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9.1. A6dypazumos’

CYINECTBOBAHUE ITOJIOZ2KUTEJIbHOI'O PEINIEHWA
ABYXTOYETHOU KPAEBOU 3AJAYN [JI5 OJHOT'O
HE/JIMHEVMHOI'O OAY YETBEPTOI'O IIOPAKA

B pa6oTe MoJiy9eHbI JOCTATOYHBLIC yCJIOBHS CyIIECTBOBAHUs, 10 KpaifHeil Me-
pe, OJHOTO TOJIOKUTEHHOTO PEIIeHUsl JBYXTOYETHOW KPAeBOW 3aJ@a49u JJIs Ol-
HOTO KJjlacca CHJIbHO HeJuHeHHbIX juddpepeHnuaabHbIX ypaBHEHUH YeTBEpTOro
nopsiika. 3ajgada pacmorpeHa Ha orpeske [0,1] (Goseee obmmii coryuail orpes-
ka [0,a] cBomumTca k paccmorpennomy). Ha KoOHmax orpeska caMo pemienue y
u ero BTOpasi npoussomHast y” pasubl mymo. [Ipasas uacth ypasmenus f(z,y)
He oTpulareabHa npu x > 0 W Npu Bcex ¥y. BBLINOJIHEHUE JOCTATOYHBIX YCJIOBHUIH
CYIECTEOBaHUSI JIETKO TIPOBEpsieTCs. B J0Ka3aTebCTBE CyIIEeCTBOBAHUS UCIIONb3Y-
€TCsl TeOpUsl KOHYCOB B 0aHaXOBOM INPOCTPAHCTBE. [I0/IydYeHbl TaKKe allpUOpHbIe
OLIEHKM TIOJIOXKUTEJTHLHOTO PeIleHns, KOTOpble MOXKHO MCIOJb30BaTh B JAJbHEIi-
IeM TPW YUCJIEHHOM ITOCTPOCHWH PElleHWUs.

KiroueBbie cJjioBa: MOJIOKUTE/ILHOE PEIIeHue, JBYXTOUYEYHAs KpaeBas 3a/a-
qa, HeJuHEHOEe nnddepeHInalbHOoe ypaBHEHNE, CyIIeCTBOBAHUE.

BBenenue

B pabore mpososIKAIOTC MCCIe0BaHus aBTopa [1; 2| OTHOCHTEIBHO MOJIOKUTEN b
HBbIX DEIIEHUil KPAeBbIX 3aJ@ad JJjis HEJUHEHHBbIX ypABHEHUN YeTBEPTOrO MOPSAIKA C
CWJILHOH HEJIMHEHHOCTHIO. AHAJIOMMYHbIE MCCJICIOBAHUS IPOBOAUINCH B paborax [3—10]
U IpyTUX.

Pacmorpum na orpeske [0,1] AByXTOUCUHYIO KPAEBYIO 3aJady:

yW = fl,y),0 <z <1, (1)
y(0) =y"(0) = y(1) = y"(1) =0, (2)
rue f(x,z) — HemnpepbiBHas u Heorpuiaresbhas upu = € [0,1] u z > 0 dyukuus.

Ipeanonoxum, uro f(z,z) yIOBIETBOPSET YCJIOBHSIIM

a(x)p1(z) < flz,2) < b(x)pa(2), 3)
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rue a(z) u b(x) — meupepbiBHBle, Heorpunareiabuble npu z € [0,1] dyukuuu, npudem

a(z) < b(z), a(z) # 0 , a dyakuun p1(z2), pa(2), “OQZ(Z) TIPEIITOIATAIOTC HEIPePhIB-
HBIMH, HEOTPHIATEIbHBIMH W MOHOTOHHO Bo3pacraromumu or 0 g0 +oo mpu z = 0.

IIpeamonoxkum eme, 910 CyImecTByOT uuciaa cg > 0 u « > 0 takwme, 9TO
©01(2) = oz, z>0. (4)

Ouesnnno, y(xr) =0 — TpuBmajbHOE pemienue 3Toil 3amaun. [log  MOJIOKUTEIb-
HBIM pellleHreM 3Toil 3aJaun monnMaeTcs dbynkmus y € C4[0, 1], ymosaersopsromas
ypaBrenuio (1), KpaeBbiM ycioBusiM (2) u nosiokuresbHas upu x € (0,1).

