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CaMapcKuii HAIIMOHAJIBHBIN UCCJIEI0BATEIbCKUN YHUBEPCUTET
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SAJAYA C JMHAMNYECKVM HEJIOKAJIbBHBIM YCJIOBUEM
AJId OJHOMEPHOI'O TUITEPBOJINMYECKOI'O YPABHEHUM S

AHHOTAIIN A

B crarbe paccMoTpeHa 3ajada ¢ JIMHAMMYECKHM — HEJIOKAJIBHBIM — YCJIOBUEM Ul OJHOMEPHOI'O
runepObOINYECKOro YPABHEHNUsI, BO3HUKAIOMIAS TIPU WCCICJIOBAHUN KOJEOAHUN CTEPXKHA. DTa 3a7ada MOXKET
CIIy?>KUTh MATEMATHYECKOH MOIEJIbIO IIPOILECCOB, CBS3aHHBLIX C IIPOIOJLHBIMHU KOJEOAHUSIMHU TOJICTOTO WU
KOPOTKOI'O CTEPKHSI, U JIEMOHCTPUPYET HEJOKAJBbHBIN MOAXOH K HM3ydaeMoMy siBjieHnto. OCHOBHOM pe3yJibTrar
CTATbU COCTOMT B OOOCHOBAHWH PA3PEIINMOCTH IIOCTABJICHHONW 3ajadu. IlojydeHbl yCJIOBUS Ha BXOIHBIE
JIaHHBIE, 00ECIIeYNBAIONIE OJHOZHAYHYIO Pa3pEIIMMOCTh IIOCTABJICHHON 3aJla4u, MPOBEIEHO JI0KA3ATEIHCTBO
CYNIECTBOBAHUS U €JIMHCTBEHHOCTH peleHus 3aja4du B npocrpancTse CobosieBa. JlokazaTebcTBO yTBEPXK IeHUH
basupyercs Ha IIOJYyYEeHHBIX B paboTe AlPUOPHBLIX OLEHKaX, MeTole [ajlepKuHa U CBOWCTBAX IIPOCTPAHCTB
Cobouesa.

KiroueBnie cJioBa: I‘I/IHep6OJII/I‘{eCKOe YpaBHEHNE; HEJIOKaJibHasd 3aJa4va; HWHTerpaJibHbIe YCJIOBULI;
€IUHCTBECHHOCTDb PEIICHHA; Pa3pPEIINMOCTLb 3aJavdH.

IIntupoBanme. BoraroB A.B. 3ajadya ¢ JuHAMHUYECKUM HEJIOKAJIbHBIM YCJIOBHEM JJIsl OJHOMEDPHOI'O
runepbosinaeckoro ypasuenus // Becruux Camapckoro ynusepcurera. EcrecrsenHonayunast cepus. 2021.

T. 27, Ne 1. C. 7-14. DOI: http://doi.org/10.18287/2541-7525-2021-27-1-7-14.
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BBeaenne

B crarpe paccmorpena HeslOKaJIbHAS 33/a9a ¢ WHTETPAJbHBIM YCJIOBHEM, BHEMHTEIDAJIbHBIE WIEHBI KOTOPO-
IO COZepzKaT KakK CJiell IIPOU3BOJHON 110 IIPOCTPAHCTBEHHOI IIEPEeMEHHOM, TaK U CJjeJ, IIPOU3BOHOII 110 BPpEMEHU,
YTO OTpaXkaeT HaJIM4Hhe B paccMaTpuBaeMoil cucreme jgemiidepa. Takue ycioBUsl BO3HUKAIOT IIPU MaTeMaTHde-
CKOM MOJIEJIMPOBAHUN MHOTUX (PU3MIECKUX IIPOIeccoB U siBjieHuili. CTpouTeIbHbIE KOHCTPYKIUU U COOPYKEHUST
B 3HAYNTEJILHOU CTEIeHW I0/IBEpKEHbl KAK MPUPOIHBIM, TaK U TEXHOI'€HHBIM JIUHAMUYIECKUM BO3IEHCTBUSIIM,
K KOTOPBIM MOYKHO OTHECTH BETPOBBIE W CefiCMUYeCKre BO3efICTBUs, HATPY3KH OT OOODPYAOBAaHUS, IBUXKYIIE-
rocs TPAHCIOPTA, IEMIEXOJ0B. DHEPrus KOJeOAHUN WHXKEHEPHBIX CHCTEM ITOCTEIIEHHO PACCEMBAETCs 3a CUYeT
BHYTDEHHEIO TPEHUs B MaTepuajie M BHEIIHEr0 COIPOTUBJIEHUs, YTO, OE3yCJIOBHO, BJIMdAET Ha UX KojebaTesb-
HBIIl IIPOIIECC, & CHUYKEHKME WHTEHCUBHOCTH BHEIHUX JUHAMUYECKUX BO3IEMCTBUN MPUBOIUT K 3aTYXAHUIO KOJIE-
Gannii. [l obecriedenus be3aBapuitHON pabOThl WHXKEHEPHBIX CUCTEM HEOOXOINMO MPOBOJUTH JIUHAMUIECKHE
pacdeThl KOHCTPYKIIUI U COOPY2KEHUN, BBISBISATD UX JUHAMUIECKUE XaPAKTEPUCTUKU. TakyKe CTOUT OTMETUTh,
9TO HEOOXOINMO YVIUTHIBATH BAUAHEE dPdeKTa BHYTPEHHETO AeMII(MUPOBAHUsI, KOTOPOE TaCUT KOJeOAHUs 3a
CYeT TPEeHHs B MaTepHajie U TeM CaMbIM BJHseT Ha oOmmil KosjebaresbHbIN mponecc. U eciu yke M3BECTHO,
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Kak yIuThiBaTh 3hdEKThl BHENIHero TpeHusl (BHEIHee ramieHne KojebaHuii), TO 3aJaua ydera BHYTPEHHErO
TpeHUs JI0 CUX IIOpP HE UMEeeT OJJHO3HAYHOrO pemreHus. Ilepexojis K MareMaTndecKUM TePMUHAM, Mbl TOJIyYaeM
3a71a4y C HEJOKAJbHBIMU YCJIOBUIMU, KOTOPAs ONUCLIBAET MOJEJb BHYTPEHHErO TPeHUs (HEJIOKAJIHHOIO JIEMII-
dbupoBanus marepuasa). B cospemenHoit Teopun guddepeHnnaibHbIX YPaBHEHUI 3a7a9d € HEJIOKAJbHBIMA
YCJIOBUSIME TIPEJICTABJISIIOT COOON MHTEHCWBHO pasBuBaromeecst Hampasienne [1-6]. Uecmemosanust HemoKab-
HbBIX 3a/1a4 IIOKa3aJ/ii, YTO KJIaCCUYECKHE IIOJIXO/bl K HNX PENICHNIO HEeIIPUMEHUMbI [7] O):LH&KO K HacTodlIemMy
BpeMeHH pa3pabOTaHbl HEKOTOPBIE METObI, IIO3BOJISIONINE [IPEOIOJIETh TPYIHOCTH, BO3HHUKAIOIINE BCJIEJICTBUE
HeJIOKAJIbHBIX yesoBuil [8]. Mopudukarpeii o1HOro U3 HUX Mbl U BOCIOJIB30BAJIUCH Il JIOKA3ATEIbCTBA OJI-
HO3HAYHON DPAa3PEMMMOCTHA IIOCTABJIEHHON 3ajadu B mnpocrpancrBe Cobosiesa.

1. IlocraHoBKa 3aga4n

B obnactu Qr = (0,1) x (0,T) paccMoTpuM ypaBHEHHE

Lu = uy — (aug), + buy + cu = f(z,t) (1)

U TOCTAaBUM 33Jady: HalTu perreHue ypaBHeHus (1), ymoBieTBoOpsiolee HAYaIbHBIM JIAHHBIM

u(z,0) = 0, u(x,0) =0, (2)
IPAHUYHOMY YCJIOBUIO
u(0,t) =0 (3)
U HEJIOKAJILHOMY YCJIOBUIO
ugp(1,8) + yue(l,t) + /l K(x)uy(z,t)dz = 0. (4)
0

Bsenem mnonsitue 06001enHoro permrenust 3agadn. O6o3HaYNM
W(QT) = {U' HEAS W21(QT)a ut(l7t) € LQ(OvT)}a
W(QT) ={v:veW(Qr), v(z,T)=0}.

Crenyst ussectHoOl nporieype [9] u npennosnoxkus, 9ro u(x,t) sBISETCS KIACCHIECKUM DEIIeHHEeM IOCTaB-
JIeHHO 3amaun, v(x,t) — IpousBoJIbHadA TiaiKas (yHKus, Takas, 9ro v(x,T) =0, noayduM paBeHCTBO

T [l T 1
/ / (—ugvy + augv, + bugv + cuv)dzdt + / v(l, t)[yue (1, t) + / K(x)ug(x, t)dx]dt
o Jo 0 0

_ /0 ! /O ol )t (5)

Bamernm, uro (5) Bemosmsercs, e u € W(Qr), v e W(Qr).
Omnpenenenne. Obobmennpiv pemennem satadn (1)-(4) byzem maswvsars dynkmmo u € W(Qr), ynosie-
rBopsmorLyo yciaosuio u(x,0) =0 u roxzaecrBy (5) g Becex v € W(Qr).

