPOBAHUIO U pa3BuTuio ¥ Y/
y IIKOJIBHUKOB, CTOUT OTMETUTb, UTO II0 PE3YJIbTATAM OIIPOCa ydHuTesell HambOJIbINNe 3aTPyIHEHHUS Yy O00y-
YAIOIINXCsS BO3HUKAIOT IPU BBINOJHEHNH peryastuBHbix (43 %) u nosmasarenbhbix YV (57 %) [18]. D10
JIOTIOJTHUTEIHLHO TOJATBEPKIaeT HaIlle MPEJNOJIOXKeHNe O TOM, 9TO mnudpoBas TpaHcopMmarms 00pazoBaHus
00yCJIOB/IMBaET HEOOXOIUMOCTh CO3JIAHUSI HOBOI CHCTEMBl YHUBEPCAJBHBIX 3HAHUN, YMEHWN, HABBIKOB U KOM-
METEHIII, KOTOpasi MO3BOJIAT ONTUMU3UPOBATEH U aJIAIITHPOBATH CAMOCTOSITEILHYI0 00pa30BaTEIbHYIO JIeITe b
HOCTH ydJaImuxcst K peaymsiM 1udpoBoro obmiectBa. IIpu 3T7oM 0COOEHHO BaXKHOE MECTO B 9TOil cucTeMe Oyer
3aHIMATH COIUAJIBHO-TEXHOJIOIMYeCKasT KOMIIETEHTHOCTD OOy JaIOIINXCsl, OIPEIEISIONias yPOBEeHb UX nudpoBoit
KYJIBTYPbl KaK CIIOCOOHOCTU K IPABUJIBHON, «OBICTPON U yMeJsiol comuaibHoli opuentuposke» [19] B mudpo-
BoM obmmecTBe Ha ocuHoBe YK m YV, chopMupoBaHHBIX B Imporecce o0ydeHusi, ¢ OBICTPOl M IPABUIHHON
pediiekcuBHOl peaknmeil Ha BHeIIHee BO3JEHCTBHE OKpyzKatomeil cpembt [4].

P(n) X ieh = 100 %,
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OueBuiHO Takxke, 4To cucreMa YK y CTYIEHTOB By30B — OYIAyIIUX YUHUTEJEH-IIPEeIMETHUKOB MOYKET OBbIThH
6osiee abdexrusHO chopmupoBana ¢ ucnosb3osanuem P(n) X ieh B npomecce Boimoanenus Y Y/ coBmecTHO €O
MIKOJIbHUKAME, HAIIPUMED, Ha TEJaroTMYecKoll MPaKTUKe WM [PU OPraHu3aIldi BHEYUYEOHBIX OJIMMIINAJIHBIX U
KOHKYPCHBIX MEPOIPUATHH U TBOPUYECKO-UCCIIEIOBATEIHCKUX TPOEKTOB, KOTOPBIE O3HAYAIOT B MIMPOKOM CMBICJIE
«yMEHHE YUYUTHCsl, CHOCODHOCTH CyODbeKTa K CAMOPA3BUTUIO M CAMOCOBEPIIEHCTBOBAHHMIO IYTEM CO3HATEILHO-
'O U aKTHUBHOI'O IIPUCBOEHHUSA HOBOI'O COIMAJIBHOI'O OIIbITa» [4], a C 60.]'[66 y3KOI‘/JI (IICHXOJIOFI/I‘{QCKOP’I) 1103
PaCCMATPHUBAIOTCH KaK «COBOKYIIHOCTH CIIOCOOOB JeficTBuii oby4daromerocsa (a TakyKe CBI3aHHBIX ¢ HUMU HABbI-
KOB y4e0HOIl paboThl), 00eCIeUnBAIONIUX CAMOCTOATE/ILHOE YCBOGHUE HOBBIX 3HaHUil, (popMupoBaHue yMeHWIA,
BKJIIOYAsl OPraHU3allUIo Toro uporeccas [4; 5; 15].

Mpbr camTaem, 9TO OIHO U3 IVIABHBIX MECT B (hopMupoBaHWMH KoMmIoneHTOB YK u mozuaBaresbHBIX Y Y/
Yy OOYYAIONMXCs JIOJKEH 3aHUMATH METOJ MaTeMATHIECKOrO0 MOJIETMPOBAHUs, TaK KaK, 10 u3pedeHuio Mu-
xamsia BacunbeBnda JIoMOHOCOBa «MaTeMaTHKy y»Ke 3aTeM yYUTh HAJI0, YTO OHA YM B IOPSJIOK IIPUBOJUTS
[[Tur. mo: 20]. OsHAKO, K BEJMKOMY COXKAJIEHWIO, IPUXOJUTCSI KOHCTATUPOBATH, UTO B IOCJEJHEE BPEMs U3
COJIepKaHusl HAYaJIbHOIO, OCHOBHOI'O M CpeJHEro o0Inero o0pa3oBaHMs CTAJNA HCKIIOYATbCS HEKOTOpbIe yueh-
wele mpeameTsl o mMaremaruke, a OOIl BO, B paMkax KOTOPBIX MPOMCXOMUT MOATOTOBKA OYIAYIIAX yUUTeNIeH
MaTeMaTUKHU, CYIIEeCTBEHHO COKPAIIEHbI B YACTH MATEMATHYECKUX JUCIUILINH. Takoe MOJIOXKEHHe B CHCTEME
poccuiickoro obpa3oBaHMsl HE TOJBKO COXPAHSIETCS Ha MPOTSKEHUM HAJIOJTO 3aTSHYBIIErocs MEepUojia ee ode-
pesHOrO peddOPMUPOBAHUS, HO U YCyI'yOJIsleTcsi, HECMOTPsl Ha OYEBHUJHOCTH BaXKHOCTH MaTeMaTUIeCKON Ioj-
TOTOBKH ISl CIENUAJINCTOB BCeX orpacieil u cdep rpsymero mudpoBoro comupyma.

2. Meroa MmaTeMaTU4e€CKOro Mo/IeJIMpoBaHug B (pOpPMUPOBAHUU
mo3HaBaTeJbHbIX Y Y/ nm YK

[Tpobaemam comepKaTeILHOrO HAIOJHEHUs CTPYKTYPhl Y Y/l Hambosiee TPOAYKTUBHBIMU KOMIIOHEHTAMHU,
OTIPEJIEJIEHNUs] TICHXOJIOTO-TT€JJATOTUYECKUX YCJIOBUH (DOPMUPOBAHUS M PA3BUTHS ITUX KAYECTB MPU OOYIEHUN Ma-
TeMaTUKe W IPUMEHEHUs JIMJIAKTHIECKOrO MOTEHIIHAIA MATEMATHIECKOIO MOJIETUPOBAaHUs TpU (hOPMUPOBAHUN
o3HaBaTENbHBIX Y Y/, 1OAroToBKM M HOAOOPKH y4ueOHO-/IMarHOCTUYECKUX 3aJIaHUil JJIs BBISIBJIEHUS YDPOBHS
ccopmupoBannoctu YV y o0ydaromuxcst, ©X KOPPEKIUH U MOHUTOPUHIA PE3yJIbTATOB OCBOEHHS INMKOJbHUKA-
MU ¥ CTYJeHTaMH — OyAyIuMH IejaroraMu npueMamu u crocobamu Y Y] B mporecce obydeHns: MaTeMaTHKe
nocsgmiensl pabors:: O.B. Kamukunoit, A.B. Caenyxuna [21]; JI.B. ITasnooii [22]; JI.A. Iloropeanckoii [23];
H.C. Iloaxonosoit [24]; J.A. Pomaniok, E.A. Cyxoseenxo [25]; H.A. Tepemmuna [26] u apyrux uccaegosare-
Jeii. ABTopamMu 3TUX PabOT OMPEIESIOTCS UIAKTHIeCKHe (DYyHKINU, 0DeCIIednBaoNie ONTHMU3AINIO YCBO-
eHusl OOyJAIONMMUCS METO/A M TEXHOJIOTUH MATEMAaTHYIECKOrO MOJIEJIMPOBAHUS Ha YYEeOHBIX M BHEYUIEOHBIX
3aHATUAX 10 MATeMaTUKe U JPYrUM OpejaMeraM. AJIanTupys WX NPUMEHHMO K TeMe Hallell CTaTbh, MOXK-
HO BBIJIEJUTD CJIEIYIOIINE OCHOBHBIE JUIAKTUYICCKHE (DYHKIIMUA MATEMATHIECKOrO MOJEJUPOBaHUS, Hanbojee
sbdekTusable A1 dhopmupoBanua Y Y/ u YK B yciaoBusax XosmcTHIHON 00pa30BaTEIbHON CPEIbI:

— KOTHUTHBHYIO KaK (PYHKIUIO MTO3HAHUS M3ydIaeMOro oObeKTa JMOO perreHust yJIeOHON 3aJadu mocpe-
CTBOM MATEMATHIECKOTO I KOMITBIOTEPHOTO MOJEIUPOBAHUS JIJISI KOHCTPYUPOBAHUS M IIPOEKTHUPOBAHUS MO-
JIeJId, COOTBETCTBYIOIIEH peasbHOMY 00pa3y WM YCIOBUIM 339U C COOJIOIEHUEM JIMJIAKTHIECKOIO TPUHITATIA
JIOCTYITHOCTH OOYU€HHs JJIsi ONPEesIeHUsI KPATIaiIiero, MpocToro U MOHSTHOrO IIyTH PENIeHHs «OT IPOCTOrO
K CJIOZKHOMY> );

