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C.A. Andawes!

KOPPEKTHOCTDH 3AJIAYUN IIYAHKAPE
B IINJIMHIPNYECKON OBJIACTU JJIS OJIHOTO
KJIACCA MHOTOMEPHBIX SJIJIUIITUYECKUX
VPABHEHUN

KpaeBple 3amadqnm B 00OOIIEHHBIX IIPOCTPAHCTBAX JJIS SJJIMIITUYECKUX YPaB-
HEHWIT BTOPOTO TOPSIIKA B ODJACTAX € pebpaMu XOPOINO U3yUEHBI.

KoppekTHble MOCTAHOBKM KPAEBBIX 33149 HA IIOCKOCTU IS SJIATNITHIECKUX
YPaBHEHMII MEeTOJIOM TEOPUU AHAJUTHYECKHX (PYHKIMI KOMIIJIEKCHOI'O IIepeMeH-
HOT'O JOCTATOYHO XOPOIIO HMCCJIECNOBAHBI.

IIpu wmccmemoBaHNN aHAJOTUYHBIX BOIMPOCOB, KOTJA YHCIO HE3ABUCUMBIX II€-
PEMEeHHBIX 00JIbllle ABYX, BO3HHMKAIOT TPYAHOCTH IIPUHIUIINAAIBLHOIO XapaKTepa.
Becbma mpuBiekarenbHbI U yIO0OHBI METOJ, CUHTY/ISIPHBIX WHTEIPAJBHBIX YPaB-
HEHWII TepsieT CBOIO CHUJIy M3-3a OTCYTCTBUSI CKOJBKO-HHOY/b MTOJTHOM TEOPUU MHO-
TOMEPHBIX CHHIYJIAPHBIX HMHTETrpPajlbHbIX ypaBHEHUM.

B nmanHoil crarbe MeTOOM, NPEIIOXKEHHBIM aBTOPOM, ITOKA3aHA OJHO3HAYMHASI
Pa3pemmMOCTh U TOJIYIeH SBHBIN BUJ KJIACCHYECKOTO perreHus 3amaqdn llyankape
B IMJIMHAPUYECKON 0OJIACTH MJIss OJHOTO KJIACCA MHOTOMEDPHBIX SJITUITHYECKIX
YPaBHEHUM.

KuaroueBbie ciioBa: KOPPEKTHOCTb, MHOTOMEPHBIE 3JIIUNITUYECKUE YDaBHE-
Hus, (DYHKIMS, ypaBHEHME, [WIMHIPUIECKAsi ODJACTh, IIOTHOCTb, OIEPATOPHI,
cuCTEeMBI (DYHKIIAM.

1. IlocranoBKa 3aJla91 U pe3yJibTaThbl

Kpaesble 3ajiatn I 9JUIMIITUYECKUX YPABHEHUI BTOPOIO IMOPSIIKA B ODJIACTSIX C
peGpsimu u3ydensl B [1-3].

B saHHO# craTbe, NCHOJIB3Ys IPEJJIOKEHHbIH B [4-6] MeTOJ, MOIyIeHO B SIBHOM BH-
Jie Kjaccuueckoe perienne 3ajadn [lyankape B IUJIHHIPUYIECKONR OOJIACTH JIJIsI OJTHOTO
KJIACCA MHOTOMEPHBIX JUIHITUICCKAX yPABHEHUIA.

I[Iycts D— umiumapuydeckas o00JacTb €BKJINJAOBA HPOCTPAHCTBA Fp,41 TOUYeEK
(X1, .eey T, ), orpanndennas mummHapoM I' = {(z,t) : |z| = 1}, nnockocramu ¢ = o > 0
ut=0, rue |x| — mamHA BEKTOPA & = (X1, ..., Ty )-

Yactu 3THX MOBEpXHOCTEl, 0bpasyromux rpanuity 0D obaactu D, obosHadum depes
I'y, Sa, So COOTBETCTBEHHO.
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B obmactu D MHOrOMEpHBIE SJIUNTUIECCKNAE YPABHEHUST

Lu=Apu+ uy + Z ai(z, ug, + bz, t)ur + c(z, t)u =0, (1)
i=1

L v = Ayv + vy — Z a;Vy, —buy +dv =0, (1%)

i=1
m
rue A, — oneparop Jlamiaca 1o MePeMEHHBIM T1, ..., Ly, M = 2, d(x,t) = ¢— > @ip, — bt

B nanbmefinmem HaM ymOOHO TEpPeHTH OT JIEKAPTOBBIX KOOPIUHAT X1, ..., LTy,
K cdepudeckum 1,01, ...,0, 1,6, 7 >0,0<60; <27, 0<0;, <7, i=2,3,....m— 1.