2. PagpemnmumocTh 3ajia4u

Teopema 2.1. Ecin
a,at,b,bt,CEC’(QT), f€L2(QT)a KGC[Oal]a7>07

TO CYIIECTBYeT eIMHCTBEHHOe 0000IIeHHOe pereHne 3axaun (1)—(4).

doka3zaTesibCTBO

Eoduncmeennocms pewerus. [IpenonoKnm, 9ro cymecTByIOT JBa 0000MEeHHbIX pemennst u1(x,t) u ug(z,t)
sagaun (1)—(4). Torma ux pasuocts u(z,t) = uy(x,t) — uz(z,t) ynosuaersopsier ycaosuio u(x,0) =0 u Toxe-
CTBY

T T !
/ / (—ugvy + augvy, + bugv + cuv)dzdt + / v(l,t)[yue (1, ) + / Kuidz)dt = 0. (6)
o Jo 0 0

Beibepem B (6)

v — [Tule,n)dn,x <t <,
0, 7<t<T.
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Bamernm, uro v € W(Qr), upuuem vy(x,t) = u(x,t). Uarerpupys mo gactsm B Jiepoit yactu (6), B pe-
3yJILTATE HECJOXKHBIX IIPEoOpPa30BaHMIl HOIYdIUM

l T T rl T rl
/ [u?(x, T) + avi(z,0)]dz + 27/ u?(1,t)dt = 2/ / cuvdzdt — / / agvdadt—
0 0 o Jo o Jo
T l T l T l
—/ / buldzdt — 2/ / bruvdxdt + 2/ v(l,t)/ Kuudzxdt.
o Jo o Jo 0 0

Tak kax 10 YCJIOBUIO 7Y > 07 TO U3 3TOI'O paBEHCTBA BBLITEKACT HEPaABEHCTBO

l T T rl T rl
/[uQ(m,T)—i—avi(LO)]dx—i—?y/ u(l,t)th<2|/ /cuvdxdt|+|/ /atvidxdt\—&—
0
+|/ /budedt\—i—Z\/ /btuvdxdt|+2|/ (1,¢) / Kudzdt|. (7)

OnennMm npaByio dacth (7). 3aMeTnM, 9TO B CHILYy yCJIOBAN TEOPEMBI CYIECTBYIOT 4YHCJIa a1, C, bo, kg Takme,

uro |a,as| < ay, |b,bs| < bo, |c| Co,fo K?(z)dx < ko. Torma

T T pl
|/ / agv> dadt| gal/ / v2dadt,
o Jo o Jo
T ol T ol
| / / budxdt| < by / / u?dxdt.
o Jo 0o Jo

IIpumensim mepaBencTBo Komm, momyanm

T rl T rl
2|/ / cuvdzdt| < co/ / (u? + v?)dzdt;
0o Jo 0o Jo
T l T l
2\/ / bruvdzdt| < bo/ / (u? + v?)dxdt.
0o Jo o Jo

ITpexae 4eMm OIeHHBATH IOCIIEAHEE cIaraeMoe IpaBoil dactu (7), mpeobpa3yeM ero, HHTErpUpYs IO YaCTAM
u yanteiBag, 910 v(z,7) =0, u(z,0) = 0. Ioay4um

T l
/ v(l,t)/ K(x)updxdt = —/ ve(l, 1) / K(x)u(x,t)dxdt.
0 0

Teneps BoOCIONB3yeMcst HepaBeHcTBoM Kommu "c e" u yurem, 4yro vy = u.

|/OT u(l,t) -/OIK(m)udxdﬂ < 6/ 2(1,t)dt + c(e) / / Kudzx)?
<€/0Tu2(l,t)dt+c(€)k:0 /T/ u?dxdt.

Bribepem € Tak, urober 2y — e > 0, u nepeneceMm & fo (I,t)dt B neBywo uacrb. Torma

l T [
/ [u?(x, T) + agv?(x,0))dz + l// u?(1,t)dt < M/ / (u? + v2)dxdt,
0 0 o Jo

rie v = 2y — &, M = max{c(e)ko + a1;boT + a1} m B cury runmepbomunocTn ypasmenus (1) Bcroogy B Qr

a(z,t) = ap > 0.
1
/uz(w 7) + agvi(z M/ / (u? + v2)dadt.
0

B wacrrOCTH,
s nanbreiimeit onenku BeegeM dbyHKmio w(z,t) = fo uzdn. HeTpyiHO BUJIETH, YTO TOTMA CIIPABE/IUBbI
PaBEHCTBA
vp(z,t) = w(x,t) —w(x,7), vy(z,0) = —w(x, 1),

9TO IPUBOJUT K HEPABEHCTBY

l
/ [w?(x, T) + agw?(x, 7)]dx <
0

T l T l T l
<M / / u?dxdt + 2M / / w?(x, t)dxdt + 2M / / w?(x, 7)dxdt. (8)
0 0 0 0 0 0
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T rl l
/ / w?(z, 7)drdt = 7'/ w?(x, 7)dx.
0o Jo 0

1 ol !
/O[u (z,7) + apw*(z, 7)]dx < 2M/0 /O(U (z,t) +w (x,t))dxdt—i—ZMT/o w(x, 7)dz.

Samerum, 9TO

Torna (8) mpuHEMaeT BU

[TockonbKy T — HPOM3BOJILHO, BhIGEpeM ero Tak, 4ToOwl ag — 2MT > 3.

1
Hepenecem 2M7 [ w?(x,7)dx B JIeByI0 9aCTb U IOJLY<IM:

l T rl
2 2 2 2
mo/o [u“(x,7) + w?(z, 7)]dz < 2M/0 /O(u (z,t) + w(z,t))dzdt,

rae mo = min{l,ag — 2M7}, 7 € [0, ]
— a, .o
[Mpumensis neMM}l: Fp;)HyOJma, nosyanm, uro u = 0 muia 7 € [0, 7] Temeps paccmorpum ciemyrommmit
IPOMEXKYTOK: T € [4h7, 5h7]. Tax ke momyumm u = 0. Ilpomomkass sTy mporeaypy Tak, Kak ommcano B [9],
HPUXOIUM K BbIBOAY, 910 © = 0 BCiogy B Q7. DTO U O3HAYAET, YTO HAINE IIPEIIOJIOXKEHUE HEBEPHO, CTAJIO
OBITh, HE MOYKET CYIIEeCTBOBAThH 0Oojiee OMHOrO ODODIMEHHOTO PEIeHUsT MOCTABICHHON 33 atm.
ENMHCTBEHHOCTD pElIeHus JOKA3aHA.
Cywecmeosanue pewenus. PaccMOTPEM TPOM3BOIBHYTO cicTeMy byHKImi wy (), mpuramteskamux C2[0, 1],
auHeitHo HesasucuMyto u nosmuyio 8 W3 (0,1).
m — m s,
Bynem uckars pemenme B Buge u™(z,t) =Y, cx(t)wi(r) u3 cooTHOMIEHMIL:

1
/ (uppw; + aulw; + bui*w; + cu™ w;)dx+
0

! !
+wi(l)[fyu;”(l,t)+/0 Kuy*dz) :/0 fw;dx. (9)

Iloncrasus B (9) peJicTaB/IEHUE um(a:,t), MIPUXOJIUM K CHCTeMe OOBIKHOBEHHBIX I (HEepPEeHITNAIbHBIX YPaB-
HEHUI:

> () Ask + (1) Bir(t) + e () Dir(t) = gat), (10)
k=1

rie
l
Aik = / wkwidx,
0
l l
B (t) = / b(x, t)wiw; (1)dz + ywg (Dw; (1) + wi(l)/ K(z)wg(z)dz,
0 0
l l !
D(t) = / (aw,w; + cwpw;)dz,

0
l
gi(t) = /0 F, s () d.

IIPpUCOEIUHUB K KOTOpOfI Ha4daJIbHbI€ YCJIOBUS

cx(0) = 0,¢,.(0) =0, (11)

IIOJIy“II/H\T Saﬂ,a‘{y KOHII/I.

Tak kak dynkuuu wy(r) JuUHEHHO HE3aBUCUMBbI, TO MATPHUIA Upu crapinux Koddduimenrax (10) — mar-
puna I'pama, B cuiy dero cucrema (10) paspemmMa OTHOCHTEIBHO c;; (t). YcaoBusi TeopeMbl IapaHTUDPYIOT
OIPAaHMYIEHHOCTH €e KO(hDMUIMEHTOB U NPUHAJIEXKHOCTh paBoil dacTu npoctpancTBy Lo(0,T). ITostomy 3a-
nada Komu [yist 910l cucreMbl ofHO3HAYHO paspemmuma, npudeM cj € L1(0,7). Takum obpa3oM, HOCTpoeHa
[OCTIeNOBATEILHOCTS mpubmkenmit {u™(z,t)}.

ITokazkeM, 9TO M3 STON TMOC/IEIOBATEIBLHOCTH MOYXKHO BBIJEJUTD IIOJIOC/IEI0BATELHOCTD, CIa60 CXOJISAIILY-
10Csl K 3J1eMeHTy mpoctpancTBa W(QT).