— YIPaBJIEHYECKYIO, MTPU TIOMOIIMU KOTOPON BO3MOYXKHO MPOyKTUBHOE BBLIMOJHEHUE YUAIUMUCS U TPENojia-
BaTeJIsIMU TAKUX YHUBEPCAJIbHBIX NEHCTBUIl, KAK: OPHEHTHPOBOYHbIE (HOCTPOEHUE MOJEJIH, MAKCUMAJBHO IIPU-
OJIMZKEHHOI 10 CBOMM TapaMeTpaM K YCJIOBUIO 3aJadd C IOCJEIYIONMM BHECEHHEM B Hee JIONOJHUTEIHHBIX
9JIEMEHTOB); KOHTPOJIMPYIOe (CpABHEHHE CAMOCTOSITEHHO CO3/aHHON MAaTeMATHIECKOH MOJEJIN ¢ PEKOMEH Ly~
€MOil MJIN ITAJIOHHOI MOJIEJIbIO, IIPUBEIEHHON B yueOHUKE MM YIeOHO-METOIMIECKOM HOCOOUH, C COXPaHEHUEM
BapuaHTa CMOJEIMPOBAHHOIO O0HEKTa JIMOO BBINOJHEHUEM €ro IpeoOpa3oBaHuil); KOMMYHUKAIMOHHbIE (OIepu-
poBaHUEe MOJIEJIBI0 U PACCMOTPEHME €€ C MO3UIUN PA3JIMIHBIX BAPUAHTOB PEIIEHUs 3aJIa9d JIsl TOTIOJTHEHUSI U
pacumpenusi Kak cobcrBeHHON nHbOPMAIMOHHOH 6a3bl (onbiTa), Tak 1 0ObsCHeHUs (KOMMEHTAPUEB) IIPHEMOB
HOCTPOEHNSI MOJEJM YUUTEII0 U JAPYTUM YIAIIMCH);

— MHTEPIIPETAINOHHYIO, ¢ TIOMOIIBIO KOTOPOI OJINH M TOT K€ O0BEKT WM CIOCODBI PEIIeHnsT 3aadl MOYXKHO
[IPEJICTABUTD PA3JIMIHBIMU BapHAHTAMU MaTEMATUIECKUX MOJIEIeit;

— 3CTETHUIECKYIO, CIIOCOOCTBYIONIYIO PEAJM3AINN KJIACCHIECKUX JNJAKTUIECKUX [IPUHIUIIOB HAIJISIHOCTH,
HAy9IHOCTH, JIOCTYIHOCTU OOYYEHHsS W TMO3BOJISION(YI0 (DOPMHUPOBATH Y OOYUAIONIUXCS TPUJIEKAHUE, yCepJue,
OTBETCTBEHHOCTD, YJOBJIETBOPEHNE PE3YILTATOM U «IYBCTBO MPEKPACHOTO» OT CO3JAHUsI HE TOJBHKO IMTOJIE3HOM,
HO U <«KPAacHUBOIi» MaTeMaTUYECKON MM KOMIIBIOTEPHON MOIeu;

— GMYHKIUIO I[eJeHAIPABICHHON0 BHUMAHUS JJIs PEAJIM3AINY IPUHIUIA I1eJ1eCO00Pa3HOCTA OOyUueHus u
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obecriedeHrns KOOPJIUHAIIMK JeATEJIbHOCTH U COCPEIOTOYEHHOCTH BHUMAHUS YYAIMXCsl Ha OObEKTEe MOJIE/UPO-
BaHUSI;

— 9BPUCTUYECKYIO (DYHKIUIO, C IIOMOIIbI KOTOPOI IIOCTPOEHHAsI MaTeMaThdecKasi MOJIEJIb [I03BOJISIET yda-
eMycsl TIOHSTh He TOJIBKO KOJMYECTBEHHBIE XapPaKTEPUCTUKHU U KAYEeCTBEHHBIE CTOPOHBI M3ydaeMoro oObeKTa
WIN aJrOPUTMa PEIeHus 3aJ@add, HO W BO3MOXKHOCTHM IIPUMEHEHWs MOJEIN JJIsi PACCMOTPEHUsI IpoOjeM B
JPYIUX HAYKax W y4eOHBbIX IpeiMeTax (HAIPEeIMETHBIH U METAIPEIMETHBIA ACIEKThl JUIAKTUIECKOTO OTEH-
IMajia TIPAMEHEHNsT METO/Ia MATEMATHIECKOTO MOJEJINPOBAHWs HA ypOKax MareMarnkm) [21-25].

Ha ocmoBe oTmedeHHBIX (DYHKIMIT MOYXKHO YTBEDPXKIATH, YTO MATEMATHIECKOE MOJETUPOBAHUE SIBJISETCS
Hanbojiee ONTUMAJBbHBIM U 3(DDEKTUBHBIM cpelicTBOM it popmupoBanust u passutug Y Y/ u YK y obyga-
IOIUXCS B YCAOBUAX XOJUCTUIHON 0Opa30BATENbHONW Cpeabl W Iepexona K IudpoBoMmy obpaszoBanmio. Bosee
Toro, mozenupoBanne paccmarpuBaercs H.C. TloaxomoBoit kak ommo u3 Y Y/ mpum m3ydeHnn MaTeMaTwKA B
HauasbHO mkoie [24], a K.B. Mansunesa cuuraer, uro Y Y/ «riaBHbIM 06pasoM (hOpMHUPYIOTCS Ha yPOKAX
MareMaruku» [27], HOTOMY 9TO MMEHHO HA HUX Yy OOYYAIONIMXCHA PA3BUBAIOTCS IIOCPEICTBOM MCIIOJIL30BAHMS
MIPUEMOB MOJIE/IMPOBAHUS TAaKWe CBONCTBA HHTE/LUIEKTA JIMIHOCTH, KAK: MATEMATHIECKAs WHTYWIINSA, JIOTHIe-
CKO€ ¥ MPOCTPAHCTBEHHOE MBIIIJICHNE, TEXHUIECKUI, KOMONHATOPHBI U AJTOPUTMUAYECKUN CTUIU MBIILIEHA,
COBEDIIIEHCTBYETCS U DPAa3BUBAETCH CHUMBOJIBHBIN fA3BIK MaTeMaTUKX. MBI HOJJIepKUBAeM IOAOOHBIN IOIX0Md U
YBEPEHBI B TOM, YTO MaTeMaTUYeCKOe MOJIeJINPOBAHME 3aHUMAaeT BarkKHeiilllee MeCTO Cpeld CPeJICTB, METOJOB
W TEXHOJIOTHIl HeIAJEKOro IMpPOBOro m OyIyliero KubOEepHETUIEeCKOro O0YJIeHUs .

IIpomoirzkasi paboTy B paMKax MeTOIUKO-IUJAKTHIECKOTO HAIpaBJIEHMs, HAMU ObLIN IIPOAHAJIU3UPOBAHBI
¢ omopoii Ha crarbio [1.4. Tanbnepuna [6] ocobenHOCTH GOPMUPOBAHUS M PA3BUTHUs [O3HABATENBHBIX Y Y] y
MKOJIBHUKOB 1 YK y CTYIE€HTOB C MCHOJB30BAHMEM MATEMATHIECKOTO MOJIEJUPOBAHMUS KAK METOIA, ITO3BOJISIO-
IEr0 MOBBICUTD 3 HEKTUBHOCTD MOy IeHNs, YCBOCHUsI U TPUMEHEHUS HOBBIX 3HAHUI B YCJIOBUSAX XOJTUCTUIHON
06pa3oBaTeIbHOI Cpebl, MHTErPUPYIOIIEeil aHAJIOTOBbIE U KOMIIBIOTEDHBIE CPEJICTBA O0Oy4UeHusi, 1 0COOEHHOCTEH
nudpoBoit Tpamchopmanuu obpasoBanus. [Ipum 3TOM B KOHIENTYaJbHON ITOCTIEIOBATEILHOCTU OIPEIessaIach
creredb 3MMEKTUBHOCTH JIMJIAKTUYECKOrO IMMOTEHIUAIa MEeTO/a MATEMATHYECKOTO MOJIEJUPOBAHUS HA TaKUX
sramax ¢popMmupoBaHus mnosHaBareabHbIx Y Y m YK, kak:

— cocrapjieHne CTpyKTypHO-torndeckoii cxembl (CJIC) mam mpoeKTUpOBaHWE 3HAKOBO-CUMBOJIBHOTO BapH-
aaTta (3CB) maremarndeckoil Mojenu WM IOciaenoBaTesbHOCTH (asropurma) Y VY] juisi pernenusi yaeGHOMN
33729 C BO3MOYKHOCTBIO OKA3aHWs ITOMOIMU IIeJArOrOM B ONpEIeeHUH MPABUJIBHBIX HAIPABICHUN DU BBI-
[IOJIHEHUU 3aJIaHUsl KaK <«3HAKOMCTBO CO CXEMOIl OPHEHTHPOBOYHOII OCHOBBI JieficTBus» [6];