B manmoit pabore 0Ka3bIBaeTCs CyIIECTBOBAHUE, IO KPalHEl Mepe, OJIHOTO MOJIOXKU-
TejibHOrO pemenus 3agadn (1), (2) 1 mosydeHbl AlPUOPHBIE OUEHKH IIOJIOKHUTEJIHLHOIO
pelreHus.

1. BcnomorarejgbHbI€ IOHATHUS 1 IpeaJjiozkKenund

IIpuBeseM HEKOTOpBIE OLpeieIeHus] U npeijiokenus u3 [11], neobxomumble B Jasib-
HeHeM.

Onpenesenne 1 ([11, c. 256]). Samxnymoe sunykaoe muoorcecmeo K banarosa
npocmparcmea E wnasvieaemes konycom, ecau ud x € K u x £ 0 ewmexaem, wmo
ar € K npu 20 v ar€K npu a <O0.

Kaxpiit komyc K ompenensier B 0aHAXOBOM TpOCTpaHCTBe FE mosryymnopsaodeH-
HOCTB: TAIIYT & <Yy WM y > &, ecim y —x € K.

Onpenesenne 2 ([11, c. 259]). Heaunelnoid onepamop A Ha3u6aemeA NOAOHCU-
meavHom Ha muoscecmee M 6anazxosa mpocmpancmea E, ecou AM C K, 2de K —
xonyc 6 F.

IIycrb 71, 79— nosoxkurensuble unciaa. O6osnaunm K(0,71) = {z € K : ||z|| < r1},
K(rq,00) ={z € K : ||z|| = ra2}.

Onpenesenne 3 ([11, c. 362]). IIycmv cywecmsyom maxue NOAOHCUMEALHBLE
wucaa 1 u e, wmo Ax=x npu x € K(0,r1)(x #0) u Ax=<x npu x € K(ry,00), moeda
b6ydem wmaswvieams onepamop A pacmsaosicenuem wonyca K. Ananoeuuno A sasasemcs
cotcamuem xonyca K, ecauw Ax=<x npu x € K(0,r1)(x #0) u Az>x npu x € K(rz,00).

Teopema 1 ([11, c. 362—363]). ITycmo noaoorcumensvivili 6nosHe HENPePvLEHbIL
onepamop A asasemca pacmancenuem usu cocamuem xonyca K. Tozda A umeem 6
rxonyce K, no xpaiinet mepe, 00HYy HEHYAESYND HENOOSUHCHYIO MOWKY.

2. Cy]].[eCTBOBaHI/Ie IIOJIOZKUTEJIbHOT'O pEeIlIeHnA

Bagady (1), (2) MoxkHO 3ammcarb B BHJIE

y'=u, 0<z<l, (5)
y(0) =y(1) =0, (6)

v = f(z,y), 0<z<l, (7)
u(0) =u(l) =0. (8)

C mnomompo ¢yuknuu 'puna

_f z(1—1¢), ecom 0< <t
G(x,t){ t(l—z), ecm t<z<1
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2
Il ollepaTopa —-i ¢ KpaesbiMu ycsousmu (8) sagaty (1), (2) MOxKHO 3ammcaTb B
skeusasientnoit B8 C*[0, 1] dopme

y(z) = / K () (t,y())dt, (9)

rIie

/ G(z, 5)G(s, t)ds. (10)
0
)

Tak kak f(z,y) =0, To u3 (7), (8) caenyer, uro u(zx) < 0 npu z € [0,1]. Torna
u3 (5), (6) caenyer, uro y” <0 u y(z) >0 mpu z € [0,1], = e. y(x)— HeupepbIBHAS,
HEOTPUIATEbHAST W BBIMTYKJas BBEPX (DyHKITHUS.

Nurerpasbhoe ypasuenue (9) 3amumem B Buje

y = Ay, (11)

e
r) = / K ()£ (1, y(8))dt.

O6o3naunM vepes K KOHYC HENPEPBLIBHBIX, HEOTPUIATEIBHBIX M BBIIYKJBIX BBEPX
dyskmmit w(z) wa [0,1] Takux, yro w(0) = w”’(0) = w(l) = w”(1) = 0. s sne-
MeHTOB u,v € K mox u < v(u > v) Gymem noapasymesars u(z) < v(z) mpu x € [0,1]
(u(z) = v(z) npu z € [0,1]), upuaem u(z) # v(z).