Jlis masbHEAIIUX IIAroB B JOKA3ATEILCTBE CYIECTBOBAHWS DEIIEHWs IIOCTABJIECHHONW 3a/a91 HaM HOTpedy-
IOTCSl ONEHKHU, K BBIBOJY KOTODPBIX MBI W II€PEHIEM.
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YmuoxuMm (9) Ha c;(t)7 IPOCYMMHUpYeM 1O ¢ oT 1 10 m u npouHTerpupyeMm B npomexxytke [0, 7], mosmyuanm:
/ / uftul 4+ aulu + b(ut)? 4+ cu™u) | dedt+

+/ wt (L) [yui (1, ) + /Ku;"dx |dt = / /fu;"dxdt
0

WMurerpupyss mo 4dacTaM, TPUXOJIUM K PaBEHCTBY

1 : m 2 mZ'TQ I Tum 29
3 | ) e e e+ |-

T rl T rl T l
:—/ /b(u;”)zdxdt—/ /cumu;”dacdt—/ u;"(lﬂf)/ K (z)ui*(z, t)dxdt+
o Jo 0
/ /at dxdt—i—/ /fugndxdt

U3 KOTOPOT'O IIOCJIe YMHOXKEHHsI 00enX dJacTeil Ha 2 cjejyeT HEePaBeHCTBO

T

l
/[u;"(x,T))2+a(u?(x,7)2]dx+27/ (™ (1, ))2dt <
0 0

T rl T rl T l
2/ / |b|(u;")2dxdt+2\/ /umufbdxdt|+2|/ u;n(l,t)/ K(z)ui(z, t)dzdt|+
o Jo
//|at| da:dt—|—2|/ /fulndxdﬂ

[TosyunM anpHOPHYIO OIEHKY, HCIOJIb3ysl TEXHUKY, IIPOJEMOHCTPUPOBAHHYIO IIPH JIOKA3ATEIbCTBE €JIMH-
crennoctu. OcobO OTMETHM, UTO
2|/ uy® lt/K x)uy(z, t)dedt| <

<5/0(t(l,t)) dt + cfe //Ku}”dx

Bruibepem € Tak, uT0o6bl 27 — € > 0, M mepeHeceM B JIEBYIO YACTh IIEPBOE CJIaraeMoe, IOJIYIUM

l T
)+ atu o r e o [ o) <
0

0

2/07/01[13(@)2”0( ™2 4 gy (] )]dxdt—i—/ /f2dxdt

rne P =max{2b; + kg +co+ 1}, v =2y —e.
IIpuGaBuB K 00EMM YACTAM OUEBHIHOE HEPABEHCTBO

/Ol(u’( //ut x,t))?dxdt, (12)

'HL

KOTOpOE «ABJIdAeTCA CJIeACTBHUEM IIpeJCTaBJICHUA U LL‘ T fO ut T t)dt IOJIyIuM

m / @ 7))+ () de 4 v / "0t <

<P / / W 4 ()] dadt + /0 ' /0 ' Pdrd, (13)

rme m = min{l,ao}, P = max{P,cp,a1}.
B uacrrOCTH,

l
/ (™ (2, 7)) + (" (2, 7)* + (uf' (2, 7))?]der <

Pg// u™)? + (um)? da:dt+—//f2d:cdt
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rne P, = P;/m. lpumennm nemmy I'poryosuia:

l
0 n)? o )+ )Pl < e

Iocse unrerpuposanus no T B upomexyrke [0,7]:

T l
| [ e & ) + e m)idodt < 5 (@ = DIIfE o
0 0 1

Bosepamasice k (10), paccMOTpUM U OIEHHM BTOpOE CjlaraeMoe JIeBOil 4acTu HEPABEHCTBA:

V/OT( m(1,t)) PQ/ / )2+(u;”)2dxdt—|—/oT /Ol fAdadt.

1
E(epﬂ —1)=Ps.

O60o3na49UM

Beime 6b110 m0Ka3aHO, 9YTO

T l
| [amy @+ @dede < 5@ =Dl = P
0 0 1

Torma mosryamm
[ oy < PP e 0.7,
0

rme Py = P, P34+ 1, oTKy#a TOIydaeM, 9To
||um(x,t)||%V(QT) < K, K = max{Ps, Py},

npuuem K me 3aBucur or m. Tak Kak KOHCTAHTa B IIPABOH YaCTU IOCJEIHEIO HEPABEHCTBA HE 3aBUCAT OT 1M,
TO U3 nocjenoBaTesbHOCTH U™ (x,1) MOXKHO BBIJAEIUTD IIOJIIOCIEI0BATEIBHOCTD, CJIa00 CXOILAILYIOCHd K HEKO-
Topomy aementy u(z,t) € W(Qr).

IlokazkeM, 4TO 3TOT Hpejes yosiersopser Toxaectsy (5). Ymuoxum (9) na dynknmo hj(t) € CH(Qr),
rakyto, 4r0o h;(T) = 0, npocymmupyem mo j (or 1 no m) u npounrerpupyem mo t or 0 mo 7.

O6o3na4uB
m

(.t =3 by (B, (@)

IoJjiy4aeM I0cCje MHTEIPUPOBAHULA IIEPBOI'O CJIAraeMoI'o JIEBOIl 4acTu

/ / (—ug*ne + aul'ng + bui*n + cu™n)dxdt+
o Jo

+ /0 ’ nlyuy (1, t) + / Ku*dz)dt = / / fndzdt. (14)

Toxnecrso (12) crnpasemmBo Juist Jjiroboit dbyrknun 7(x,t). OBo3HAUAM COBOKYNHOCTH TakKuX (DyHKIM
n(x,t) yepes o,,. B (12) mepeiiziem K npejeny npu duxkcupoanHoit GyHimn 7(x,t) € 0,,. ITO IpUBELET
K ToxkgecTBy (5) juist mpedenbHoil dyHkiun u(x,t). Tak Kak COBOKymHOCTb BeexX byHKumil 7(x,t) mioTHa B
W3(Qr) [10], To momyUeHHOE TOXKIECTBO BBIIOTHEHO ayis sroboit bymrknmn v(z,t) € Wi (Qr). Crenosarensro,
u(z,t) — obobmennoe pemtenne 3axadn (1).

TeopeMa NOJHOCTBIO JOKA3AHA.

SakKJ/IroueHue

Takum o6pazom, ObLja MOCTABJIEHA 3aJa4a C JIUHAMUYECKUM HEJOKAJbHBIM YCJIOBHEM JJIsi OJHOMEDPHOI'O
rUepOOINIECKOTO YPaBHEHNUsI, BOSHUKAOIIAS [IPU UCCIEIOBAHUU KOJeOAHMIT CTEpXKHsI, TOJyIeHO 0DOOIIeHHOE
peliienne mocTaBjeHHol 3ajadn. [IpoBefeHbl HEOOXOMMMbBIE MPEeOOPA30BAHUSI, MOIYUEHBI OIEHKH JJIsI JTOKA3a-
TEJILCTBA €JIMHCTBEHHOCTU U CYIIECTBOBAHUS DEINICHMUS.
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A PROBLEM WITH NONLOCAL CONDITION FOR ONE-DIMENSIONAL
HYPERBOLIC EQUATION

ABSTRACT

In this paper, we study the problem with a dynamic nonlocal condition for the one-dimensional hyperbolic
equation, which occurs in the study of rod vibrations. This problem may be used as a mathematical model of
longitudinal vibration in a thick short bar and illustrates a nonlocal approach to such processes. Conditions
have been obtained for input data, providing unambiguous resolution of the task, proof of the existence and
singularity of the problem in the space of Sobolev. The proof is based on the a priori estimates obtained
in this paper, Galerkin’s procedure and the properties of the Sobolev spaces.
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KPAEBA4Ad 3AIJAYA C HEJIOKAJIBHBIM I'PAHUYHBIM YCJIOBUEM
NHTEI'PAJIBHOI'O BUJA [OJIdd MHOI'OMEPHOI'O YPABHEHN A
IV IIOPAJKA

AHHOTAIIA

Uccenemyerca paspemmMocTh B Kjacce peryispabix (umeronmux Bee o006mennsie no C.JI. CoboseBy
CyMMHEDPYyeMbIe ¢ KBaJPaTOM HPOU3BOJIHBIE, BXOJAIINE B COOTBETCTBYIONIEE YDABHEHUE) PEIICHUI HEJIOKAJIbHON
3a[a91 C MHTETPpaJIbHBIM II0 IIPOCTPAaHCTBEHHBLIM II€PEMEHHBLIM YCJIOBHEM IJId JIMHEITHOTO YpaBHEHUA BBICOKOI'O
nopsizika. OOo3Ha4YaeTcsi, YTO BHaYaJle IOJO0HBIE 3aJa4ld U3YyJasuch JJjis YPaBHEHUII BBICOKOI'O IIOPSIIKA
JII/I6O B OJHOMEPpHOM CJIy4ae, JII/I6O IIpPAU BBIIIOJIHEHUM HEKOTOPbIX yCJIOBI/IfI MaJIOCTH Ha BeJUYINHY T.
TaK}Ke OpUBEICH II€PEYCHb HOBBIX pa60T JJIl MHOTOMEPHOTO CJry4das. B ﬂaHHOf/‘I pa60Te OPpUBOAATCA HOBBIE
Pe3y/JIbTaTbl O Pa3pPCmUMOCTH HEJIOKAJILHOM 33291 C HHTErpaJIbHBIMHU IIO0 IIPOCTPAHCTBEHHBLIM IICPEMEHHBIM
YCIOBUSIMM JIJIl YPABHEHUS BBICOKOIO IOPAIKA: &) B MHOIOMEDHOM II0 IIPOCTPAHCTBEHHBIM II€PEMEHHBIM
ciydae; 6) UpU OTCYTCTBHU YCJIOBHII MaJIOCTH Ha BesuduHy 1'; OIHAKO 3TO ycjoBHe ecTb Ha siupo K(xz,y,t).
MeTO,EL nccjeI0BaHusl OCHOBaH Ha IIOJIYIE€HHUHN aIllPUOPHBIX OII€EHOK DEIIeHN A IIOCTaBJEHHO 3a1a491, U3 KOTOPbIX
cjeayer ero CymecCTBoBaHUE U €JUHCTBEHHOCTH B JaHHOM IIPDOCTPaHCTBE.