— koppekrupoBka CJIC (3CB) nosuasarenbubix Y'Y/, BoiionseMas (Opu HEOOXOMUMOCTH) YUYAIIUMCS
COBMECTHO C YUHUTEJIEM;

— peienne y4eOHO (MCCIEI0BATEIbCKON) 30891 JJIf MOJIyYeHUsT OKUIAEMOrO PE3YJIbTaTa COIJIACHO CO-
crapiiennoii panee CJIC (3CB) maremarmueckoit mogenu [28], wiam, Kak 3TO OUPEAENAETCS B TEPMHUHOJIOIUI
I1.4. Tanbuepuna, «BbIIOJHEHUE YIeOHOIO NEHCTBUSA B MATEPUAIHHOM WM MATEPUAJIU30BAHHOM BHe» [6];

— BHEIIHEPEYEBOE U BHYTPUPEYEBOE JEMCTBUsl YUAIIEroCs IIPU PEIeHHH MaTeMaTHdecKoil jubo WHOM 3a-
Jadan (3Tal «IIPOrOBApUBAHMsI» BBINOIHsIeMBbIX JeiicrBuii cormacHo CJIC (BCM) maremarwdeckoil Mojenun ¢
UCIIOJIBb30BAHUEM <IIOJCKA3KU» YUUTEJNs U «IPO cebs) € IIOITAIHBIM [EPEXOJ0M K HOBBIM 3JIEMEHTaM MOJEJIU
[P €e IIOCJEeI0BATE]HHOM COKPAIEHUU 110 Mepe BBIIOJHEHUs dacTeil 3a/1adu;

— IIPOBEpPKa IIPABWILHOCTH PEIIEHUs 3aJa4dd I[TOCPEICTBOM BBITOJHEHUSA <«IEHCTBAN B YMCTBEHHOM ILJIAHE
Ha dTare GOPMUPOBAHUS YMCTBEHHBIX HABBIKOB, HA KOTOPOM IIPOMCXOIUT aBTOMATH3AIlds JIeHCTBUil, Oe3 CJIOB,
HeOCO3HaHHO» [6].

st oupenestenust crerenn 3MMEKTUBHOCTH AUIAKTHIECKOTO MOTEHIMATIA METO/a MATEMATHIECKOTO MO-
JIeTUPOBAHUSI W €ro ONTHUMU3UPYIOMIETO BIWAHWS Ha (HPOPMUpPOBAHWE W PA3BUTHE ITO3HABATEILHBIX Y Y/ ¥y
YYEHUKOB OCHOBHOM INKOJIBI HA YPOKAaX MaTeMaTUKU HaMH ObLIM I0J00paHbl CIIENUAJIbHbIE 33/aHUs, KOTOPhIE
[IPEJICTOSLJIO PEIIUTD, IIPEJIBAPUTEIFHO CMOJEINPOBAB M3y4YaeMble OOBEKTBI, YCJIOBUsI U aJrOPUTMbI HEOOXOIH-
MbIX geficTBuii. [Ipumepsr Takmx 3a7ad MPUBOIATCS HUXKE:

3agaua 1. CocraBbTe MaTeMaTHYECKHE MOJEIH JJIs CJEYIONIX 3aJ1at:

1. CuoprusBHas miomaaka miomaapio 2400 KB. M oropoxkera 3abopom jyunoit 200 M. Haiiaure jymay n
[IUPUHY STOM ILJIOMIAIKY.

2. Moxno i paznoxuTh 96 KPYy’KKOB OJMHAKOBBIMHU Ds/IaMU TaK, YTOOBI pPsioB ObLio Ha 16 MeHbIe,
YeM KPYXKKOB B KayKJIOM Psiy?!

3. I3 aByX IIyHKTOB, PACCTOSHHE MEXKJy KOTOPBIMH PAaBHO H4 KM, BBIILIN OJHOBPEMEHHO HABCTPEUY APYT
ApYyry IBe TIPYMIbl TypucTroB. Uepes 3 dWaca MM OCTaBajoch npoiitu no Bcrpeun 9 kM. Haidinure, ¢ Kakoit
CKOPOCTBIO IILJIA KaXKjasi IPYIIa, eCJu U3BECTHO, YTO Ha BEeCh IIyTh IIepBasi 3aTPaTuja Ha 3 9 MEHBIIEe BTOPOI.

4. Jlpy3uaunoe uuciao B 7 pa3 Oojbine cymMmbl ero mudp u Ha 52 00Jblle MPOU3BEIEHUs CBOMX IudD.
Haiiure sTo 4gucio.

Cpein JAaHHBIX CHUCTEM HafauTe Ty, KOTOpas OTJIMYAeTCS OT TpeX JPYruX, W pemure ee. Uem maHHas
CUCTeMa OTJIMIAETCS OT JAPYruX?!
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Orser: (6; 9).

3amaya 2. [lepesn Bamu reomerpuueckasi purypa ImeCOYHBIX YacoB, 0Opa30BaHHasi rpadukaMu QyHKITHI.
Ompenenure, rpadukn Kaknx GyHKIW n300parkeHbl Ha pucynke. Haiiaure obsacTu onpeiesieHus U 3HAYCHUS
KaXXJI0f (yHKIINH.

OrBer: OyHxuum, IpeicTaBIeHHBIe Ha rpaduke: y = x°; y =

3. 4T
- y_7a y__7
O6sacry onpegesenus byukumit: D(y) = [—2;2].
Obaactb 3navenus bynkuuit: E(y) = [—8;8].
3agaua 3. He Bcerja KusHeHHbIE 33/1a490 OYAyT JABAThCS BaM B SIBHOM BHJIE, I MATeMaTHIECKUE 3aJIadl
He uckiiodenne. [lompobyiiTe mocTrpouTh mapabosly W HaIUCATh ee ypaBHEHUE, He 3Has TOYHBIX JAHHBIX. Bam
JIAHBI JIAIIb CJIEJYIONe yTBEPKIeHUs: v apabosbl 2 BepiuHbl, ock cumMerpun — ocbk Oy; Ha orpeske [0; 2]
napabosia yObiBaer, a Ha Jyde (2; +00) — Bo3pacraer; HU oxuH u3 KoddduimenTos He pasen 0; opauHaTa
BepmuH pasBHa 1.
Pemenune:
i
'I | i
i 1| |I
'I e |
I' .I II.
1 1l.l.| .'I
= 51 .'l\._% J !
S | S

[IpuBenenHubIe 33729 OTHOCATCS HAMH K PAa3Psy AUIAKTHYIECKAX MATEPUAJIOB, IMO3BOJIAIONIAX OCYIIECTB-
JaTh (GOpMUPOBAHUE, PA3BUTUE U JAUATHOCTUKY YPOBHS IMO3HABATEIBHBIX Y Y/l MIKOJBHUKOB, TaK Kak obeciie-

YUBAIOT KOPPEKIMIO U MOHHTOPHHI PE3yJIbTATOB OCBOeHUs IpueMamu u crocobamu ¥ Y/l B mporecce o0ydeHust
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MaTeMaTHKe, B TOM UHCJE U <«CPeJCTBaMH OOJAUHBIX JIEKTPOHHBIX Tabmury [21]. Tlociesnee cBoiicTBO OCO-
OeHHO aKTyaJbHO W 3Ha4YUMO isi dopmupoBarus Y Y/ u YK B ycaoBusix XOJMCTHYHON 00pa3oBaTe/IbHOM
cpepl.

B mpomeccax dopmupoBanust u paspurus YK y Oymymux 6akajaBpoB M MaruCTpOB II€JIarorudeckoro o6-
pa30oBaHUs B IEPHUOJ, WX IOJANOTOBKU B By3€ BeIyllas POJIb METOJa MaTEeMATHIECKOIO MOJIETUPOBAHUS TaK-
ke oueBugHa. [Ipmaem B pamkax OOIl HakamaBpuaTa 9TOT METOJ JOCTATOYHO WHTEHCUBHO MPUMEHSIETCS HE
TOJBKO HA AyJUTOPHBIX 3aHATHAX 10 MATEMATHIECKUM W JIPYTUM JUCIIUIIMHAM, TP BBIIOJHEHUH KYPCOBBIX
(KP) u BbimyckHbix KBasmdukanuonubix pabor (BKP), a m Bo BHeyueOHBIX HAYYHO-TIPAKTHUIECKUX, KOHKYDC-
HBIX U OJIUMIIUAJIHBIX MEPOIPHUSITUSIX C yYaCTHEeM IperojaBaresieil U CTYAeHTOB. B KadecTBe IMOJOOHBIX IpU-
MEpPOB MOXKHO IIPUBECTU TAKUE MEPOIPHUSTUsI U IIPOEKTHI, peajausyeMble (hbaKyJIbTeTOM MATEMATUKHU, (DU3UKU U
undopmaruku CaMapcKoro rocyJapcTBeHHOrO conuasbHo-Tegarorudeckoro yuusepcurera (PMOU CICILY),
KaK:

— Beepoccuiickag (¢ MEXKJIyHAPOJHBIM Y9IaCTUEM) HaydHO-IPAKTUIeCKast KOH(epeHus «AKTyalbHbIe PO-
6J1eMBbI €CTECTBEHHOHAYYIHOIO M MaTEMATHIECKOTO OOpPA30BAHUSY |