IIycts d(x) — paccroguue or TOYKM & 1O TrpaHuipl orpeska [0, 1],
d(z) = min(z,1 — z). Jlerko Buuers, 4urTo
G(z,t) = d(z)d(t). (12)
Torma
K(x,t) /Gms (s,t)ds /d2 ds—M (13)
Ouesngno, K(x,t) — HempepbIBHAsI, HEOTPHUIATENbHASI W BBITYKJas BBEPX (DyHKIHS.

Torna v(z) = fol K(z,t)f(t,y(t))dt Takzke HempepbiBHAS, HEOTPUIATEJbHAS U BBILYK-
nast Bepx GyHkiws. Kpome toro, v(0) = v”(0) = v(1) = v (1) = 0. CiuenoBarenbho,
oneparop A IOJIOKUTEbHBIA.

[Tokaxkem, uro A pacrsaruBaer kKomyc K. B camom geje, myctb 11 — HEKOTOpPOE

HOJIOXKUTEIbHOE Ynciio (ero 3uadenue Oyzer yrouneno unmxke). Ilycrs y € K(0,71), T. e.
<P2(t)

lly]| < 1. B cuy (3) m MoHOTOHHOTO BO3pacraHusi @a(t) u

/th (t, (1))t ||y\|/Ka:t

<twenllol) | A th)dt—bo“"ﬂl'f" ol [ G

<5 2201y / K (. t)dt, (14)
T'l 0

nMeeM

e

bo = b(z).
0= jmax (z)
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Jlerko npoBEPHTH, YTO JIsl HEIPEPBIBHO, HEOTPHIATEILHON U BBILYKJIOH BBEPX HA
[0,1] dysxumm w(z) cupasesInBO HEPABEHCTBO

w(z) = |Jwlld(z), (15)
rae |w|| = Jmax w(z). A Tak Kak y(x)— HenpepbIBHAs, HEOTPUIATEJbHAS U BBIILYKJIAs

BBepx dyHKms, To B cuay (15) ||ly|| < 2 (l) Torna u3 (14) mosyaum

Ay(z) < 2b‘p2 /Kmt (16)
Dyuknus v(z) = fol K (x,t)dt siBasiercsi peleHreM KpaeBoii 3ajadn
oV =1

U UMeEeT BUJI
a2t =223 +
v(r) = ————.

24
Jlerko nposepurb, uro v(z) < v(1/2) = z2;. Hosromy u3z (16) ciemyer, aro
1 @2(7"1) 5 1 5 QDQ(’I’l) 1
Ay(=) < 2b —Y(z) = —= =). 17
o(z) < 22 384y<2> 22y a7

B kauecrse 71 BO3bMEM e,HHHCTBeHHbIﬁ (B CUJIy MOHOTOHHOT'O BO3paCTaHUA (byHKI_[I/II/I

W%(t) ) KOpeHb ypaBHEHUs

=, 18
, . (18)
Torma uz (17) caenyer
1 1
Ay(= —).
y3) <u(})
Cuaenosaresnbuo, Ay=y upu y € K(0,7r1), rue 71 — Kopenb ypasaenus (18).
IlycTs Temepb rs — HEKOTOPOE IOJIOXKHUTENLHOEe YUCIO0 (ero 3HaueHue OyJIeT yTod-
HeHOo Huxke). Ilycts y € K(rg,00). B cuy (12), (4) u (15) umeem
d(z) [* Co ! at1
Ay@)> D0 [ aarown)d > Law) [ d@at) ) >
0 0
€o a+1 ! a+2 6001 o
Z od@)llyll ; d(t)*a(t)dt > —~d(@)|lyl|*y (=), (19)
rie ¢ = fo a+2 t)dt. Orciona npu = = = g y € K(ry, 00) umeem
1 CoC1 1
Ay(=) = —r¢ 20
v > Lhagy(l). (20)

Q=

Iycrs to = ( 24 ) . Bosbmem rg > max(tg,r1). Torma u3 (20) caenyer

cocC1

1 1

Ay(§) > Z/(§)-

Cuenosarennuo, Ay=<y upu y € K(rg,00).