B kauecrse zagaum Ilyankape paccMOTpuM 3ajady

Basaua 1. Haiitn permenne ypasuenust (1) B obmactu D us xnacca C1(D)NC?(D),
V/IOBJIETBOPSIIONIEE KPAEBBIM yCIOBUSIM

ut’s —u(r0), ul =), u =0, (2)

Ta S
upu srom YP(a, ) = ¢(1,6).
IIyctn {Y,’f’m(e)}f CHUCTeMa JIMHEHHO He3aBUCUMBIX CPEPUIECKUX (DYHKIIMHA TTOPSII-
ka n, 1 <k<kp, (m=2)nlk, =n+m-3)!2n+m—2), 0= (01,...,0m_1), W(So),
[ =0,1,...— mpocrpancrBa CoboJeBa.

Nmeror mecto [7] yTBepKaeHus, cHOpMyIMPOBAHHBIE B BHIEC JABYX JIEMM.
Jlemma 1. Iycrs f(r,0) € Wi(So). Ecom [ > m — 1, To pan

oo kn
=) D )Y L(0), 3)

n=0 k=1
a Tak’Ke Psi/ibl, TOJyIeHHbIEe U3 Hero quddepeHnupoBanreM 10 mopsaka p < l—m+1,
CXOIATCA abCOJNIIOTHO U PABHOMEPHO.
Jlemma 2. Jls Toro urobnt f(r,0) € Wi(Sy), Heobxomumo u mocTaTouHO, HTOGHI
K03 dunmenTs psna (3) yIOBIETBOPSIN HEPABEHCTBAM
oo  kn
|fa(r)| < e, Zzn2l|fk < ¢, c1, o = const.
n=1 k=1
Yepes ak (r,t), ak (r,t), bE(r,t), & (r,t), dE(r,t), pk, 75(r), ¥E(t), @F (1) obosnaunm
KoacbchuHeHTbI pa&nomemm paga (3) coorsercrsenno dynkumit a; (r,0,t) p (0), a;%p,
b(r,0,t)p, c(r,0,t)p, d(r,0,t)p, p(0), i = 1,....m, v(r,0), ¥(t,0), o(r,0), npuiem
p(0) € C*(H), H— enunnunas cdepa B E,,.
[Mycts  a;(r,0,t), b(r,0,t), c(r,0,t) € WLD) c CD), 1 > m+1, i =
=1,...,m, c¢(r,0,t) < <0,V(r,0,t) € D
Torma copasemnBa
Teopema 1. Eciu v(r,0) € Wi(So), ¢(t,0) € Wi(Ta), ¢(r,0) € Wi(Sa), | > 22,
TO 3aj1a4a 1 paspemmMa.
Teopema 2. Ecuu b(r,0,0) =0, V(r,0) € Sy, To permenne 3anaun 1 eJMHCTBEHHO.

2. Jloka3aTeJabCTBO TeopeMbl 1

B cdepuueckux koopauHarax ypashenue (1) mmeer Bug

m—1 ou -
Ur = 3 U+ Zai(r,ﬁ,t)uwi +b(r,0,)us + c(r,0,t)u =0, (4)

=1

Lu = up +
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rae

iy 1 9 0
= m—j—1 _ . . 2 .
=-— z_:l 5316, % (sm i= 9J80) =1, g; = (sinb;...sinf;_1)*, j > 1.

UsBectro [7], 4To crekTp omeparopa ¢ COCTOMT M3 COOCTBEHHBIX YHCET A, = n(n+
+m— —2),n=0,1,..., KAXKJIOMy U3 KOTOPbIX COOTBETCTBYeT k;, OPTOHOPMUDPOBAHHBIX
cobersennpx dynkmuii Y,F, (0).

Pemtenne 3amagun Oymem mckatbh B BHUIE

u(r 0=
n=0

e 4F(r,t) — byHkmm, Mo/IeKAITE ONPe/IeIeHHTO.
IMoncrasasis (5) B (4), yMHOXKHMB 3aTeM TOJydeHHOe BbipakeHue Ha p(0) # 0 u
IIPOMHTErPUPOBaB 110 ejuumdnoit cepe H mis U, momyaum [4-6]

n?