— obsyacTHOt cemuHap yuumresneiit maremaruku u dusuku «lIIkosbpHOE dusnKo-mMaTeMaTnaeckoe obpa3oBa-
HUe: TMePCIeKTUBbI pa3BuTHsy» Ha Oaze Texuomapka yHuBepcasbHbIX nemarormdeckux kommererrnuit CI'CITY u
yuebHbIX Jaboparopuii Kadeapbl dbusuku, MareMaruku u meroiuku obydenus (OMuMO) OMOU CI'CITY;

— PErmoOHAJBHBI KOHKYPC HKCCJIEIOBATE]bCKUX PAOOT M MPOEKTOB ITKOJBHUKOB B O0JIACTA MaTEMAaTHKU,
npuKIagHOl MaremMarnku «Maremarmka BOKPYT HAC»;

— €XKerOJIHbIN 00/IACTHOM KOHKYPC yUeOHO-MCCIIeI0BATEIbCKAX TPOEKTOB yYaIuxcs 00Ieobpa30BaTeIbHbIX
yapexaeHuit «Mup TBOMX OTKPBITUI»

— CTyIeHdYecKasi MpouIbHO-TIpeaMeTHas oymMiuaia «Hemens maremarnkun u dusukun OMODPU»;
— MexK(aKyJIbTeTCKUAN CTYJIEHYECKHI KOHKYypPCe MEeTOJMYECKUX pas3paboToK «f miay Ha ypoK...»;

— CTYJIEHYECKHUI Hay4IHO-MeToauvdecKuili KpyxKok «Ilepsble maru B npodeccuio» B camapckux MBOY COIII
Ne 6 m Ne 132 ¢ mesnpio morpyzkeHus OYAyIIMX II€/IarOroB B IIPOMECCHOHAJIBHYIO JI€ATEJbHOCTD YUUTEJsT Ma-
TEeMaTHUKH;

— IPOrpaMMbl JOIOJHHUTEILHOTO HIPOMECCHOHAJIBHOIO 0O0pPa30BaHUs, peaJM3yeMble IIPENoaBaTesIMU
OMOU CI'CITY: «IIpoekTupoBaHue OpraHU3alUK YIeOHO-MCCIIEI0BATE/ILCKON U MIPOEKTHOMN JlesiTe/IbHOCTH 00Y-
qaroruxcsy; «OumMnuana kKak ¢GopMma paboThl ¢ OHAPEHHBIMEU JeTbMuy; «Opranusarus oOydYeHUs C IIpUMe-
HeHmeM megarormieckux cpencts IMOC B mkoses.

Ornocurenibao pasputust YK y crymenroB marucrparypet PMOPU «Maremarnka u nHGOPMATUKA B YCJIO-
BUSX NUPOBU3AINN 00PA30BAHUST» MOXKHO OTMETHTB, 9TO HA OCHOBE XapaKTEPUCTUKW HAIPABJICHUS WX ITOMTO-
TOBKH K NPO(ECCUOHAJIBHOM JIeATeIbHOCTH, a TakKe TpeboBanmii K pedyiabraram ocBoenust OOIl u ee cTpyk-
Type, comepxkamumucsa Bo ®T'OC BO, HeoOX0oIUMOCTb BKJIIOUEHHS MaTEMAaTUYECKHUX METOIOB U METOIOB KOM-
[IIOTEPHOIO MOJIEJIUPOBAHKUS B COJIEpKAHUE IIOJTOTOBKUA MArUCTPOB I1€/IaIOIMYECKOro OOpasoBaHMsS B YCJIO-
BHSIX XOJIMCTUYHON 0Opa30BaTe/bHOI cpelibl He BbI3biBaeT coMHeHHusi. C 1e/ibl0 MOBBIMeHUsT 3P EHEKTUBHOCTU
dopmupoBannss YK y Oyaymmx MarucTpOB-TIEIaroroB W IIOBBIMIEHUS KAadecTBAa UX IOJITOTOBKU B COIEpIKa-
nme wazBanaoit OOII BBO Bkioden y4uebmblii Kypc «Maremarudeckne METOABI W METOMBI KOMITHIOTEPHOTO
MOJIEJINPOBAHNUS B OOPA30BAHUU>.

IIpu sTOM CTOMT OTMETHUTH TO ODCTOSTEIHLCTBO, UTO YCJOBUsI XOJUCTHUYHON 0OpPAa30BATEIBLHON CpEeIbl, U B
0COOEHHOCTH TAKOT'O0 KOMIIOHEHTa ee CTPYKTYphl, Kak coBpeMenHas DUOC Bysa, 00yC/IOBIMBAIOT HACYITHYIO
HEODXOMMOCTb MHTEHCUMUKAINN [IPUMEHEHUs] METOIOB KOMIIBIOTEPHOIO M MATEMATHYECKOIO MOJETUPOBAHUST
MarucTpPaHTAMH B CBOUX HAYIHBIX HUccCaeoBaHusx mpu mnojaroroke BKP B dopme marmcrepckmx jamccepra-
nwmit. OIHAKO Ha OCHOBE HAIIErO OIBITA, U3 MMPAKTUKUA WX 3AIUT CJEYyeT, YTO ITHM METOJAM IT0OKa OTBOIUTCS
JINIIIb POJIb CBOEOOPA3HOM «IOAPYYHON» OCHACTKU WJIN JOIOJHUTEJBHOIO CPEICTBA MaTEMATHIECKON CTaTH-
CTUKU JIJIsl TIOJITBEPXKIEHUs TUIIOTE3BI TPOBOIUMOTO uccieoBanus. OCOOEHHO 3aMeTHA Ha 3alllUTaX MarucTep-
CKUX JIUCCEPTAIWii 0 HaNpaBJIeHWI0 TOoAroToBku I[ledazozuveckoe obpazosarue HEONPABIAHHOCTH HEKOPPEKT-
HOro (C MATEeMATHYECKOH TOUKM 3pEHUsl) MPUMEHEHHsI M3BECTHBIX CTATUCTUIECKUX MeTOmoB. Kak Hamm yike
oTMeuasioch paHee B pabore [28], ocHOBHBIe ommOKM (puc. 2), JIOIyCKaeMble MAruCTPAHTAMU-TIEArOraMi [IPU
IOJI'OTOBKE M 3alllUTE€ CBOUX JUCCEPTAIN, BBIPAXKAIOTCS B HECOOTBETCTBUM HCIIOJIb3YyEMBIX METOO0B IIpejjia-
racMoif KOMIIBIOTEDHOIl MJIM MaTeMaTHYeCKOIl MOJIeJIM, & TaKyKe MeXKJy MOJIeJIbI0 M IPAKTUKONH, MOJEIbI0 U
1IeJIbI0 MOJIe/IMPOBAHUA.

MpsbI cunTaeM, 9TO WCIIOJIH30BAHUE METOA MaTEMATHIECKOIO MOJAEJUpOBaHusS B ¢dopmupoBannn YK y BbI-
IyCKHUKOB II€ArOTNYIECKOro 0aKajaBpuaTa, KOTOPbIE BIOCIEICTBAN IMOCTYIIAIOT YIUTHCS B MATUCTPATYPY, MO-
2KET CIIOCOOCTBOBATDH IIOBBINIEHUIO WX IIOJTIOTOBJIEHHOCTH K HEJIONYINEHUIO TAKAX OIIHOOK.
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Puc. 2. Knaccudurarys OCHOBHBIX ONIUOOK, JOIYCKAEMBIX MarvuCTPAHTAMU B JIUCCEPTAIASX 110 IEJArOTMKe
Fig. 2. Classification of the main mistakes made by undergraduates in dissertations on pedagogy

3. PesyabTaTrbl OIBITHO-3KCIIEPUMEHTAJIBHON padOThI

ONBITHO-9KCIIEPUMEHTAIbHAST JACTh Halleil paboThl MO ONpPEESIEHIIO BJIMAHUS METO/a MATeMATHIeCKOTO
MOJIeJINPOBaHUs Ha (POPMUPOBAHUE U PA3BUTHE IO3HABATEIBHBIX Y Y/l ¥ HIKOJBHUKOB B YCJIOBHUSAX XOJUCTUY-
HOIT 00pa30BATEJBHON CPEJIbI BBINOJHSIACh KAaK JUIIOMHOE HCCIIEJOBAHUE B OONE0OPA30BATEIBHBIX IITKOJIAX
Hepepkunckoro paitona Ilenzenckoit obsractu. B Heil mpuHuMa M ydacTue OOydarOmMmnecs OCHOBHOHN IKOJIbI —
VIeHHKN 9-X KJIaCCOB B KOJUYECTBE 57 UEJOBEK, BKJIIOUYEHHBIX B 2 KOHTPOJbHBIE M 2 IKCIEPUMEHTAJHHDIE
rpyunsl (kiaccel). Pafora cocrostia M3 TPAJIUIMOHHBIX ITANOB: KOHCTATUPYIOMEro, (GOPMHUPYIOIIEro U KOH-
TPOJILHOTO.