Takum 06pa3oM, MOKA3aHO, UTO CYMECTBYIOT IOJOXKUTENBHBIE UUCTA 7'| W T3, UTO
Ay>y upu y € K(0,r1), u Ay<y upu y € K(rs,00). CienoBareiabHoO, MOJOKUTEIbHBII
oneparop A pacrarusaer komyc K. Bmosme menpepbnBHOCTH omneparopa A odesmmHa.
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Torga o Teopeme 1 ypasuenue (9) umeer, 110 Kpaiineii Mepe, OJHO HEHYJIEBOE DellleHre
y(x). U3 (9) B cuny (3) crexyer, aro pemenue y(z) nosoxureasuo npu = € (0,1).
B cwiy mosydueHHBIX BBINIE OIEHOK HETPYIHO YOEIUTBHCS, UTO Y € 04[0, 1]. Hokasana

Teopema 2. Ilycmo f(x,y)— Henpepvienas no 060um apeymermam GYHKGUL Npu
pa(t
t

x €[0,1] uy > 0, ydosaemeopaem ycaosuto (3), 6 xomopom dynruuu @1 (t), p2(t),
HENPEPLIBHLIE, HEOTNPULAMEAbHbIE U 803pacmatrowue om 0 do oo npu t € [0,1], a ¢1(¢)
ydoseaemeopsem ycaosuro (4). Toeda cywecmeyem, no kpatinetd mepe, 00HO NOAOHCU-
meavroe pewenue zadavu (1), (2).

Sameuanne. Ouesudno, ompesok [0,1] 6 meopeme 2 MOHCHO 3aMEHUMD WA NPO-
useoavroili ompesox [0,x9] ¢ o > 0.

3. AnpmopHble OIeHKN MOJIOYKUTEJIHHOTO PeIleHns

IMosyunM anpuOpHBIE ONEHKH MOJIOXKUTENBHOrO pemennst 3agaqau (1), (2). Mx mox-
HO HCHOJIb30BATh B JAJbHEHIIEM JJIg [TOCTPOCHUs IIOJOKUTEJIHHOIO PEIICHUs 3aa91
(1), (2) uucsenubivn meronamu. [TosoxkuresnsHoe pemmenne 3agaun (1), (2) yaosierso-
pser unTerpaiabHomy ypasuenuto (9). Torma, nonabsyscs nepasencrsom (19), qyist Hero

UMeeM
CoC1

y(@) > —5d@)[ly]*,

rie ¢; = fo ) 2a(t)dt. Orcioma TosyvaeM AIPHOPHYIO ONEHKY
1
24 \ «
vl < () — Mo, (21)
CoC1

C nmomomntpto dbyakuuu 'puna G(z,t) pemenne 3amaun (7), (8) MoxkHO 3anmcaTh B
BUJIE

_ /O Gla, ) F (b y (1)) dt. (22)

Tak kak G(z,t) =2 0 opu z,t € [0,1], To u3 (22) B cuny (3) u Bo3pacranus @z(z)
uMeeM

1
0> u(x) > - / G, )bospa(y(1)) dt >

! x —a? b
—bowz(Mo)/ G(z,t)dt = —bowp2(Mo) 5 2 —§0<P2(Mo)

0

CienoBare/ibHO,
bo

ly"ll = Nlull < 5 p2(Mo) = Mz, (23)

npuaem y’(z) < 0 npu z € [0,1].
N3 (9) caemyer, 9to
LaK(0,t
v = [ 0Dy war (29)
O x

a u3 (10) nmeem

3K (1) / 9G(s:t) t)ds:/w(—t)G(&t)ds—i-/l(l—t)G(Sat)d&
0 xT

CJIe,ZLOBa,TeJIbHO,
0K (0,t)

—(1—t)/1G( fds < =1
&E o 0 5 5 8 '
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Torna u3 (24) B cuty (3) u Bo3pacTanus @o(z) mMeeM

e M,
0<y0) <5 [ A-0syma < 220, (25)

8/ 16
Tak xak 3y =’ = f(x,y), To B cury Bo3pacTaHms Qo(z)