=

n

Uy (r, 1) Y, (6), ()
1

£
Il

m
m—1 ~
1-1 1-1 1 1\ -1 1-1 , ~1-1
PoUprr + PoUgs + P + § o | Uop + botg + Coug +
Ky,

[e%S)
k -k k -k — Tk -k
+ Z Z PrUppr + PrUntt + 7pn + Zuzn Unppr bn nt +
n=1 k=1

+ — A p" Z —nak )| @k} =o0. (6)
Temepnp paccMoTpuM 6eCK0HeqHon cucreMy nuddepeHInaibHbIX yPaBHEHUN
1-1 1-1 (m—=1) 4 4
PoUorr + Pollow + ————Pollor = 0, (7)

_ _ m—1) j_ A
bttt D phat, A

1 [ - ~
priy = —— | Y aiotio, + botioe + ot |, n=1, k=1, k1,
Ky i=1
(8)

k_k k_k 2 : k —k 1k —k
PnUnrr + PnUntt + r PnlUnr — ﬁpnun =~ Qi —1Un—1r + bnflunflt +

knf m
(m=1) 4 A ki 1 1
kn £

m
kK ~k k _k
+ |Cho1 + Z(ain,1 - (n — l)aml):| unl} s k= 1, kn, n = 273 . (9)
i=1

Cymmupyst ypasuenue (8) or 1 mo ki, a ypasuenue (9) — or 1 1o kn, a 3areM CIOXKUB
[IOJTyYeHHBIe BbIparkeHusi BMecTo ¢ (7), npuxomuMm K ypasHeHuto (6).

Orciona ciiefyer, 9To ecjiau {ﬂﬁ}, k=1,kn, n=0,1,.... — pemenme cucrembr (7)—(9),
TO OHO sBJSETCA penieHueM ypasHenus (6).

Herpyaso sameruTb, uTO Kaxkioe ypasHeHnue cucreMbl (7)—(9) MOXKHO HpeACTaBUTH B
BU/JIE

-1 An
uﬁrr + Tulfw - 'l“ ]:L + untt - fn (T t) (10)

rae fE(r, t) ompeesIAIOTCA U3 IPEeBIAYIIAX yPABHEHHIT 3TOi cHCTeMbl, pu 3ToM fo (r,t) = 0.
Janee, m3 xpaesoro yciosust (2) B cmny (5) OyaeM wMeThb

ak,(r0) = 2F(r), an(L,t) =), ai(ra)=¢Er),k=1k, n=01,... (11)
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B (10), (11), npoussens sameny o (r,t) = uk(r,t) — ¥k (t), momyumm

_ m—1_ An _ _ =]
Uﬁrr + T’Uﬁr - ﬁyﬁ + 'Ufltt = f:(rv t)7 (12)
@fn(r,O) :VS(T), ﬁﬁ(l,t) :O,ﬁﬁ(r,a) :goﬁ(r), k=1,k,, n=0,1,..., (13)

TG 0) = 1, 0) — ke + 25k, v () = 75 — 05 (0), h(r) = Bh0r) - wh(@).

a-m)
Mpoussens sameny Or(r,t) =7 2 wvE(rt), sagaay (12), (13) npusenem x cremyrormei

3a1a4e: _
Lok = o+ 2pok 4 vk = o), (14
OE(r,0) = PE(), VE(LE) =0, Wi (r,a) = GE(r), (15)
S = = D@ =m) Z A gy R g, o) = e A,

4
(m—1)

Pu(r) =17 Qh(r).
Pemrenne 3anaan (14), (15) umem B BHIE

Uﬁ(r, t) = Ufn(r, t) + vécn(r, t), (16)
rme v¥,(r,t) — pemenne 3amam y
LUfn = ff(ﬁ t)7 (17)
Uln(r,0) = 0, V1, (1,8) = 0, vf,(r,a) =0, (18)
a vk, (r,t) — pemenue 3amaunm
Lvs, =0, (19)
U3nt(1,0) = 75 (r), v3n(1,) = 0, V3, (r, ) = G (7). (20)

Pemrenne BBIIICYKa3aHHBIX 3a/Ja1 pPacCMOTPUM B BHUE

Vi t) = 3 Ru(r)Tu(2), (21)

IIpA 3TOM IIyCTh
Pty =S ab (OR(r), P5(r) = 3 b Ra(r), @) = 3 b Ra(r). (22)
s=1 s=1 s=1