KiroueBbie cJioBa: KpaeBast 3allava; HeJIOKaJbHOE YCJIOBUE, YpPaBHEHHE BBICOKOI'O IIOPSIIKA,
allpUOpHBbIE OIEHKW; TI'DAHUYHBIE YCJIOBUS WHTEIDAJbHOIO BUJA; ypaBHeHHe DyccuHecka; peryJssipHble
pemienns; €IMHCTBEHHOCTD; CYIIECTBOBAHNE.

urupoBanme. /Inmurpues B.Bb. KpaeBas 3agada ¢ HeJTOKAIbHBIM TPAHUIHBIM YCIOBUEM HWHTETPATHLHOTO
BUZA JyIsi MHOroMepHoro ypasaenus [V nopsizka // Becruuk Camapckoro yuusepcurera. EcrecTBenHoHayYHAs
cepus. 2021. T. 27, Ne 1. C. 15-28. DOL http://doi.org/10.18287/2541-7525-2021-27-1-15-28.

Nudopmanusi o KoOHDINKTE MHTEPECOB: ABTOP U PEIEH3EHTHI 3asBJIAIOT 00 OTCYTCTBHU KOH(MJIUKTA
WHTEPECOB.
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Buxmop Bopucosuy JImumpues — KaHIugaT (PU3NKO-MATEMATHICCKAX HAYK.

BBenenne

HesokanpHble 3a7a4n ¢ MHTErPAJIBHBIMHU YCJIOBUAMH I MUM@EpPEHINAIbHbIX YPABHEHUH C YaCTHBIMU
[POM3BOJHBIMUA B HACTOSINEE BPEMsl BeCbMa AKTHUBHO WU3YYalOTCsl, IIPEXKJe BCEro s 1apabdoInIecKuX
u runepOOIMYeCKUX YPaBHEHUN U I yJIbTPAIIapabOJUIecCKUX yPABHEHWI; B CBS3M C ITUM OTMETHUM
paborsl [1-5]. MHorune mocTaHOBKH 33124 Jjis HUX JIABHO CTAJM KJIACCHYECKUMHU U BOLUIA B yUeOHUKH IO
MaTeMaTUIeCKOi (hU3UKe.

Ormerum, dro pabOTHI, CBS3aHHBIE C WCCIEJOBAHUEM DPA3PENIUMOCTHA HEJOKAJIBHBIX —33Jad  JJIst
nuddepeHnnaIbHbIX  YPaBHEHUII B YACTHBIX IPOM3BOJAHBIX C TI'DAHUYHBIMU YCJIOBUSIMUA HHTErPAJIBHOTO
BHUjia, MHOroumcjaeHHbl. OHAKO cpeaud HHUX IIPeobJiafatorT paboThl, B KOTOPBIX H3y4YaeTcsi OIHOMEPHBIH
[0 MPOCTPAHCTBEHHBIM IE€PEMEHHBIM cirydail. Bakubii mar 6bu1 caenan B paborax A.U. Koxkanosa u
JI.C. Tlynbkunoii [1-3], rme ObuLia JoKa3aHa OJHO3HAYHAS PA3PENIMMOCTH KPAEBBIX 33729 € HEJOKAJLHBIM
TPAHUYHBIM YCJIOBHEM WHTErPabHOTO BHUJAA JJIsi MHOIOMEDHBIX TIHIIEPOOJNYECKUX YPABHEHHUIl BTOPOTO
HOPSIIKA.
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MHorouncieHHble PabOThl [0 HCCJIENOBAHUIO YDPABHEHMII BBICOKOTO (BBINIE BTOPOrO) MHOPSJIKA B CBOEM
GOJIBINUHCTBE CBA3AHBI C WM3yYeHUEM KJIACCHYECKUX HAadaJbHBIX M HAYaJIbHO-KPaeBbIX 3ajad. Hampumep,
MaTeMaTHIecKas MOJIEIb CTep:kKHda Pajiea [6], omuchiBaiomas IIPOJOJbHBIE KOJIEOAHHs TOJCTONO KOPOTKOIO
CTEpXKHS C YYETOM IIOIIEPEYHOrO JIBUXKEHUsI cTepxkHs; ypaBHenue Kopresera — ne ®@pusa [7], Mmomesupyiomee
POIECC PACIPOCTPAHEHUS JJIMHHBIX BOJIH HA IIOBEPXHOCTU BOJIbI; YPABHEHUsI, OIMCHIBAIOIINE HECTAIIMOHAPHBIE
BOJIHBI B CTpaTI/I(i)I/IU;I/IpOBaHHbIX U BpalalOMUXCA 2KUJIKOCTAX [8] B KHHUIe «HeKﬂaCCI/IquKI/Ie YpaBHEeHUA
MaTeMaTH4IecKoil (DU3MKKM BBICOKOTO mHoOpsizika» [9] mpuBeneH OONIMPHBIA [epedeHb paboOT, MOCBSIIEHHBIX
3TUM BompocaM. IIpuMepsl sIBIeHUil, MaTEeMaTHIEeCKHEe MOJEIM KOTOPBIX OCHOBAHBI Ha YPABHEHHSX BBICOKOTO
[OPsIJIKA, IPUBEIEHbI Tak:ke B MoHorpadwuu [10].

B pa6ore aBropa [11] mokasama ofHO3HAUHAS PA3PENIUMOCTH KPAEBOH 3aJadd JJIs yPABHEHUS BBICOKOTO
nopsiaka B npsimoyrosibHuke QQ = {(z,7) : 0 < < [,0 < 7 < T}, upu sroM bUrypupyeT MpOU3BOIHASI
49eTBEPTOr0 mopsiyika 1o Bpemenu. OmHAKO B 3TOH paboTe paccMOTPEH Cilydail OJHON HPOCTPAHCTBEHHOMN
MIEPEMEHHON M €CTh OTpaHWYeHus Ha KO3 UIMEHTH ypaBHEeHHs. A Tak»Ke €CTb YCJIOBHS MAJOCTH KaK Ha
sanpo K(y), durypupyioriee B HEJOKAILHOM YCJIOBHU, TaK U Ha BejudauHy 1.

Ormernm 37ech Takxke paborsi H.C. Ilomosa [12-14], pabory A.U. Koxamosa m A.B. Hioxesoit [15],
paborer T.K. FOnnamesa [16-18]. B pa6ore [19] mist mokasaTesbcTBa PaspelMMOCTH 3aJa9d U1 yDABHEHUsI
9EeTBEPTOrO IOPSJIKA BBOIUTCA MOHATHE OOOOIIEHHOIO PpENIeHUs M JJOKA3BbIBAETCS €r0  CYIIECTBOBAHUE U
€JIMHCTBEHHOCTh B BBLIOGPAHHOM IIPOCTPAHCTEE.

B macrosimieit paboTe TpPECTABIEH HOBBI Pe3y/IbTaT O PA3PEIIUMOCTH HEJOKAJIHHON 347891 ¢ TPAHMTHBIM
YCJIOBHEM UHTEIPAJLHOIO BHUJA YCJIOBHUSIMU JUJIs YDPABHEHHS BBICOKOI'O MOPAIKA: a) B MHOMOMEDHOM IO
IPOCTPAHCTBEHHBIM IIEPEMEHHBIM CJiydae; 6) IpU OTCYTCTBHU YCJOBUII MAaJOCTH Ha BeauduHy 1'; OIHAKO 3TO
ycsoBue ectb Ha aapo K (z,y,t). IlputoM mesbio HacTosmeld paboThl SBIISIETCsT JJOKA3aTEIbCTBO CYIeCTBOBAHNUS
¥ eIMHCTBEHHOCTH PEryJISIPHOIO pellleHusl — MMEHHO pelneHust, umeromniero sce obodbiennsie mo C.JI. CobosieBy
IPOU3BO/IHBIE, BXOJAAININE B ypaBHEHUE.

CrpyKTypHO HacTosass paboTa COCTOMT W3 4YeThIpex dYacTeil. B mepBoil W3 HHUX JAaeTcs IIOCTAHOBKA
n3yuaemoit 3amaun. Bo BTOpOil WacTM TPHUBEIEHBI OCHOBHBIE OOO3HAYEHUsI W HEPABEHCTBA, WCIOJIb3yeMble
B pabore, a Takxke CHOPMYJIMPOBAHA TEOPEMa CYyIIECTBOBAHUS U E€JWHCTBEHHOCTH pelleHus. B Tperbeil u
9EeTBEPTOHl YACTAX JOKA3BIBAIOTCHA AIPUOPHBIE OLEHKHU, ¢ UX MOMOIILIO OGOCHOBLIBACTCS BEPHOCTH TEOPEMBI.