Ha mepsom u3 mHux B (bopme cobecenoBaHusi, pelreHnsi KOHTPOJIBHBIX 3aJ[ad U TECTHPOBaHUs OBbLI OIpe/ie-
JIEH HAJaJIbHBII yPOBEHb MO3HABATENbHBIX ¥ Y/ obyuaromuxcs. [liman paborsr hopMUpYIOIIEro sTamna BKIOYIAIT
B cebst oreHkKy 3(hhEKTUBHOCTH METO[a MATEMaTUIEeCKOrO MOIEJIMPOBAHUS U €r0 IIpUMeHeHue [iisi (hOpMUPOBa-
HUAS U Pa3BUTHs [TO3HABATEIBHLIX Y Y/ y NE€BATUKIACCHUKOB HA yPOKAX MATEMATHKH C IIPOBEIEHUEM JIUATHO-
CTUYECKUX CPE30B U IOCJIEJyIOIIell KOppeKNuell JMeHCTBUIl ydaluxcsd U yduTesieil, KOTOPbIM ObLIN IIPEI0CTaB-
JIEHBI METOJMYEeCKNe PEKOMEHJIAIINN, COJIepKalllfie COOTBETCTBYIOIINE 3a/[aHusl, pa3paboTaHHbIEe U TOI0OpaHHBIE
HaM{ TPUMEHUMO K TeMe HCCJIeJOBaHUs. DTOT ITAIl IKCIEPUMEHTa MPOBOJIWJICA B TeUYEeHHWE JBYX dYeTBEpTei
2022/23 y4eGHOrO TOJA.

SaKJII0OYNTEBHBI KOHTPOJIBHBINA 3TAIl ONMBITHO-9KCIEPUMEHTAJIBHON PabOThI BKIIIOYAJ B ceDsi UTOrOBBIN JiU-
ArHOCTUYECKUII Cpe3 MO pe3yJsibraraM (DOPMUPYIOIIEro dTama. Kro e sBistioch 00600IeHne U CPaBHUTEIb-
HBII aHAJN3 PE3YJIbTATOB, MOJYYECHHBIX HA MPEJbIIYIIINX ITANaxX dKCIIEPUMEHTA, & TaKyKe COCTABJICHUE U CUCTe-
MAaTHU3AIMI0 BBHIBOJOB U 3aK/IIOUEHUI 110 MPOBEICHHOMY HCCJIEIOBAHMIO. 1IprM 9TOM yYacTHUKAM SKCIEPUMEHTA
IABAJINCh COOTBETCTBYIOIINE 3a/IaHUs, IIO3BOJISIONINE OIPEIEIUTh YPOBEHb C(HOPMUPOBAHHOCTH ITO3HABATEIb-
HBIX Y'Y/l y obyuaromuxcss OCHOBHO INKOJIBI ITOCPEJICTBOM IPUMEHEHHUS MeTOIa MaTeMaTHYEeCKOI'O MOJIEJINPO-
BaHUS.

PesysibraTbl UTOrOBOIO JIMAIHOCTUYECKOTO CPE3a IIPUBEJEHbI HA Jauarpamme (puc. 3):

80 1%
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Puc. 3. Pesyabrarsl BAuSHUS METOHAa MaTEMATHIECCKOTO MOICINPOBAHUsS HAa (POPMHUPOBAHUE W PASBUTHE
mo3HaBaTENbHBIX Y Y]] y IIKOJBHUKOB B YCIOBHUSAX XOJUCTUIHON 00pa30BATEHHON CpeJIbl
Fig. 3. Results of the influence of the method of mathematical modeling on the formation and development
cognitive ULA in schoolchildren in a holistic educational environment

W3 npuBeseHHO auarpamMMbl CJIEIyeT, 9TO JaHHbIE CPABHUTEIBHOIO AHAJIN3a PE3YJIbTATOB KOHCTATHPYIO-
IEr0 M KOHTPOJIBHOI'O ITAIOB OIBITHO-IKCIEPHUMEHTAILHON PAbOTHI MOKA3aJ/IM yBEJWYEHNE BBICOKOTO YDPOBHSA
¢OPMUPOBAHHOCTH TMO3HABATEIbHBIX Y Y/ vy obydaomuxca wa 57 %, cpexnmit yposenb Y Y/l cHusmica Ha
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12 %, a HUBKOro ypoBHS HE OCTAJIOCH HHM Yy OJHOIO M3 yUAIIUXCHA, BXOAMBIIMX B SKCIEPUMEHTAJLHYIO TPYIILY.
Takum 06pa3zoM, MOXKHO CIEJaTh BBIBOJ O TOM, YTO €CJIM B IpOIecce ODyYeHWs] MATEMATUKE B XOJMCTUIHON
00pa30BaTEIBLHON Cpejie OCHOBHOM IIKOJIBI MCIOJIb3yEeTCs METOJI MATEMATHIeCKOr0 MOJEIUPOBAHUSI, TO IIPOIECC
dbopMupoBaHusa W PAa3BUTHs IMO3HABATEJbHBIX Y Y/l y obydaromuxcs cramer ropaszno dddexkTusHee.
DKCHEPUMEHT TI0 OIPEJIEJeHNI0 cTerneHn 3(hMEKTUBHOCTH MTPUMEHEHUsSI MEeTOJ/Ia MATEMaTHIECKOrO MOJIEJIN-
poBanus it (DOPMHUPOBaHUSI W Pa3BUTHs YK y CTYJIEHTOB I€Jaroruv4eckoro OakajiaBpuaTa U MaruCTPaTy-
pBl — OyIyImuX yduTeseil MATEMATHKU B YCJIOBUSIX XOJUCTUIHON 00pa3s0BaTEIbHON cpeje By3a IJIAHUDPYETCH
uposectu B 2023/24 yuebuom romy. Bmecre ¢ Tem Ha ocHOBe HaOIIOAEHMIT, PE3YJILTATOB IPOMEXKYTOYHON U
WTOTOBOW aTTECTAIMU ODYJAIONIUXCS M COOCTBEHHOIO OIBITA MOYKHO IIPEIOJIOXKUTH, UTO OH IIO3BOJISET OITH-
MHU3UPOBATH HUCCJEIyeMble TPOIECChI, a Koppesamnus u coderaemocts Y Y/ ¢ YK mo3Bosisier roBOpPUTH O HUX
Kak 00 YHUBEpCaJbHOM BBICOKO3(MD(MEKTUBHOM HHCTPYMEHTAPHM OPraHU3AIMA COBMECTHOMN JIesITe/IbHOCTU YUu-
TeJsieli-IPeIMETHUKOB U OOYYalOIIUXCs JIJisl PelleHns 3a7ad (pOPMUPOBAHUSI U PA3BUTHUs JTUIHOCTHBIX KAUYECTB
MIO/IPACTAIONIETO TIOKOJIEHUs TP TOATOTOBKE K KU3HU B IMU(PPOBOM HHMOPMAIMOHHOM OOIECTBE.
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MATHEMATICAL MODELING AS A METHOD OF FORMING COGNITIVE
UNIVERSAL LEARNING ACTIONS AND COMPETENCES OF STUDENTS
IN THE CONDITIONS OF A HOLISTIC EDUCATIONAL ENVIRONMENT

ABSTRACT

From the standpoint of information and educational holism X ieh, conditions and features of the
transitional period of digital transformation of education, the didactic potential of mathematical modeling in
the formation and development of cognitive universal learning activities (ULA) in mathematics lessons for
schoolchildren and universal competencies (UC) in the study of mathematical and methodological methods
is analyzed-mathematical disciplines by students of universities of the direction of preparation Pedagogical
education. Based on the compatibility of the requirements of the federal state educational standards of
secondary general and higher education (FSES SGE and FSES HE), which determine the conditions and
features of the formation and development of universal learning activities in schoolchildren and universal
competencies in students — future teachers of mathematics, the optimizing effect of 3 ieh on these processes.
The possibilities of mathematical modeling are considered as an educational technology that makes it possible
to increase the efficiency of obtaining, assimilation and application of new subject and methodological
knowledge by students in conditions of mixed offline- and online-learning. A model of information and
educational holism and examples of tasks are given.

Key words: digitalization of education; math modeling; information and educational holism; holistic
educational environment; cognitive ULA; UC; training teachers of mathematics; development of personal
qualities of students.
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ABSTRACT

For modeling in time series, models with fractional differences are widely used. The best known model is
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Introduction

To describe processes of various nature, equations with derivatives are increasingly used. and differences of
fractional order. Despite the lack of a simple interpretation, which give derivatives, integrals and differences
of integers, models described by fractional-order equations, make it possible to accurately simulate many
processes in physics and technology [1-4|. In connection with the active development and application of
equations with differences and fractional derivatives for modeling and forecasting problems, methods for
estimating systems have also begun to actively develop, describing fractional-order equations and differences.

Autoregressions with fractional differences are widely used in the analysis of time series with long
memory [5; 6]. There are a large number of different models with generalizations of fractional differences,

IThe work was carried out as part of the development program of the Scientific and Educational Mathematical Center of
the Volga Federal District, agreement No. 075-02-2023-931.
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such as Gegenbauer autoregressive moving average (GARMA) [7; 8], fractional ARUMA [9], seasonal
autoregressive fractionally integrated moving average (SARFIMA) [10; 11], and autoregressive tempered
fractionally integrated moving average (ARTFIMA) [12; 13]. Various aspects of using fractional differences
for time series analysis have been considered [14; 15].

It is known that for autoregressive models of an integer order, autoregressive models with additive noise can
exceed the accuracy of ARMA models and autoregressive models [16]. An overview of methods for estimating
integer-order autoregressions in the presence of noise is presented in [17]. In the articles [8; 18; 19], the author
considered the estimation of autoregressions with fractional-order differences in the presence of noise with a
known noise ratio.