Toncrasasasa (21) B (17), (18), ¢ yuerom (22) mosmyuum

RSM—&—%RS—FMRS:O, 0<r<l, (23)
Rs(1) =0, ‘R5(0)| < o0, (24)
Tstt - HTS(t) = a"rcts(t)7 0<it< a, (25)
T (0) =0, Ts(a) = 0. (26)
OrpannveHHbiM perrenueM 3agauu (23), (24) ssusercs (8]
Rs(r) = V1 dy(ps,nr), (27)

roe v=n-+ mT”, ps,n— Hymn dbymkmmuit Beccenst mepsoro poma Jy(2), p= p2.,,.
Ob6iuee perienne ypasrenusi (25) mnpencrasumo B Buze [8]

t

/ a“]rczs (‘E) sh Ms,n€d£ -

0

h t
Ts,n(t) = Ci1s Ch Ms,nt + C2s Sh Ns,nt + M

s,m
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t

sh ps nt
_Shptent / 0k, (€) ch i nde,
0

Ms,n
IJI€ Cis, C2s — IIPOU3BOJIbHBIE IIOCTOSIHHBIE. YOBJIETBOPUB yciaoBuio (26), Gymem uMeTb
« «
ponTon(t) = | (th s ner) / 0 (€) ch 1 nEdE / 0, (€) $h o mdE | ch ot +
0 0

t
+(ch pro nt) / 0 (€) $h pro €l — (shprant) [ aba(€) ch o néd. (28)
0

o

IMoxcrasisis (27) B (22), mosydum

PR ) = Y ah (0 D (), T EOE() = e (e nr),
s=1 s=1

rEGE(r) = S bE T (panr), 0 <7 < L. (29)
s=1
Panpt (29) — pasnoxenus B panpl Pypre — Beccena [9], ecom
1
@helt) =2 )] [ VETEE D (00 n), (30)
0

1 1
eho = 20 (o)) [ VEPROI ) E, Voo = 2 aan)) [ VERE(EI ()i
0 0

(31)
sy 8 = 1,2,... — nonoxurenpusle Hyaun Gyakumii Beccenst J,(z), PACIONIOXKEHHBIE B TO-
psijiKe BO3paCTaHWs MX BEJMYUHBIL.

Nz (27), (28) nosyuum pemenue 3azadu (17), (18) B Buze
e o]
Ufn(n t) = Z \/'FTS (t)JV (lu‘sanr)v (32)
s=1
e ak,(t) ompemenstorest w3 (30).
Hanee, noncrasnasa (27) B (19), (20), ¢ yuerom (22) Gymem umerhb
Tt —panTs =0, 0< t < a, (33)
Twt(0) = eps, Ts(a) = bis. (34)
Obiee perenne ypasHenusi (33) mmeer Buj,
Tsn(t) = chsch tsnt + Chs sh Ws,nt. (35)
Iopuurus ero ycnosuto (34), mosyduum
k k k
b
CIQS = @7 Clls —— eﬂ th Hs,nCx. (36)

Hs,n - Ch/,LsﬂOé Ws,n
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3 (27), (35), (36) maiimem pemenme 3azaun (19), (20)

’Ugn T, t Z \[Ts n Ju(ﬂs n"") (37)

s=1

e ek, b, maxomsres m3 (31).

CuleioBaTesIbHO, CHaYAJIA pemms sajasy (7), (11) (n = 0), a zarem (8), (11) (n=1),
HaiiieM TocTeoBaTesHo Bee vk (r,t) u3 (16), tme v¥, (r,t), vk, (r,t) onpenemsiorcs uz (32),
(37), k=T1,kn, n=0,1,...

Hrak, B obsactu D ummeer MecTo

/p(G)LudH =0. (38)

Iycrs f(r,0,t) = R(r)p(0)T(t), npuuem R(r) € Vo, Vo mmorna B L2((0,1)),
€ C°(H) miorna B Lo(H), a T(t) € Vi, Vi miorna B L2((0,c)). Torma f(r,&,t
V=VWW®H®®V, wioraa B Lo2(D) [10].

Orcrona n u3 (38) cuemyer, 4ro

p0) €
) €V,

/f(?“7 0,t)LudD =0

Lu=0, V¥(r,0,t) € D.

Takum obpasom, pemrenveM 3afaqdn [lyankape siBjsieTcst cyMMa psiia

o) = 303 Lk + 5 ot + )]} ¥ 0 (39)

rme vl (r,t), v, (r,t) Haxomarca m3 (32), (37).
Yuuresast bopmyny (9] 2J,(z) = Jo—1(2) — Ju41(z), ounenku [7; 11]

8‘7

|kn| < clnmfz, —= Y, m
ok

(9)‘<02n7§7 ,j=1,m—-1,¢=0,1,..., (40)

orpanudenust Ha  Kodddurmentel ypasHenumst (1) um  Ha  3agaHHBIE  QYHKIUH
v(r,0), ¥(t,0), p(r,0), xak B [4-6], MOXHO NOKa3aTb, 4YTO MNOJydYeHHOe DpemieHue (39)
npunayyiexur xmaccy C*(D) N C%(D).