1. IlocranoBKa 3aga4dn

ITycte Q) — orpanmveHHas obsactb mpocrpaHcTBa R™ ¢ riagkoit (st mpocToTl — GEeCKOHEUHO
,m/I(b(bepeHquyeMoﬁ) rpanuteit I', Qr = {(m,T) e QCRVNO< T T} - IWIMHJAP KOHEYHON BBICOTBHI
T, S=Tx(0,T) — ero GokoBas rpanuna. O6osnauum Ag, A u B — oneparopbl, neiicTBHE KOTOPBIX Ha
dyukumio u(x,t) oupeieisercs paBeHCTBAMU

n

Aou = Z % <a¢j (z,t) uxj), Au = Aou + a(x, t)u,

ij=1 """

n

3}
Bu = Z Er (bij(x,t) uwj> +b(z, t)u

i,j=1
(3mech M jrajiee MO TOBTOPSIONIMMCS MHIEKCAM BEJIETCsl CyMMUPOBAHHE B Ipejeiax oT 1 mo n).
HUccnenoBana pa3pemmMoCTh HAYAJIbHO-KPAEBON 3aJa9dl I yPABHEHUS BBICOKOTO IOPSIIKA

Lu = Agug + alz, t)uy + Bu = f(z,t) (1.1)

C JUIMIITUIECKHUM OIlepaTOpOM A() n orrepaTopoM B IIPOU3BOJIBHOI'O TUIla C MHTETrPaJIbHBIM KPa€BbIM YCJIOBHUEM.
Wnu, 6osee cxkaro:
Lu= Autt + Bu = f

KpaeBasi 3agaga: naiitu bysxuuo u(z,t), SBISMONYIOCI B IIIXHAPe (Qp DEIleHueM ypaBHEHUsI
Lu= f(z,t), (1.2)
U TaKylO, 9TO JJId Hee BBINOJHAIOTCA YCJIOBUA:
u(z,0) = u(x,0) =0,z € Q, (1.3)

ou(x,t "
s = 3w s, vlenes = [ K ulnt) diles (1.4
Q

,j=1
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Bueck a;j(w,t),bij(x,t)(i,j =1,...,n),a(z,t),b(z,t), f(z,t), n K(x,y,t) — 3anaunbe npu x € Q,y € Q,t €
[0,T] byuknyun. dasnee, morpeGyeM BBIIOJHEHUsI yCJIOBHIA:

aij(m,t)fifj > k0‘§|2, a(a:,t) < —ag < 0, f € Rn, T € ﬁ, (15)
|K((E,y7t)| <R1(yat)v |Kt(x7yat)| <R2(y7t)v
|Ktt(xayvt)‘ < RS(yat)v V&“,y € Qv te [OvT] (16)

Bnecy kg > 0, ag > 0, — mexoropble umcia, Ri(y,t), Re(y,t), Rs(y,t) — sanammpie npu y € Q,t € [0,7]

byHKIUN.
Bamerum, uro ypasuenue (1.2) GaM3KO 1O THILY K yPABHEHHSIM COCTABHOIO THIIA W, B YACTHOCTH, COIEPIKUT

U3BECTHOE ypaBHeHHe Byccumecka.
Ilepeiimem K comepKaTebHON 9acTu pabOTHI.

2. OcuHoBHbIe 0003HaAYEHUA

IMycrs V(Qr) ectb ciemymoniee IpoCTPaHCTBO (DYHKILMIA:
V(@r) = {o(e,t) : vle,t) € Loo (0, T;WE(Q)),

0u(,8) € Loo(0,T; WE()), vu(e,1) € L(0.T; W ()},
HOPMY B 3TOM IIPOCTPAHCTBE OIPEe/INM eCTeCTBeHHBIM 00pa3oM:
[vllv = llvll Lo,z @) + Vel 0.mwz )y + 1veell Lo 0,0 wz )

ITosyuensr yciaoBust Ha byHkimn a;;(x,t),b;(x,t),a(x,t),b(x,t), f(x,t) u K(z,y,t), UpH BHIIOJHEHAN
KOTOPBLIX paccMaTpuBaeMasl KpaeBasl 3ajlada MMeeT eJWHCTBEHHOe KJjaccumueckoe pertenne u3 V(Qr).
Ilpu noJIy4YeHUU AIIPUOPHBLIX OLEHOK PEeNIeHuil Mbl Oy/eM HCIOJIL30BATh 3JIEMEHTapHOe HEePABEHCTBO

212
+0b
jab] < 5 (2.1)
BEPHOE [JIsi BEIECTBEHHBIX a U b, a TakxKe "Hepapencrso Komm c¢ 6":
1
2|ab| < da’ + SbQ. (2.2)

Mpr Takke OyaeM HCIOIB30BATH HEPABEHCTBO

/ lul ds < c/<|Vu| + \u|) dz, (2.3)

o2 Q

cripaBeyaBoe i soboit bynknun u € WiH(Q) u obnactu Q ¢ riajkoit rpamumeit [20, c. 77].
Tak>ke HaM MOHAJOOUTCS BTOPOE OCHOBHOE HEPABEHCTBO JJIsl HJIIMITUIECKUX OIEeparopos [21]:

Z/ﬁwmmw}j/@mmwM<mmw@m+mwa@7 (2.4)
i=1 ) =13

B KOTOPOM YHCJIa Cy M €] OIPEJIEJISIIOTCs JIAIIb orepaTtopoM A u objacteio §2 .

Teopema. IlycTh BBITIOTHSIOTCS yCIOBUS

aij(ac,t) S Cl(QT),aij(x,t) = aji(x,t),aij(x,t) S Cl(ﬁ),

bij(z,t) € C(Q),bi(z,t) € C(Q),Vt €[0,T],i,j=1,....,n,z €Q, (2.5)
K(x,y,t), Ki(z,y,t), Ky(z,y,t) € C(Q x Q x [0,T)), (2.6)
Rl(yvt)a R2(yvt)’ RB(yvt) € Loo(07T§ LQ(Q)) (27)

ITycrs Takske BeimosHsAoTCa ycaoBus (1.5), (1.6) u ycmoBus

=

1 1
bo>gelolt sw | [ B
2 t€[0,T] e
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3
ag > = c|QF sup /Rf y,t ;
2 t€[0,T]

a(z,t) € CHQr), b(x,t) € C(Q), ¥Vt € [0,T], sup /|Va (z,t)]*dr < oco. (2.8)
te[0,T]

Torna kpaesag 3agada (1.2)—(1.4) umeer pemenue u(x,t), npunamiexkaiee npocrpanctsy V(Qr), u 3ro
pellieHne eJIMHCTBEHHO.

3. lokazaTejbCcTBO

Jloka3aTe/bcTBO OCHOBBIBAETCsI HA AaIllPUOPHOI OIleHKe. YCTAHOBUM €e HaJImdue.

4. AnpmopHasi OlleHKa

YmuoxuM ypasaenme (1.1), 3ammcanHoe B mepemeHHbIX (z,7), Ha GyHKIUMIO —ur(T,7T), Ppe3yabTAT
[IPOMHTErPUPYyeM 110 obJjiacTu (Qr U 1O IepeMeHHO T B mupeienax or 0 mo t:

t t t
—/ /AuTTquxdT://BuquxdT—//fquo:dT.
0o Q 0 Q 0 Q

t

//Z i (2, T) (g, r g, 7)7 drvdr =

0 =1
n t n
_/ Z @i (2, T) (U7 U7 ) =l dx +/ / Z Qijr (T, T) Uy, 7 U7 d dT.
& ig=1 0 g =l

t t
1 1 P 1 9
3 a(z, ) (u2), dvdr = 3 alx, T)uz|IZy de — 3 ar(x,7)us dedr.

0 Q 0 Q

Wurerpupyst 1o 4acraM M UCHOJBL3yd ycjoBue (1.4), HETPYIHO IIOJIyYUTH CJIELYIOIIee HEPABEHCTBO:

r=t
/ E @i (2, T) (Ug,r U, 7,)|T:0dx—// E @ijr (T, T) Ug, 7 U, 7 dx dT—

3,j=1 3,j=1

f%/a( T ul|TZh da 4 = //aTxTudxde
¢

//uT /Ka:y, u(y, ) dy dsdr—

0

89 TT
t n
—//Z 9 bij(z,t) ug, |u, dodr—
Z oz, i\ Ly T T
0 o =l

N | =

/t/b(x,f) (u?), da dr =
0 Q
://f(xﬂ')quxdT.

0 Q

t
L—- / ur / K(z,y,r)uly,r)dy | dsdr,
0 oN Q

O6o3HauIM

TT
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t
b= [ [u | [Keprundy)  dsin
0 90 Q

TT

[Tosmyaaem

:/ ur / (Korly 7y uly, 7) + 2 Ko (2,y,7) ey, 1)+
0

o0 Q
K (@,5,7) e (y, 7)) dy ds dr.