The article presents a new method for estimating parameters autoregressive models with fractional
differences in the presence of additive noise with an unknown variance of additive noise.

1. Basic results

Time series, is described by linear stochastic equations with fractional order differences:

zi= Y WMAY™L 4Gy =2+ &, (1.1)

m=1

o0
where b(™ are constant coefficients; 0 < a ... < ay; I'(a)= [ et 1dt .
0
K3 .
Avmz =" (=1) ( aj’.” )zij is fractional difference;
j=0
< aj’i” ) = % is generalized binomial coefficients.
It is required to estimate the unknown coeflicients of the dynamic system described by (1.1) from the
observed sequence {y;} with noise for the known orders r , ay,.
If r and, «,, are unknown, it is necessary to apply algorithms based on global optimization, such as
genetic algorithms [8].
The following assumptions are introduced:
Al. The dynamic system (1) is asymptotically stable.
A2. Noises {&} and {(;} are statistically independent sequences with E{&} = 0, E{¢;} = 0, E{ff} =
= 052 < 00, E{Cf} = Jg < oo a.s., where E is the expectation operator.
A3. The output sequence {z;}, is independent of noise sequence {&;}. The noise sequences {&;},{¢;} are
mutually independent.
In [18], the following objective function was proposed for estimating the parameters:

Iy — Cbl;
_— 1.2
b 1+ + bTHeb’ (12)
where
A =m0 () () Shm=Tr= 1T

C= (o7 ... ¢T) eRPNY = (yr...yn) € RV b= (b0 b)) c R7,
@ = (Ay; 1,0, A%y q) € RV y = 02 [0?

Theorem 2.1. [18] Let the dynamic system described by Equation (1.1)with initial zero conditions and
assumptions A1-A3 be introduced. Then, the estimate of the coefficients determined by expression (1.2)
exists, is unique, and converges to the true value of the coefficients with probability 1, i.e.:

b(N) 2% by (1.3)

N—oo

Proof. The proof of the theorem is similar to the proof given in [20].
The minimum of function (1.2) can be found as a solution to the biased normal system of equations

(CTC —62He) b= C"Y. (1.4)

If the noise variance is unknown 0?, then it is necessary to use the estimate of the additive noise variance

ag. The variance estimate 6 can be found as the minimal generalized singular value

65 = Omin (C,Lg) 5 (15)
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where omin (C_', Lg) is the minimal generalized singular number of matrices C and Le,

C=(Y C).

He = LTL,, He = 137 }(;g )

In [17] a review of methods for parametr estimation integer-order autoregressions with additive noise
is presented. One of the most accurate was the approach proposed in the article [21]. This article uses a
generalization of this approach to the case of autoregressions with fractional order differences. The maximum
value of the variance agmax is if the variance cr? =0 is defined as

agmax = O-IQnin (éa Lmaz)
where opin (C’, me) is minimal generalised singular values of matrices C' and Ly,aq,
= = = = 1 0
_ 7T _
Hmaw - LmawLmaa:7 Hmaa: - ( 0 HE )

The true value of the variance belongs to the interval O'g € ( 0 Ogmax )

In [21], high-order Yule-Walker equations are used to determine the variance. However, this approach
cannot be applied directly, since it is impossible to obtain a vector of instrumental shifts for equation (1.1).

Minimization (1.2) can be written as an eigenvector problem:

where b = ( _bl )
2

Equation (1.6) requires knowing not only the variance of the additive noise ag, but also the variance o¢.

(CTC - 62H) b =0, (1.6)

In order to eliminate the need to evaluate o2 and o2 simultaneously for fractional order autoregressions, we
use generalized instrumental variables [22], the application of generalized instrumental variables for fractional
order systems is considered in the article [23].
The vector of instrumental variables 1), satisfies the equality
: T A 277 \ 7.

N—oc0

where
Cy = (wfw%) e RNV
d)i e (Aalyi_g, ...,Aaryi_g) S Rlxr, Hw = ( 0 Hl/’ ),
k . N-1 o « —j — —
H;m):hmiﬁooﬁzi:o j:n]_ jk %,mzl,’hk‘:l,r,
For a finite sample, equality (1.7) will not be strict, the problem of determining the variance estimate
&g can be described as a quadratic function minimization problem

min  J (o¢), (1.8)

0¢€(0,0¢ max)
where .
J (o) =07 (CIC — 02Hy) (CIC —o2H,)b.
Based on equations (4), (6) and (8), an iterative algorithm is proposed for estimating the parameters b
and the variance 6? .

Step 1. Determine the maximum value of the variance agmax is defined as
2 2 (F
JE max — Pmin (Cv Lmar) .

Step 2. Start from a generic value O’? e(0 U?max ).

Step 3. Compute the parameter vector from equation (1.4)
(CTC —62H:) b= C"Y,
Step 4. Compute the cost function (1.8)
QT — — — — Eay
J(oe)=b (CTC —o2H,)" (CEC — 02Hy)b.

Step 5. Choose a new value Ug . The choice can be made using one of the methods of one-dimensional
optimization.
Step 6. Repeat steps 3-5 until the value associated with the minimum of is found.
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2. Simulation results

The proposed algorithm has been compared with ordinary least squares and the algorithm based on
objective function (1.2) with a known noise variance ratio. The minimum (1.2) of the objective function can
be found from the solution of the equation (1.4) or the augmented system of equations [24].

Test cases were compared by the following characteristics:the normalized root mean square error (NRMSE)

of parameter estimation, defined as
A 2 9
5b = Hb—boH /|bo|| 100/,

and normalized root mean square error of modelling (NRMSEM), defined as

62 = \[lI2 = 2I1* / l121*1000%.

The results were based on 50 independent Monte-Carlo simulations.
Example 1. The AR model is described by the equation

2 = 04507 2+ G, oy = 2+ &, (2.1)

Noise standard deviation ratio
o¢fo, =057 =2.605

The number of data points N in each simulation was 10000.
Table 2.1 shows the mean values of tNRMSE and NRMSEM and their standard deviations.

Table 2.1
Mean values of NRMSE and NRMSEM and their standard deviations
Tabsma 2.1
Cpeanne 3nadveHus NRMSE nu NRMSEM u ux craHJapTHBbIE OTKJIOHEHUS
Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 8.95 + 5.74 1.05+1.20 1.44+1.93
oz 43.50 4+ 15.42 12.88 +9.88 13.55 + 10.98
Example 2. The AR model is described by the equation
2i =050 2 1 + G, i =z + &, (2.2)
Noise standard deviation ratio
05/02 =0.5,yvy=211
The number of data points N in each simulation was 2000.
Table 2.2 shows the mean values of tNRMSE and NRMSEM and their standard deviations.
Table 2.2
Mean values of NRMSE and NRMSEM and their standard deviation
Tabsmma 2.2

Cpeanue 3HadveHus NRMSE u NRMSEM u ux craHapTHOE OTKJOHEHUE

Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 15.73 + 2.62 2.16 £1.46 3.00 £2.74
0z 26.70 + 2.36 5.82+4.47 7.13+£5.39
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Conclusion

This paper proposed an estimation method of the parameters of fractional AR models with additive noise.

The simulation results showed that the parameter estimates obtained using the proposed algorithm are highly
accurate.

Further development of the proposed approach is the study of the best choice of instrumental variables

and the choice of the weighting matrix.
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OINEHVUBAHUE ITAPAMETPOB ABTOPEI'PECCUUN C PASHOCTAMU
JPOBHOTI'O TIOPAOKA IIPU HAJINYUN AJJINTUBHOTIO IIIYMA?

AHHOTAIINA

Iljist MOIIeJIMPpOBAHMSI BO BPEMEHHBIX PsjiaX IMUPOKO HCIOJb3YIOTCS MOIEIU € JPOOHBIMU PA3HOCTSIMH.
Hau6osee uzsectHoit Mopennio spigerca mogenb ARFIMA (aBroperpeccuonHnasi 9aCTUYHO UHTEPUPOBAHHAS
CKOJIB3sIIIast cpeiuss). VI3BeCcTHO, 94TO Jijis aBTOPEIPECCUOHHBIX MOJEJIEH 1100 MOPSAIKA aBTOPEIrPECCHOHHBIE
MOJIEJT € &JINTUBHBIM IIyMOM MOTYT TpeBocxouTh 1mo tounoctn ARMA u aBToperpeccrmoHHbIE MOJIEIH.
B jannoit crarbe paccMaTpuUBaeTCsl KJIACC aBTOPETPDECCHOHHBIX MOJIEJIell € PA3HOCTHIO JIPODHOIO IOPSiIKA.
[IpejscraBiieH HOBBI MeTOJ| OLIEHUBAHUS [TaPaMETPOB aBTOPEIPECCHOHHBIX MOJEJIeil ¢ JPOOHBIMU PAa3HOCTSIMU
[IpY HAJUYUU QIIATHBHOIO IIIyMa C €ro HeW3BeCTHOH gucnepcueii. [Ipejmjaraembliii ajropuT™M peain30BaH
B cpeme Matlab. Pesymbrarbl MoOme/mpoBaHUS IOKA3BIBAIOT BBICOKYI 3(MMEKTUBHOCTD TPEJIOKEHHOTO
aJITOPUTMA.