CulejoBaTeIbHO, Pa3pemmMMocTb 3aJadn IlyaHKape yCTaHOBJIEHA.

3. JlokazareabCTBO TeOpeMbI 2

s sroro cHawasa mocrpomM pemenue 3afadn llyamkape jyist ypasaenus (1°) ¢ man-
HBIMHI

=0, v| =v(r0)=oEr)Yr . (0), k=1k, n=0.1,.., (41)

FaUSa So

v

e 7E(r) € G, G — mmoxkectso dbymxmmit v(r) u3 kracca C ([0,1])NC* ((0,1)). Muoxectso
V mnorso Becrogy B L2((0,1)) [10]. Pemenne sanaum (1%),(41) 6ymem uckars B Buge (5),

rae QYHKITT 17,’2(7“, t) GyayT ompemesneHbl Hmke. Torma, aHAJIOTHYHO 1. 2, QyHKIMH ﬁﬁ(r, t)

YIOBJIETBOPSAIOT cucTeMe ypasmemmit (7)-(9), tme ar,, af,, b% 3amemembr cooTBercTBEHHO Ha

~k k Tk e ko
—Q5n, —Qin, —by, a ¢, HA dp, 1= =1,....m, k=1k,, n=0,1,....
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Hanee, u3 xpaesoro ycuosust (41) B cuiay (5) momyuum
Oy (r,a) =0 (1,4) = 0, Opy(r,0) = 23 (r), k=T, kn, n=0,1,.... (42)

Kak panee 3amedeno, kaxjgoe ypasHenue cucreMbl (7)—(9) npexncrasumo B Buze (10). B
1. 2 nmokaszaHo, uro 3agada (10), (42) umeer eJMHCTBEHHOE DelleHUe.

Takum ob6pasom, pemenne 3amaau (1%) (41) B Buge pama (39) mocrpoeno, Koropas B
cuny omenok (40) mpumamexur kmaccy C(D)NC?(D).

U3 omnpenenenns conpszkeHHBIX oneparopoB L, L* [12] BbrTekaeT paBeHCTBO

vLlu —uL*v = —vP(u) + uP(v) — uvQ,

rae

P(u) = iuL cos (Nl,:ci) + u¢ cos (Nﬂt) , Q= iaicos (NL,ml) — bcos (Nl,t) ,
i=1 i=1

a N1 — Buyrpennsisi HopMasb k rpamune OD. ITo dopmyse I'puna mmeem
JwLu —uL*v)dD = [ [(vE% —udL) M + uvQ)] ds, (43)
D aD

rie

8% = Zf;cos (NJ‘,xi) 8(:1‘ + cos (NJ‘,t) %7 M? = Zf;cosz (NJ}:Q) + cos? (]VJ‘,t).

U3 (43), npuarMasi BO BHUMAaHUE OJHOPOJHBIE TpaHUYHBbIE ycjoBus (2) u ycuaosus (41),
TIOJTY IUM

/z/(r, 0)u(r,0,0)ds = 0. (44)
So
MockombKy Jmmeiinas ob6osouka cucremsr dbynkuuit {75 (r)Y,r,, (0)} mrorsa B L2(So) [10],
To u3 (44) zaxiouaeM, uro u(r,6,0) =0, V(r,0) € So.
CilenoBaTesibHO, B CHJIy €JUHCTBEHHOCTH pelneHus 3agaan Jupuxme [13,14] : Lu =

=0, 6ymem umers u =0 B D.

=0,u
SoUT'4 US4
Takum o6pa3oM, €IMHCTBEHHOCTb pelreHusi 3aja4n [lyaHkape mokasaHa.
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S.A. Aldashev?

WELL-POSEDNESS OF POINCARE PROBLEM IN THE
CYLINDRICAL DOMAIN FOR A CLASS
OF MULTI-DIMENSIONAL ELLIPTIC EQUATIONS

The boundary value problems for second order elliptic equations in domains
with edges are well studied. For elliptic equations, boundary-value problems on
the plane were shown to be well posed by using methods from the theory
of analytic functions of complex variable. When the number of independent
variables is greater than two, difficulties of fundamental nature arise. Highly
attractive and convenient method of singular integral equations can hardly be
applied, because the theory of multidimensional singular integral equations is
still incomplete. In this paper with the help of the method suggested by the
author, the unique solvability is shown and explicit form of classical solution of
Poincare problem in a cylindrical domain for a one class of multidimensional
elliptic equations is received.

Key words: well-posedness, multi-dimensional elliptic equations, function,
equation, cylindrical domain, density, operators, systems of functions.
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