Jasee, 910 caraeMoe OLEHUM CJIEAYIONUAM 0Opa30M, UCIOJb3ys HepaBeHcTBo (2.3):

t

L] < //w/ Ry(y,7) luly, )| +2 Ra(y, 7) lus (y, 7] +

0 9Q

+Ry (y7 T) |’U,-,-7- (Z/, T)|> dy dsdr <

<CO/Q/(|“7|+|WT|) Q/(Rs(w) lu(y, 7)| + 2 Ro(y, 7) [ur (y, 7) |+

+R1 (y> T) |u‘r7' (y> T) ‘) dy dx dr.

Amnayornano orenuM ciaraemoe Is, KOTOPOE Yy HAC TOSIBUTCS HUXKE:
1l < / / e+ V| / (Bs(y.7) uly, ™) +2 o, 7) b (1, )]+

+Ri(y,7) [urr (y, 7)) dy dadr.

O60o3Ha491M

- 1
/Z a;ij (2, 7) (Ugyr s r ) [ r= tdx—§ /a(m T) T|T cdx >
Q

i,j=1 Q

n

kOZ/u7txtdx+—/ut:ctd
=1 Q

Ilocne omnenok moTydIaem

Qijr (2, T) Us, Uz ;7 dx dT |+

\

21(t) < 21(0) +

i,j=1

Ry(y, 7) [uly, )| + 2 Ra(y, 7) [ur (y, 7) |+

< 9

/
(fuel+ v [

kS
o\ﬁ
O

+Ry (yv T) |uTT (yv T) |> dy dx dr+

//GTI'T u dx dr| + ( (,7) ug )ufdxd7+
0 Q .= 1
¢ ¢
//bx T)uu, dx dr //f(l‘,T)qul‘dT.
0 0 Q

!
2

+ +

Ucnonbays mepasenctBa (2.1), (2.2), a takxke ycaosus (1.5), (1.6), (2.5)—(2.8), moaygaem

z1(t) +62// (x,7)dzdr + P, Z// ilm] x,T)dx dr+

]10
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t

//|VUT (x,7) dxdT—i—//u (z,7)dxdr+
0 Q 0 Q
t t
+//u2(x,7) dacd7+//f2(x,7) d:cd7), (4.2)
0 Q 0 Q

rje 9ucao 07 — HPOM3BOJIBHOE IOJIOXKHUTEILHOE HYUCI0, P ecTh 4uciio, onpejeisoneecs kodddupmenramMu
omeparopa B, a TakKe 06JAaCTbi0 Q7 U YUCTIOM 0.

Vmuoxkum ypasaenue (1.1), sanmcannoe B mnepeMeHHbIX (r,7T), Ha QYHKIUIO —Ur,(T,T), DPE3yJabTaT
pOUHTErpUpyeM 1o obmacth (Qr W IO NMEpEeMeHHOW T B mpeaenax or 0 mo t:

t t t
—//AuTTuTdedT://BuuTdedT—//fuTdedT.
0 Q 0 Q 0 Q

WMuTerpupys 1o vacTsaM, HOJIyYaeM CJIEIYIONEee PABEHCTBO:

t n

_//Z @i (2, T) Uy 77U 77 d dT+

0o Q 3,j=1

//uTT /Kﬂcy, Yu(y, 7) dy dsdr—

0 99 r

t t t
—//a(x,r)uEdedT—//BuuTdedT:—//fuTdedT.
0 Q 0 Q 0 Q

3iech TOSBJIETCS caaraeMoe Iy, KOTOpoe Mbl ONEHWJIM BbIlie. IIpu 3TOM OCHOBHYIO TPY/IHOCTH MPEJCTABJISIET
ciiaraeMoe, cojiepxkalee MHOXKUTesnb Rq(y,T), KOTOpOe OIEHHM B HTOIe CJIEAYIONMM 00pa3oM, HCHOJIb3Ys
HepaBeHcTBO Komm — ByHSIKOBCKOro, a Tak:ke ajieMeHTapHOe HepapeHCTBO (2.1):

t
c / /( [urr| + |VuTT|) /(Rl(y,T) |u7—-,—(y,7')|) dy dx dr
0 0 )
¢ 3

gC//<|UTT|+|V'LLTT|> /R%(y,T)dy/|u‘2rT<y’7.)|dy dedr <
0 Q Q a

1
2

1
2t
<c sw | [Bunw| [ [uwoi] [(ju]+Fu)dedr <
T€[0,T]
Q 0 Q

Q

2

3 ¢
1
<clQz sup /Rf y, T / /Iugf(y,f)ldy x
TEOT A A

2 2

X /|uTT|2dxdT + /|vu”|2dxd7 <

2

c|Q|% sup /R%(y,T)dy X
T€[0,T] A

n

¢ ¢
1 2 3 2
X 52//umi77(x,7)dxd7+§/ /uTT(m,T)dde
0 Q 0 Q

=1
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O6o3na4uM

t n
://Z a;;(z, T uzﬂTum]TTda:dT—// a(x,T) udexdTE
0 Q

)=

.t
> ko //ui (z, 7 dde—Fao// Az, 7)dx dr.
i=179

=1

—

ITociie omeHOK moOJIydaeM, UCHONIB3Ysl HepaseHCTBa (2.1), (2.2)7 a takxke ycaosus (1.5), (1.6), (2.5)—(2.8),

¢ yueroMm Toro, uto z2(0) = 0:
t t
t) < //Buu”dxdT + //fuﬂ.dxdT +
0 Q 0

+c/t/(|uTT+IVuTTI) /(Rs(yﬁ) lu(y, 7)|+
0 Q

Q

[N

+2 Ro(y,T) Iur(y,T)\) dy dz dr + c|Q| S%pT] /R1 Y, T X
TE

¢
/ulTTdexdT—i—g// (x,7)dxdr p <
0
¢
<(5§//u7x7dxd7+
0

+P, Z// ul ., .’L’le‘dT+//|V’uTCL'T| dx dr+

LJ=1] O 0

i=1

t
11’L
« 52/
0

t

—‘r//’LL?.(LL’,T)d:EdT-‘r//uQJIT dazd7+//f2x7 dach)
0 Q 0 Q

+C|Q‘% sup /Rf(y,T)dy X
T€[0,T] e

1< 3
X 22// mTT.’L‘Td.TdT-i-i//uT(ETdLL'dT . (4.3)
=179 Q

Tenepp Jijisi HOJIyYeHHs] OIEHOK YMHOXKMM ypasenue (1.1), 3anmcannoe B unepeMeHHbIX (z,7), Ha
Ap ur(x,T), UHTETPUPYS, UMEEM

Nl

t

1
2// AouT dmdr—//z (azJTmt)uhT>AoquxdT+

0
t t

+//a T, T UT-,—AOu-,—dJJdT—F//BququxdTZ//onqul‘dT
0 Q 0 Q 0 Q

u janee, BBogs obosnauenue z3(t) = [(Agui(z,t))?dx, ucnonbsys nepasencrsa (2.1), (2.2), a TakxKe yc/aoBus
Q
(1.5), (1.6), (2.5)—(2.8), moaygaem

¢ ¢
z3(t) < z3(0) + 5%//1137(3577') dxdr + Ps (//(AOUT(x,T)fdxdT—i—
0 Q 0 Q
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n t

t
+ Z //uiﬂj(x,T)dxdT—i-//|Vu7(gc,7)|2dxd7+
LJ=1] O

0 Q
t

O/Q/u J?le‘dT—F// l‘TdZ‘dT—F//f dexdT)

Ckuanpsas (4.2)—(4.4), nmosygaem just Benudausbl p(t) =

+

(4.4)

21(t) + 22(t) + 23(t) caeayromnyo OIEHKY

p(t)gp(0)+(5%+5§+§§)//u 2 (z,7)dxdr+

t ¢
—|—P4 Z// ilx] T, T dl‘dT+//|VU7—IT| dx dr+
=19 o 0 Q
t

+O/Q/uf(m,T)dxdT—FO/Q/U2($77)d$d7+// (@, dach)

2

Nl

+C|Q\% sup /Rf(y,T)dy X
T€[0,T] e

1 n
52// uZ o (z,7)dedr + = // u?_(x,7)dxdr

(4.5)

Yucao Py oupenensierca unciamu Py, Py u Ps. lajee, BoliucbiBas BbIpazkeHue B onpejeseHun p(t), morydaem

7,7=1

Q
(R

i\ T, T Ux,,TTUachT dr dr — / /a(«I,T) ’U,72_7_ dxdr + /(Aout(gj,t))QdI <
i,j=1 Q

< p(0) + (07 + 65 +63) /

0

/Z i (2, T) (Ug; a7 )| 7= tdx—f/ (z,7) u2| = dz+

/uTdexdT—i—
Q

n

t
+Py Z//uim T, T dl‘dT+//|vu7—l‘T)|2d$dT+
LI=1] O

0

¢
+//uz(I,T)dl‘dT+//’U,Q(SC,T)dl‘dT+/
0 Q 0 Q

/f2(93,’7') d:z:d7'>+
0 Q

+C|Q‘% sup /R%(y,T)dy X
T€[0,T] 5

¢
1 3
X 52//“3”77(%7) da:d7+§/ /UET(Z',T)dIdT
19 o 0
Tenepb, yuurbiBas oneHkH s z1(t), z2(t), z3(t) m npuBoAs MONOOHBIE ClaraeMble, MOJIYYaeM

0
kOZ/ (z,t) de + 5/
= Q

[N

(4.6)