KuiroueBbie cioBa: apobHas PA3HOCTH; ABTOPErPECCUOHHAsS MOJENb; CyMMa HAWMEHDLINNX KBaJIPATOB;
a,ZLZLHTHBHbIﬁ mIyM; HEU3BeCTHOE OTHOIIEHUEe LLI/ICIIepCI/II‘/JI; O606HleHHbIe NHCTPpYMEHTaJIbHbIE II€EpEMEHHBbIE;
JIOJITOBPEMEHHAST TTaMATh.

IIntupoBanme. Ivanov D.V. Estimation of parameters of autoregressive models with fractional
differences in the presence of additive noise // Becrnuxk Camapckoro ynusepcurera. EcrecTBeHHOHAYYHAS
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TPEBOBAHUA K O®OPMJIEHUIO CTATEM

2Kypnan “Becrnuk Camapckoro ynHusBepcurera / Vestnik of Samara University. Natural Science
Series EcrecrBeHHOHayuHasi cepusi” wuzmaercs ¢ 1995 1. U ABIsIeTCs  PEryJIsSIPHBIM HAyYHBIM HW3JAHUEM, BBIILYC-
KaemMblM CaMapCKUM YHUBEPCHUTETOM C IEJIBIO Pa3BUTHS HAYYHO-UCCIEAOBATELCKON JEATEIbHOCTH, MOJJIEPXKKU —BEIy-
IMUX HAYYHBIX IIKOJI X IOAIOTOBKH KaApOB Bbiciiell Kpamudmukaruu. 2KypHaa BBIXOAAT Kak B II€IATHOM, TaK U
B 9JIGKTPDOHHOM BHJe. OJIEKTPOHHAsl Bepcusl KypHaJa pasMemnjaerca Ha caiite CamapcKoro yHUBepcuTeTa IO aJpecy
hitp://vestnik.samsu.ruhttp: //journals.ssau.ru/indezr.php /vestnik-est. Bce crarbm mpoxomaT mposepky B nporpamme "AmnTnmia-
ruar".

B :xypnane "Bectamk Camapckoro ynuBepcurera. EcrecrBennHonayunasi cepusi / Vestnik of Samara University. Natural
Science Series” medaTaloOTCs OPUIMHAJbHBIE HAYYHbIE PE3YJIbTATHI U3 PA3JIMYHBIX O0JIACTEN €CTeCTBO3HAHUS 1O HPOMUII0 6a3bl
mauubix zbMath, pamee He myG/mMKOBaBIIHECs U HE IPEACTAaBICHHBIC K MyOJMKanuy B APYTUX H3JAHUAX. E2KEroJHO BBIXOOAT
B CBET 4YeTbIpe PEeryJIsipHBIX BBIIIYCKa >KypHAaJa.

IIpencraBnsiemast B »KypHaa paboTa JOJKHA OBITH 3aKOHYEHHBIM HAyIHBIM MCCJICJOBAHMEM H COJEPXKAThL HOBBIE HAaydHBIE
pe3ysbrarbl. CTaTbu JOJIKHBI IOAIUCHIBATHCS BCEMU aBTOPAMH, YTO O3HAYAET MX COIVIACHE Ha Iepeflady BCeX IpaB Ha PaCIpo-
crpameHne pabOT C IOMOIIBIO MEYATHLIX U JJIEKTPOHHBIX HocuTesaedl umudopmamnun Camapckomy yruBepcurery. CraTrbu MOryT
OBbITH HAIlUCAaHbl HAa PYCCKOM HJIM AHIVIMMCKOM #A3bIKaX, IIPU 3TOM AaBTOPBI O0A3aHbI NPEIbSBIATH IOBBIIIEHHbIE TPEOOBAaHUS K
CTUJIFO W3JI02KeHUsI U si3blKy. CTarbu JIOJ>KHBI COIPOBOXKJATHCS HAIlPABJIEHUEM OPraHU3allliHM, B KOTOPOW BBIIOJIHEHA paboTa.
CraTbu 0630pHOrO XapaKTepa, PELEH3UN Ha HaydHble MOHOIpadUU MHUINYTCS, KaK IPABHUJIO, IO IMPOCHOE PENKOJIETHH YKypHAJIa.
Bce mpejicraBiennble paboThl pellakius KypHaJia HaIlPaBJIsieT Ha peleH3upoBaHue. Penienne 06 OnmyOJIMKOBAHUM ITPUHUMAET-
Csl PEIKOJIIETWil »KypHaJja Ha OCHOBAHUU DPEIEH3WH. ABTOpaM DPEKOMEHIYETCS O3HAKOMHUTLCS C IIPABUJIAMH IIOATOTOBKHU CTAaTeH
mepeJ; IpPeJCTABIEHUEM WX B PeJaKnuio. Paborsl, opopMieHHblE He [0 IIpaBUJIaM, DEJIKOJIJIErMell pacCMaTpUBATHCH He OyIyT.
Penmakuusi mpocuT aBTOPOB mnpu odopmMiieHUN paboThl NPUAEP>KUBATHCS CJIEAYOMINX [PaBUJ U PEKOMEHIALU:

1. CraTbu UpeACTaBIAIOTCA B ABYyX popmarax: TBepJas KOIWs, pacledaTaHHas C OJHOW CTOpoHBI Jmcra dopmara A4, u
snekTporHas (e-mail: nsvestnik@ssau.ru). DIeKTpOHHBI BapWMaHT JOJKEH TOYHO COOTBETCTBOBATH IIE€YATHOMY.

2. Crarps OJKHA CONEpPKaTh: HasBaHHE pabOThl (6e3 hbOpMyi), CIMCOK ABTOPOB, NPEJCTABJICHHBI B aaBUTHOM IODsIKE,
C yKasaHHEM MecTa pPabOThl M €ro aJpeca C HHJIEKCOM, aJPECOB SJIEKTPOHHON IMOYTHI KarKJIOrO U3 HHUX, 3BaHWS, [OJI>KHOCTH,
ORCID Ha pyccKOM © AaHIVIMHACKOM s3blKaxX; aHHOoTauuio He MeHee 100 CJIOB Ha PYCCKOM U AaHIVIMMCKOM SI3bIKAX, KOTOpas
aeTCsl Tepesl OCHOBHBIM TEKCTOM; OCHOBHOH TEKCT, KOTODPBIH PEKOMEHIYETCs pPa3JessaThb Ha IOAPA3IesIbl C IeJIbI0 OOJIEr<YeHus
qTeHUusl pPabOoThl; 3aKJIIOYEHHE C KPATKON XapaKTEPUCTUKON OCHOBHBIX ITOJIyYEHHBIX DE3YJIbTATOB.

3. Crarbs Jo/pKHA ObITh CHaGXKeHa WMHIEKCOM yHuBepcaiabHOi kiaaccudukanuu (YIK), HeoOXOIUMO NpenCTaBUTh KJIIOYEBbIE
CJIOBa Ha PYCCKOM U AHIVIMHACKOM SI3bIKaX.

4. O6beM CTaTbyU HE JIOJKEH NPEBBINATh 15-25 CTpaHull, WIIIOCTPUPOBAHHOrO He GoJiee yeM 5 pucyHKaMu u 5 Tabuumamu.
Bazossrit pasmep mpudra — 10 myakro. OnybaukoBanue paboT, HE COOTBETCTBYIOIIUX STHM OIPAHUIEHUSAM, BO3MOXKHO TOJIBKO
II0CJIEe CIEIUAJIbHOIO PEIIEHHs] PEJIKOJIIETHH KypPHaJIa.

5. Ilonmucu K PHCYHKaM JOJIXKHBI Pa3MEINaTbCsA CHU3Y OT PUCYHKAa M JIOJKHBI COZEPXKAaTh HX KPAaTKOE OIMCAHWE U, BO3-
MOKHO, OO'bsICHEHUE MCIIOJIb30BAHHBIX CHMBOJIOB U YCJIOBHBIX OOO3HAYEHUN.

6. Ykaszareab TabJUIBI JIOJIPKEH ObITH Pa3MEIeH CIpaBa CBepXy OT Tabsuibl. 3arojoBok Tabumipl (Kak ¥ cama TabJuIa)
IOJI2KEH OBITh OTIEHTPUPOBAH IO IIMPUHE OCHOBHOI'O TEKCTA.

7. Hywmepanuss pucyHKOB M TaOJIUI JOJKHA OBITH HOPAa3/IeJIbHON IO TeKCTy craTbu. He nomyckaercsi pa3MeliaTb B TEKCTe
PHCYHKZA ¥ TaOJHUIbI [0 IOfABJICHUS HA HUX CCBLIKA B TEKCTE.