Iy < bop(Mo) = M. (26)
U3z (23) caemyer, aro

1
v =) = - [ FEED o).
0 x
CienoBaresbHO,
1 1
, 0G(0,t
02y = - [ Z8 ey = - [ a-osea
0 r 0
Orciona B cuity (3) u BO3pacranus @s(z) umeem
—b

0> y"(0) > —~p2(Mo). (27)

B cuny (23) u (25)
1
J(1) = (0) +/ J(B)dt > bowa(Mo) _ bopa(Mo) _  bopz(Mo)
0 16 8 16
CirenoBaresibHO,
b M,
@) < 22y, (29)

Tak kax Y = v’ (z) = f(x,y(z)) > 0 upr = € [0,1], To ¥y (0) < v (x) < y"(1).
Torga, unrerpupys ypasaerre (1) or 0 mo 1 u nosbsysice (26), mosmydum

Y1) =" (0)

_|_

1
/ Y@ (2)dz < boa(Mo).
0

CanenoBaresnbro, B cuiy (27)
15" [ < bopz(Mo). (29)

Takum obpa3om, ciipaBejTUBa
Teopema 3. IIpu 6uinoAHEHUYU YCAOBUT MEOPEMDL 2 OAA NOAOAHCUMEALHORZO PEULE-
nua 3adavu (1), (2) cnpasedausv, oyenku

Iy < M;, i=0,1,2,3,4,

2de M; onpedesenv pasencmeamu (21), (23), (28), (29), (26) coomeemcmeenno,
(e
bop2(Mo)
0<y(0) < —F—,
y'(0) 16
_bop2(Mo)

5 < y///(o) <0.
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3akJro4eHne

JlokazaHo, 4TO AByXTOdUedHAs KpaeBas 3a/ada

yW = f(z,y),0 <z <1,
y(0) =y"(0) =y(1) =y"(1) =0

uMeeT, 10 KpaiiHeil Mepe, OJJHO HOJIOKUTEIbHOE pelenue, eciu dyukimsa f(x,y) Hempe-
peiBHa, Heorpunareiabha upu x € [0,1] u y > 0 u yuosiersopsier yciosusm (3), (4).
Kpome TOro, mosiydeHbl alpUOpHDBIE ONEHKH IOJOXKUTEJIHLHOIO DEIICHUS.

Jlureparypa

(1]

2]

3l
4]

5]
(6]
(7]

18]

(9]
[10]

[11]

Abayparnmos 9.U. TlosioxkuTesnbHOE peleHne ABYXTOYEUHON KpaeBOll 3aJadu i Of-
moro mejmuelnoro O/IY werseproro mopsaka // Uss. Bysos. Cep.: Maremaruxa. 2006.
Ne 8. C. 3-6.

AbayparnmoB 9.U. TlosioxkuTenbHOE peleHne ABYXTOYEUHONH KpaeBOll 3aJadu i Of-
moro Hesmueiinoro O/LY 4eTBepTOro MOpPsAKA W YUCAEHHBIA METOJ €ro mocTpoeHus //
Bectauk Camapckoro rocymapcrseHHoro ynumsepcurera. 2010. Ne 2(76). C. 5-12.

Yermachenko I. Multiple solutions of the fourth-order Emden-Fowler equation // Math.
Model. and Anal. 2006. Ne 3(11). P. 256-347.

Ma De-xiang, Ge Wei-gao. Multiple symmetric positive solutions of fourth-order two
point boundary value problems // Appl. Math. and Comput.: An International Journal.
2006. Ne 1-2(22). P. 295-306.

Ma Ruyun, Xu Ling. Existence of positive solutions of a nonlinear fourth-order
boundary value problem // Appl. Math. Lett. 2010. Vol. 23. Ne 5. P. 537--543.

WeiJin-ying, Li Yong-xiang. Positive solutions of fourth-boundary value problems //
South.Yangtze, Nat. Sci. Ed. 2007. Ne 1(6). P. 124-126.

Yao Qing-liu. Solvability of discontinuous beam equations simply supported at both
ends // Jishou daxue xuebao. Ziran kexue ban J. Jishou Univ. Natur. Sci. Ed. 2009.
Vol. 30. Ne 5. P. 4—12.