(z,t d:v—i—/(AOut(ac,t))de—i—

Q
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N

ul o (z,7)dedr+

t
1 n

+ | ko— fc|Q|% sup /R% Y, T /
2 r€[0,T] =

i=1

{O\

2

+ ao—§c|Q|é sup /R%y, dy | — 6% — 63 — 62 //uTdeach
2 T€[0,T]

0) + Py Z// zlszTdde+//|VuT$T| dx dr+

t,j=17

+O/tg/u3(x,7)dxd7'+O/tQ/uQ(x,T)d:vdT—i—O/tQ/fQ(x,T)d:EdT). (4.7)

B cuiy ycioBumii TeopeMbl M IIPOU3BOJILHOCTU YHCE] 01, 02, 03 MBI MOXKEM BBIOpaTh HX TakK, YTOOBI BCe
K03 UnmeHTs B JIEBOI YacTH OBLIN IOJIOYKUTEIBHBI, TO €CTh YTOOBI BBIMOJIHSIOCH HEPABEHCTBO

2

3
ao—fc\m% sup /R1 Y, T — 67 — 05— 63> 0.
2 r€[0,T]

Nmeror mecTo npeacTaB/IEeHU A

u(z,7) = /udz,f)df = ]juyy(x,u)dydf.
0 00

T

— O/T U (2, ) dE = O/ j Uz (2, v)dv dE.
T £

Ug, o, (T,T) = /ulﬂjg x,&)dE = //uw ejov (T, v)dv dE.

0

3 3TMX PaBeHCTB, BHOBb M3 BTOPOIO OCHOBHOTO HEPABEHCTBA JJIS JITUINTHYIECKUX ONEPATOPOB U JIEMMBI
Cponyosia [22, c¢. 23], ciaeayer oneHka

Z/ xtdx+/ut(xtdx+/Aoutxt)) dz+
Q

= IQ Q
+Z// 2 (a7 dxdw/ /u 2, (@,7) dedr < Kol a0n)- (4:8)
=17y 0

i=1

Tenepp ymuOkuM ypasenue (1.1), sammcannoe B mepemenHbIXx (z,7), Ha Ag Ur,(2,T), UMeeM

t t t
//(AOUTT)2 dach—i—/ /a(x,T)uTTAouTdedT—i—//BquuTTdde:
0 O 0 O 0 O
t
://onuTdedT.
0 Q

Ob6o3naunM BTOpOE cJjlaraeMoe B JIeBOil dacTu depe3 J; u mpeobpasyeM ero:

t ¢ .
Ji = / /a(x,r) Urr Ap Urrdx dT = / /a(x,r) Urr Z (CM’_]’(Z',T) U%TT)I- dzdr =
0 @ 0 Q ij=1

t

/ / (2, 7) Ug;rrVi - (2, T) Urr ds dT—

0 9 i,7=1
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_/t/ia (@7 UIJTT{a(va)UTT}mdxdT:
0

Q 1,7=1
t
~ [ [atwnun | [K@pnuwndy| s
0 Q

o0 TT

t n
_/ /a(x,r) Z i (T, T) Uz jrr Ug,77 dx dT.
) .

i J=

//uﬂ. E i (T, T) G, (T, T) Uy, 77 dv dT.

4,5=1
Hamee, oreHnnBaem:

/a(x,T) Urr /K(m,y,T) u(y, 7) dy dsdr| <
o0 Q

TT

t
<c / / la(z, 7) urr| + |a(z, 7) VUrr | + |urr Va(z, T)|>><
0 Q

0

<[ (Batwm) uty,7)] +2 Rat7) s () +

Q

+R1(9,7) lurr(y,7)] ) dy ds dr.

Bamernm, uTo u3 yciosuit (2.8) cuemyer, 9ToO

/\a(z,t)\Zdz <G, /|Va(x,t)|2 de < G Vtel0,T)
Q Q

JJId HEKOTOPOT'O 4YuCJIa G. Kak yxKe OBLIIO CKa3aHO BBIIIE€, OCHOBHYIO TPYIHOCTDH IIPEJICTABJIACT CJjlaraeMoe

)
cozepKaliee MHOKUTEIb Ri(y,T), KOTOpOEe OINEHUM B HMTOrE CJEAYIONMM OOPa30M, UCIOJbL3Ys HEPABEHCTBO
Ko — BynsikoBcKoro, a Takxke 3jeMeHTapHOe HepaBeHCTBO (2.1):

t

¢ / /( la(x, 7) urr| + |a(z, 7) Vurr| + |urr Va(z, T)|) /(R1(y, 7) |urr (y, T)|> dydxdr <
Q

0

Q
2
c / /(|a(m,7)u”| + la(x, T) Vrr| + [tr, Va(a:77')|) (/Rl(y,T) dy x
0 0
< [ty dodr < sup /R? o7 / [y |
T€[0,T]
) O
X /(|a(m T)Urr| + la(x, 7) Vurr| + |urr Va(z, 7 |> drdr <
o)

3 ¢ 3
<c sup (/R%@,T)dy / /|u37<y,7>|dy x
T€[0,T]
Q 0 Q

1
2

+ /|Va(w,7)|2 dx /|u”|2 de | +

Q Q

SE
=5
N
3
o
U
8

o

=

3 3
/|Vu”|2 dx }d’T <cGz sup /R% (y, 7 X
Q Q

T€[0,T]
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2 5
X Z EITTZL'TdSCdT-i-i UTl'TdIL'dT
i=1
0

Torna nmeewm:

t n
// A()UTT dxdT—// a(z,T) Za,](x T) Uz 77Uz jrr AT AT —
0 O =1
t n
_/ / Z i (%, 7) Gz, (T, T) Urr Uy rr do dT <
0

i,j=1

<c / / a(z, 7) urr| + |a(z, 7) Vur,| + lurr Va(z, T)|>><
0

<[ (Balum) uty,7)] +2 Rat ) s () +

Q
t

+Ry(y, 1) \uTT(yﬂ')\) dydsd7'+/ /BuAOuTT dx dr+
0

t
+//fA0uTTd:ch.
0 Q

t
Wurerpupys 110 4acTsM U OIEHUBAas BbIPaXKeHUe CIpaBa CBepXy, BBOIg obo3Havuenue q(t f f (Aogurr) ? dxdr
0 Q

n 3amedasi, uro ¢(0) = 0, mcmosb3yst HepaBeHcTBa (2.1), (2.2), a TakxKe yCIOBHLA ( 5), (1.6), (2.5)—(2.8),

[OJIy9aeM CJIEAYIONLYIO OLCHKY:
t

< 53// (Ao urr) 2 dxdr+
0

t
+P5 // ul, (2,7) dde—i—//WuT (z,7)|* dx dr+
+Z// (z,7 dxdT—i—// TTd:ch—i—// (z,7) dx dr+

5,j=1
// (x,7 dde—I—//f x,T) da?dT //onuTdedT (4.9)
rje 4uucjo 04 — IIPOM3BOJILHOE MOJIOXKHUTEIbHOe 4ucio, Ps ecTh 4mcso, onpejesionieecss KoadduiuenramMu

omepaTopa B, a TakxKe 00JacTbio Q7 W UHCIOM dy.
Toryna u3 (4.1)—(4.9) BeITEKaeT HepaBeHCTBO

n

Z/u 4z, 1) der/ut(z t)der/(Aout(:zzt V2dx +
Q

=1

n

//Ui,w x,7)drdr+
=19 o
// (2,7 dxdT+//A0uTTIT drdr < K1 [|f|L.Qr)-

Dra omeHKa MocJe INepexofia B Helt K cynpemymy 1o ¢ € [0,7] u jgaer TpefyeMyro OIEHKY

ullv < K [[fllzo@r)- (4.10)

Enuncreennocrs pertennii kpaepoit 3azaum (1.2)—(1.4) B mpocrpamcrBe V' odeBHIHA U3 AIPUOPHOI
orenkn (4.10). Teopema IOIHOCTBIO JOKA3aHA.
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3akJrroueHue

B crarbe mpescraBiieH HOBBIM PE3yJIHTAT 1O HEJOKAJLHBIM 33JIadaM. Y PABHEHUsI BBICOKOTO MOPSIIKA,
HEJIOKAJIbHBIE 33JIa9H JJIsI TAKUX YPABHEHUI CTAJIM UCCJIEIOBATH HeJaBHO. 1loTydeHnl yemoBus Ha WHTErpaabHOe
SA/IPO B HEJIOKAJIHHOM YCJIOBUU. Bu ycaoBHUil OT/imdaeTcs OT TaKUX B CIydae yPABHEHWII BTOPOTO MOPSIKA, ITO
BBI3BAHO OOJIBIIEN CJIO2KHOCTHIO IOJIYyYEHHUs AIPUOPHBIX OIEHOK. Pe3ysibrar 00/1a/1a6T HOBU3HON W sIBJISETCS
Ba’KHBIM IIIarOM B MCCJIE/IOBAHUN yPaBHEHUH BBICOKOT'O IIOPsJIKA.
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ABSTRACT