8. Tekcr crarbu JO/KEH OBITH MOJATOTOBJIEH CPEJACTBAMHU HM3JATENbCKONW cucrembl INTEX2: ¢ HCHONb30BAHMEM CTHJISA
samgu.cls. Cruap samgu.cls um mpuMep OQOpPMIEHHS CTAaTbU MOXKHO HaiiTn Ha caiite CaMapCKOro rocygapCTBEHHOIO YHU-
Bepcurera (anpec ykasan Bbiiie). Vcnosb3osanue apyrux peasmsanuii TEX’a Kpaiine nexkesaresbHo. [10JroToBka 3JI€eKTPOHHOMN
BEPCHH CTATbH C I[OMOINBIO APYIHX CPEACTB OOJ/DKHA OBITH 3apaHee COIVIacOBaHA C pemakiueil. MamiocTpaTuBHBIN MaTepuast
(pucysku, TabauIpl, AMarpaMMbl) DOTOBHTCS CTaHAAPTHBIMU cpeincrBamMu ATEX’a. PucyHku Moryr GbITH Tak»Ke HOATNOTOBIIEHBI
B 11060M rpadUvecKOM peJakTope X IpemocraBiieHbl B ¢opmare EPS. Daexrponnsie mpencrasienus dororpaduil HOIyCKAIOTCS
Tonbko B dopmarax EPS wiau TIFF ¢ paspemenunem He Menee 600 dpi. B ciydae ucnosb3oBaHHMsI HECTAHJAPTHBIX CTUJIEBBIX
daitoB aBTOp 00s3aH TPEIOCTABUTL PEHAKIUN HEOOXOAMMbIE CTUJEBBbIE (aiiiabl. V3MeHeHus CTaHIAPTHBIX CTHUJIEBBLIX (QailioB
HEJIOIyCTHMBI.

9. Ilpu moaroTroBKe 3IEKTPOHHOIO BAaPHAHTA CTATbU CJELyeT NPUHUMATL BO BHHMAHUE CJIEHAYIOIINE DPEKOMEHIAIIAN:

a) npu Habope CTaTbW HEOOXOJMMO DAa3/UYaTh CJEAYIOIINE 3HAKU IPEIHMHAHUS M KOHTPOJIbHBIE IIOCJIEJI0BATEILHOCTH, UM
COOTBeTCTByOmue: oauHapHBI neduc (-”), npoitHo# meduc (”7”)17 tpoitroit geduc ("—")2. Opumapusrii meduc UCHOTBL3YOT B
COCTaBHBIX CJIOBax; JBOWHOW JedrC PEKOMEH/IyeTCs /Il yKa3aHWsl [Aualla30Ha dYuces W IBOMHBIX amMuiiuii; TpowHoU neduc
O3HAYAET THPE;

6) JIONyCTUMO WCIOJIL30BAHHE TOJBKO OOpaTHBIX KaBbldeK (7) ¢ IOMOIIBIO KOHTPOJIBHOH — IIOCJIEJIOBATEILHOCTH
\textquotedblright;

B) HEIOIyCTUMO HAXOXKJCHUS PSAJIOM ABYX M OOJiee 3aKPBIBAIONIMX WJIM OTKPBIBAIOMIMX CKOOOK OJHOIO BHJA. PeKOMeHIyeTcs
BHUMATEJIbHO OTHOCHTHCA K OajlaHCy CKOOOK;

I') JOIlyCKAaeTCsl MCIOJIb30BAHUE CJIEAYIONMX KOMaH[ nepek/rodenus: mpudros: \rm, \it, \bf, \sl u crasmapTHBIX MWIPUQTOB
cemeiicrBa AMS ¢ uCHoOB30BaHUMEM CJIEAYIONIUX KOMAaHJ IepeKjodeHust mpudTos \mathbf, \mathcal, \mathfrak. Mcmoabzo-
BaHHE [OPYIUX MIPUQPTOB JOJKHO OBITH COIVIACOBAHO C PEJAKIHMEH »KypHAJa;

1) ma rpadukax JO/PKHA ObITh HAHECEHA CeTKa (JKeJaTeabHO KBaJpaTHasd) ¢ ObO3HAaYeHHWeM JejieHuii. PexoMmenryembrit
pa3mep pucyHkoB — 11-15 cm mo ropuzoHTasu u 5-15 c¢M mo Beprukaiu. HeoOXOIMMO TINATENBHO CJIEIUTH 33 TOYHBIM COOT-

L CooTBeTcTByONAasA KOHTPOJbHAS TOCTEI0BATENLHOCTh ecTh \cdash--~
2Co0TBeTCTBYONIAs KOHTPOIbHASA TOC/IEI0BATEIBHOCTE eCTh \cdash---
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BeTCTBUEM O603Ha‘IeHI/II‘/’I B TEKCTE€ W Ha PHCYHKaxX U 3a HO,Z[O6I/I€M LHpI/I@)TOB. Ha,ELl'H/ICI/I7 3arpoMozKJaromue pPpUCyHKH, JOJIZKHBI
ObITH 3aMeHeHbl nudpaMu WM OyKBEHHBIMU OOO3HAYEHUsIMA W BHECEHBI B MOApPHUCYyHOUHbIe moanucu. CaMu MOAPUCYHOYHBIE
MOJIIUCH JIOJI?KHBI OBITH, M0 BO3MOXKHOCTH, KpaTKuMu. Pemakuusi ocTapjsier 3a coboil mpaBo TpebOBaTb OT aBTopa 0oJiee Ka-
YECTBEHHOIO BBINOJIHEHUSI T'PadUUeCKOro MaTepHuasia,;

€) Uil MaTeMaTUIeCKHX OOO3HAYEHUIl DPEKOMEHJYyeTCsl YIOTPEOJIATH, MO0 BO3MOXKHOCTH, CTAHJAPTHBIE W HAMOOJIEE MPOCTBIE
cuMmBousibl. He cienmyer mpuMmeHATH MHOEKCHI U3 OyKB PycCKOro asidaBuTa. BEKTOPBI M TEH30PHI BBIIOJHSIIOTCS KUPHBIM IIpud-
TOM. BMeCTO OIUHAKOBBIX MOBTOPSIOMUXCS OJOKOB B oOpMyJiax »KeJaTeJIbHO HCIOJIb30BaTh UX COKpAIEHHble ODO3HAYEHUS;

2K) Ipu HyMmeparuu (HOPMyJI PeJaKlus IPOCUT IIOJIb30BATHCH JECATHYHON cHUCTeMOi. PexoMeHjyercst nBoWHasi HyMeparys:
nepBas nudpa — HOMEp pa3fesa CTaTbd, BTOpas Iudpa HOociae TOYKU — HOMep (OpMyJibl BHYTPH pasdiena. Homep momken
croaTh cupasa orT dopmyiasl. He caemyer mHymepoBaTb OpMysibl, Ha KOTOPBIE HET CCHIJIOK B TEKCTE;

3) TEOpeMbl, JIEMMBbl, IIPUMEpPBI, YTBEPXKIEHHUsI ¥ T.II. BBINOJHSAIOTCS OOBIYHBIM HIPUAMTOM; UX 3arOJOBKH JAIOTCH KUPHBIM
mpudToM;

M) CIHCOK JIMTEPATYPbI COCTABJSIETCS 110 HOPSKY IMTHPOBAHUS, PACIIOJAraeTCs B KOHIE CTATbH HA PYCCKOM M AHIVIMICKOM
aspikax (He Mmenee 10 mymkros). [lyis kHMr coobmiaercs cienyiomasa wuHGoOpMaiysa: (GaMUIMA ¥ HHUIMAJIBL ABTOPOB, IIOJIHOE
Ha3BaHUE€ KHUI'Y, HU3JATEJIbCTBO, I'OJ HU3JTAHUA U KOJUYIECTBO CTPaHUI, IJId cTaTeii B C60pHI/IKaX n 2XKypHaJylaX — CbaI\/II/IJ'II/II/I
¥ MHULOUAJILI aBTOPOB, IOJHOE HA3BaHWE CTATbU, Ha3BaHWE >KypHasa (COODHMKA) IOJHOCTBIO HJIM, €CJAH €CThb CTAHJAPTHOEe
COKpAIIEHNEe, COKPAILEHHO, MOoJHas nHQpOopManyusa o0 W3maHum (Cepusi, TOM, HOMEp, BBIIYCK, TOJ), HOMEPa HAYAJbHON M KOHETHON
CTPaAHUI[ CTATbH;

K) CCBUIKM HA WHOCTPAHHBIE UCTOYHUKH (BKJIIOYAs IIE€PEBEJICHHBIE HA PYCCKUIl A3BIK CTATBU W KHHUTH) JAIOTCA OBA3ATETHHO
Ha fA3bIKE OPUIHHAJIA M COIPOBOXKIAIOTCS B CIydae IEPEBOJa HAa PYCCKUN S3bIK C yKa3aHUEM HA3BAHUS U BBIXOJHBIX JAHHBIX
epeBoa.

IlurnpoBanme ocyimecTBisieTcss KoMaHaoi \cite c coorBercTByromieii Merkoil. CchuIKM Ha HeolyOJInKOBaHHBIE pabOTHI HEIO-
IIyCTHUMBI.

HeBBIHOJ'IHeHI/Ie aBTOpaMH II€PEYUCJICHHBIX BBIIIEC IIPpaBHUJI MO2KET IIOBJIEYb 3a CO60ﬁ 3aIEePKKyYy C OHy6ﬂHKOBaHI/IeM pa6OTbI.

B »xypnase maercss ykasanme Ha ATy IOCTYIIEHHsI PAOOTBHI B PEJAKIUIO U IATHl ee mpuHATHs. lIpocsba pemakiuu o mepe-
paboTKe CTaTbU HE O3HAYAET, YTO CTATbs IPUHATA K I€YaTH; IIOCJEe [1epepabOTKU CTaThbsl BHOBb DPACCMATPUBAETCS DEIKOJIIErUueit

KypHaJIia.

Pedaxyus orcypranra
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