Webb J.R.L., Infante G., Franco D. Positive solutions of nonlinear fourth-order
boundary-value problems with local and nonlocal boundary conditions. Proceedings of
the Royal Society of Edinburgh: Section A Mathematics. 2008. Ne 138(2). P. 427-446.

Wang G., Zhou M., Sun L. Fourth-order problems with fully nonlinear boundary
conditions // J. Math. Analysis Applic. 2007. Ne 325. P. 130-140.

Yao Qing-liu. Existence of solutions and positive solutions to a fourth-order twO-point
BVP with second derivative // J. Zhejiang Univ. SCI. 2004. Vol. 5. Ne 3. P. 353-357.

Kpacuocenbckuit M.A., 3a6peiiko II.II. Teomerpudyeckue MeTObI HEJUHEHHOrO aHAIU3A,
M.: Hayka, 1975. 512 c.

References

1

2l

Abduragimov E.I. Positive solution of two-point boundary problem for one nonlinear
ODE of the fourth order. Izv.vuzov. Matematika [News of Higher Educational
Institutions. Mathematics], 2006, Ne 8, pp. 3-6 [in Russian].

Abduragimov E.I. Positive solution of two-point boundary problem for one nonlinear
ODE of the fourth order and numerical method of its costruction. Vestnik Samarskogo
gosudarstvennogo universiteta [Vestnik of Samara State University], 2010, Ne 2(76),
pp. 5-12 [in Russian].



16

13l

4]

[5]
[6]

7]

18]

19]
[10]

[11]

D.U. A6dypazumos

Yermachenko I. Multiple solutions of the fourth-order Emden-Fowler equation. Math.
Model. and Anal., 2006, Ne 3(11), pp. 256-347.

Ma De-xiang, Ge Wei-gao. Multiple symmetric positive solutions of fourth-order two
point boundary value problems. Appl. Math. and Comput.: An International Journal,
2006, Ne 1-2(22), pp. 295-306.

Ma Ruyun, Xu Ling. Existence of positive solutions of a nonlinear fourth-order

boundary value problem. Appl. Math. Lett, 2010, Vol. 23, N 5, pp. 537-543.

Weilin-ying, Li Yong -xiang. Positive solutions of fourth-boundary value problems.
South. Yangtze, Nat. Sci. Ed. 2007, Ne 1(6), pp. 124-126.

Yao Qing-liu. Solvability of discontinuous beam equations simply supported at both
ends. Jishou daxue zuebao. Ziran kexue ban J. Jishou Univ.Natur.Sci. Ed, 2009, v. 30,
Ne 5, pp. 4-12.

Webb J.R.L., Infante G., Franco D. Positive solutions of nonlinear fourth-order
boundary-value problems with local and nonlocal boundary conditions. Proceedings of
the Royal Society of Edinburgh: Section A Mathematics, 2008, 138(2), pp. 427-446.

Wang G., Zhou M., Sun L. Fourth-order problems with fully nonlinear boundary
conditions. J. Math. Analysis Applic, 2007, Ne 325, pp. 130-140.

Yao Qing-liu. Existence of solutions and positive solutions to a fourth-order twO-point
BVP with second derivative. J. Zhejiang Univ. SCI, 2004, Vol.5, Ne 3, pp. 353-357.

Krasnoselski M.A., Zabreiko P.P. Geometrical methods of nonlinear analysis. M.,
Science, 1975, 512 p. [in Russian].

E.I. Abduragimov?

EXISTENCE OF POSITIVE SOLUTION OF TWO-POINT

BOUNDARY PROBLEM FOR ONE NONLINEAR ODE
OF THE FOURTH ORDER

In the work sufficient conditions for existence at least one positive solution
of two-point boundary problem for one class of strongly nonlinear differential
equations of the fourth order are received. The problem is considered on a
segment [0,1] (more general case of segment|0,a] is reduced to considered). On
the ends of a segment the solution of y and its second derivative of 3" are
equal to zero. Right part of an equation f(z,y) isn’t negative at = > 0 and
at all y. Performance of sufficient conditions is easily checked. Performance of
these conditions is easily checked. In the proof of existence the theory of cones
in banach space is used. Also apriori estimates of positive solution, which is
possible to use further at numerical construction of the solution are obtained.

Key words: positive solution,two-point boundary problem, nonlinear differ-
ential equation, existence.
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