The aim of this paper is to study the solvability of solution of non-local problem with integral condition
in spatial variables for high-order linear equation in the classe of regular solutions (which have all the squared
derivatives generalized by S.L. Sobolev that are included in the corresponding equation). It is indicated that
at first similar problems were studied for high-order equations either in the one-dimensional case, or under
certain conditions of smallness by the value of T. A list of new works for the multidimensional case is also
given. In this paper, we present new results on the solvability of non-local problem with integral spatial
variables for high-order equation a) in the multidimensional case with respect to spatial variables; b) in the
absence of smallness conditions by the value T; however, this condition exists for the kernel K(z,y,t). The
research method is based on obtaining a priori estimates of the solution of the problem, which implies its
existence and uniqueness in a given space.
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FACTORIZATION OF ORDINARY AND HYPERBOLIC
INTEGRO-DIFFERENTIAL EQUATIONS WITH INTEGRAL BOUNDARY
CONDITIONS IN A BANACH SPACE

ABSTRACT

The solvability condition and the unique exact solution by the universal factorization (decomposition)
method for a class of the abstract operator equations of the type

Biu= Au— S®(Apu) — GF(Au) = f, u € D(By),

where A, Ag are linear abstract operators, G,S are linear vectors and ®,F are linear functional vectors
is investigagted. This class is useful for solving Boundary Value Problems (BVPs) with Integro-Differential
Equations (IDEs), where A, Ay are differential operators and F(Au), ®(Apu) are Fredholm integrals. It was
shown that the operators of the type B; can be factorized in the some cases in the product of two more
simple operators Bg, Bg, of special form, which are derived analytically. Further the solvability condition
and the unique exact solution for Byu = f easily follow from the solvability condition and the unique exact
solutions for the equations Bgv = f and Bg,u = v.

Key words: correct operator; factorization (decomposition) method; Fredholm integro-differential
equations; initial problem; nonlocal boundary value problem with integral boundary conditions.
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1. Initial Position

Integro-differential equations play an important role in characterizing many physical, biological, social
and engineering problems and are often solved by factorization (decomposition) methods. The factorization
methods have applications in biology, ecology, population dynamics, mathematics of financial derivatives,
quantum physics, hydrodynamics, gas dynamics, in transport theory, electromagnetic theory, mechanics
and chemistry [1-10]. Factorization Methods successfully are used in pure mathematics for solving linear
and nonlinear ordinary and partial differential and Volterra-Fredholm integro-differential equations, integro-
differential equations of fractional order, fuzzy Volterra-Fredholm integral equations and delay differential
equations [11-20]. There are well-known decomposition (factorization) methods: Domain decomposition
method, the natural transform decomposition method, the Adomian decomposition method, Modified Adomian
decomposition method and the Combined Laplace transform-Adomian decomposition method, which use the
so-called Adomyan polynomials or iterations to obtain an n-term approximation of solution, whereas the
proposed in this paper factorization method gives the unique exact solution in the closed form. Furthermore
it is universal because can be applied in the investigation of Fredholm integro-differential equations, both
ordinary and partial.

There are many papers are devoted to investigation of the uniqueness of the solution to nonlocal boundary
value problems with integral boundary conditions for hyperbolic differential equation [21-25]. Finding of the
exact solution in the general case is the difficult task. We by the universal factorization method find the
solvability condition and a unique solution to a nonlocal BVP with integral boundary conditions for Fredholm
ordinary integro-differential and integro-hyperbolic differential equations of the type Byu = f. It is the aim of
this paper to reappraise the factorization method for integro-differential equations of type Byu = f. This paper
is a generalization of the article [26], where by factorization method were stydied the solvability condition and
a unique solution to the correct self-adjoint abstract equation of the type Biu = f in terms of a Hermitian
matrix in a Hilbert space.

The quadratic factorization methods was applied to some BVPs with integro-differential equations in the
case of a Banach space in [27-29].

It is well known that the class of the operators which can be factorized as a superposition of two more
simple operators is not wide. But if the operator can be factorized, then the solvability condition and the
solution of the given problem are essentially simpler than in the general case without factorization. The
paper is organized as follows. In Section 2 we develop the theory for the solution of the problem Byx = f
when B; = BBj. Further by factorization method we solve a nonlocal boundary value problem with integral
boundary conditions for Fredholm integro-hyperbolic differential equation. Finally, we give two examples of
integro-differential equations demonstrating the power and usefulness of the methods presented.
Throughout this paper we use the following terminology and notation. By X,Y we denote the complex
Banach spaces and by X* the adjoint space of X, i.e. the set of all complex-valued linear and bounded
functionals on X. We denote by f(u) the value of f on uw € X. We write D(A) and R(A) for the domain
and the range of the operator A : X — Y, respectively. An operator As is said to be an extension of
an operator A;, or A; is said to be a restriction of As, in symbol A; C As, if D(A2) O D(A;) and
Az = Agx, for all © € D(A;). An operator A : X — Y is said to be injective or uniquelly solvable if
for all uy,us € D(A) such that Au; = Aug, follows that u; = wus. Remind that a linear operator A is
injective if and only if ker A = {0}. An operator A : X — Y is called surjective or everywhere solvable if
R(A) =Y. The operator A: X — Y is called bijective if A is both injective and surjective. Lastly, A is said
to be correct if A is bijective and its inverse A~! is bounded on Y. If g; € X and ¥; € X*,i=1,...,m,
then we denote by g = (g1,..-,9m), ¥ =col(¥y,...,¥,,) and ¥(u) =col(¥y(u),...,¥n(u)) and write
g€ Xy, VeX!. Wewil denote by ¥(g) the m x m matrix whose ¢,j-th entry ¥;(g;) is the value of
functional ¥; on element g;. Note that ¥(gC) = ¥(g)C, where C is a m x k constant matrix. We will also
denote by 0,, the zero and by I,, the identity m xm matrices. By 0 we will denote the zero column vector.

2. Factorization of integro-differential equations in a Banach space

We remind first the following Theorem 1 from [29].
Theorem 2.1. Let A be a bijective operator on a Banach space X, the components of the vectors G =
= (g1, -, 9m), F = col(Fy,...Fy,) arbitrary elements of X and X*, respectively and the operator Bg : X — X
be defined by
Bou = Au— GF(Au) = f, D(Bg)= D(4), fe€X. (2.1)

Then the following statements are true:
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(i) The operator Bg is bijective on X if and only if
det L = det[I,, — F(G)] # 0, (2.2)
and the unique solution to boundary value problem (2.1), for any f € X, is given by the formula
u=Bg'f=A""f+ A'G[L, — F(G)'F(f). (2.3)

(i1) If in addition the operator A is correct, then Bg is correct.

Now, by using the above theorem we prove the following theorem which is useful for solving integro-
differential equations by factorization method.
Theorem 2.2. Let X be a Banach space, the vectors Gy = (glo),. ,gSZ)), G=1(g1,,9m), S = (81,.+y8m) €
X™, the components of the vectors F = col(Fy, ..., Fy,) and ® = col(¢1, ..., ¢m) belong to X* and the operators
Bg,,Bag,B1: X — X defined by

BGOU = AQU - GO(I)(A()U) = f, D(BGO) = D(Ao), (24)
Bgu = Au — GF(Au) = f, D(Bg) = D(A), (2.5)
Blu = AA()U - S(I)(AQU) - GF(AA()U) f, D( ) (AA(]) (26)

where Ag and A are linear correct operators on X and Gy € D(A)™. Then the following statements are
satisfied:
(i) If

S € R(Bg)™ and S = BgGo= AGy— GF(AGy), (2.7)

then the operator By can be factorised in By = BgBg,.-

(i) If in addition the components of the vector ® = (®q,...,P,,) are linearly independent elements of X* and
the operator By can be factorised in By = BgBg,, then (2.7) is fulfilled.

(i1i) If the operator By can be factorised in By = BgBg,, then By is correct if and only if the operators
Bg, and Bg are correct which means that

det Lo = det[L,, — ®(Go)] #0 and det L = det[l,, — F(G)] # 0. (2.8)
(iv) If the operator By has the factorization in By = BgBg, and is correct, then the unique solution of (2.6)
18
=Bi'f= Aj'ATUf + [AJTATIG + AJ ' GoLy ' @(ATIG)] x
xL7VF(f) + Ay GoLy '®(A~1f). (2.9)
Proof. (i) Taking into account that Gp € D(A)™ and (2.4)—(2.6) we get
D(BgBGO) = {u S D(BGO) : BGOU S D( )} =
={u € D(Ao) : Agu — Go®(Aou) € D(A)} =
= {u S D(Ao) : Aou € D( )} D(AA()) (Bl)
So D(B;) = D(BgBg,)- Let y = Bg,u. Then for each u € D(AAp) since (2.5) and (2.4) we have
BgBg,u = Bgy = Ay — GF(Ay) =
= A[Aou - GQ@(A()U)] - GF (A[Aou - GO(I)(A()U)D

= AA()U - BgGO (Aou) (AAQU,),

where the relation BgGo = AGy — GF(AG,) follows from (2.5) if instead of u we take Gy. By comparing
(2.10) with (2.6), it is easy to verify that Byu = BgBg,u for each u € D(AAg) if a vector S satisfies (2.7).
(ii) Let the operator B; can be factorized in B; = BgBg,. Then by comparing (2.10) with (2.6) we obtain

(BaGo — S)P(Agu) = 0. (2.11)
Because of the correctness of operators A, Ay and the linear independence of @4, ..., ®,,, there exists a system
ULy ory U € D(AAp) su