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ESTIMATION OF PARAMETERS OF AUTOREGRESSIVE MODELS WITH
FRACTIONAL DIFFERENCES IN THE PRESENCE OF ADDITIVE NOISE!

ABSTRACT

For modeling in time series, models with fractional differences are widely used. The best known model is
the ARFIMA (autoregressive fractionally integrated moving average) model. It is known that for integer-order
autoregressive models, autoregressive models with additive noise can outperform ARMA and autoregressive
models in terms of accuracy. This article considers a class of autoregressive models with fractional order
differences. The article presents a new method for estimating parameters autoregressive models with fractional
differences in the presence of additive noise with an unknown variance of additive noise. The propose algorithm
was realized in Matlab. The simulation results show the high efficiency of the propose algorithm.

Key words: Fractional difference; autoregressive model; total least squares; additive noise; unknown ratio
of variances; generalized instrumental variables; long run memory.

Citation. Ivanov D.V. Estimation of parameters of autoregressive models with fractional differences
in the presence of additive noise. Vestnik Samarskogo wuniversiteta. FEstestvennonauchnaya seriya /
Vestnik of Samara University. Natural Science Series, 2023, wvol. 29, no. 3, pp. 93-99. DOL
http://doi.org/10.18287/2541-7525-2023-29-3-93-99. (In Russ.)

Information about the conflict of interests: author and reviewers declare no conflict of interests.

© Ivanov D.V., 2023
Dmitriy V. Ivanov — associate professor, Candidate of Physical and Mathematical Sciences, Department
of Information Security, Samara National Research University, 34, Moskovskoye shosse, 443086, Russian
Federation; associate professor, Department of Information Technologies, Samara State University of Railway
Transport, 2B, Svobody Street, 443066, Russian Federation.

Introduction

To describe processes of various nature, equations with derivatives are increasingly used. and differences of
fractional order. Despite the lack of a simple interpretation, which give derivatives, integrals and differences
of integers, models described by fractional-order equations, make it possible to accurately simulate many
processes in physics and technology [1-4|. In connection with the active development and application of
equations with differences and fractional derivatives for modeling and forecasting problems, methods for
estimating systems have also begun to actively develop, describing fractional-order equations and differences.

Autoregressions with fractional differences are widely used in the analysis of time series with long
memory [5; 6]. There are a large number of different models with generalizations of fractional differences,

IThe work was carried out as part of the development program of the Scientific and Educational Mathematical Center of
the Volga Federal District, agreement No. 075-02-2023-931.



Ivanov D.V. Estimation of parameters of autoregressive models with fractional differences in the presence of additive noise
94 Hsanos /[.B. Ouenusarue napamempos asmopezpeccu ¢ Pa3HOCMAMU 0pObHO20 NOPAJKA NPU HAAUNUY GOOUMUSHO20 ULYMA

such as Gegenbauer autoregressive moving average (GARMA) [7; 8], fractional ARUMA [9], seasonal
autoregressive fractionally integrated moving average (SARFIMA) [10; 11], and autoregressive tempered
fractionally integrated moving average (ARTFIMA) [12; 13]. Various aspects of using fractional differences
for time series analysis have been considered [14; 15].

It is known that for autoregressive models of an integer order, autoregressive models with additive noise can
exceed the accuracy of ARMA models and autoregressive models [16]. An overview of methods for estimating
integer-order autoregressions in the presence of noise is presented in [17]. In the articles [8; 18; 19], the author
considered the estimation of autoregressions with fractional-order differences in the presence of noise with a
known noise ratio.

The article presents a new method for estimating parameters autoregressive models with fractional
differences in the presence of additive noise with an unknown variance of additive noise.

1. Basic results

Time series, is described by linear stochastic equations with fractional order differences:

zi= Y WMAY™L 4Gy =2+ &, (1.1)

m=1

o0
where b(™ are constant coefficients; 0 < a ... < ay; I'(a)= [ et 1dt .
0
K3 .
Avmz =" (=1) ( aj’.” )zij is fractional difference;
j=0
< aj’i” ) = % is generalized binomial coefficients.
It is required to estimate the unknown coeflicients of the dynamic system described by (1.1) from the
observed sequence {y;} with noise for the known orders r , ay,.
If r and, «,, are unknown, it is necessary to apply algorithms based on global optimization, such as
genetic algorithms [8].
The following assumptions are introduced:
Al. The dynamic system (1) is asymptotically stable.
A2. Noises {&} and {(;} are statistically independent sequences with E{&} = 0, E{¢;} = 0, E{ff} =
= 052 < 00, E{Cf} = Jg < oo a.s., where E is the expectation operator.
A3. The output sequence {z;}, is independent of noise sequence {&;}. The noise sequences {&;},{¢;} are
mutually independent.
In [18], the following objective function was proposed for estimating the parameters:

Iy — Cbl;
_— 1.2
b 1+ + bTHeb’ (12)
where
A =m0 () () Shm=Tr= 1T

C= (o7 ... ¢T) eRPNY = (yr...yn) € RV b= (b0 b)) c R7,
@ = (Ay; 1,0, A%y q) € RV y = 02 [0?

Theorem 2.1. [18] Let the dynamic system described by Equation (1.1)with initial zero conditions and
assumptions A1-A3 be introduced. Then, the estimate of the coefficients determined by expression (1.2)
exists, is unique, and converges to the true value of the coefficients with probability 1, i.e.:

b(N) 2% by (1.3)

N—oo

Proof. The proof of the theorem is similar to the proof given in [20].
The minimum of function (1.2) can be found as a solution to the biased normal system of equations

(CTC —62He) b= C"Y. (1.4)

If the noise variance is unknown 0?, then it is necessary to use the estimate of the additive noise variance

ag. The variance estimate 6 can be found as the minimal generalized singular value

65 = Omin (C,Lg) 5 (15)
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where omin (C_', Lg) is the minimal generalized singular number of matrices C and Le,

C=(Y C).

= e 1+ 0

_7JT _

H¢=Lg L, He = 0 H )

In [17] a review of methods for parametr estimation integer-order autoregressions with additive noise
is presented. One of the most accurate was the approach proposed in the article [21]. This article uses a
generalization of this approach to the case of autoregressions with fractional order differences. The maximum
value of the variance agmax is if the variance cr? =0 is defined as

z - 2 (07 L’maz)

O¢max = Omin

where opin (C’, me) is minimal generalised singular values of matrices C' and Ly,q4,

_ I _ 10
_ 77T _
Hpaw =L L. Hpaw = ( 0 H )

The true value of the variance belongs to the interval O'g € ( 0 Ogmax )
In [21], high-order Yule-Walker equations are used to determine the variance. However, this approach
cannot be applied directly, since it is impossible to obtain a vector of instrumental shifts for equation (1.1).

Minimization (1.2) can be written as an eigenvector problem:

where b = ( _bl )
2

Equation (1.6) requires knowing not only the variance of the additive noise ag, but also the variance o¢.

(CTC - 62H) b =0, (1.6)

In order to eliminate the need to evaluate o2 and o2 simultaneously for fractional order autoregressions, we
use generalized instrumental variables [22], the application of generalized instrumental variables for fractional
order systems is considered in the article [23].
The vector of instrumental variables 1), satisfies the equality
: T A 277 \ 7.

N—oc0

where
Cy = (wfw%) e RNV
d)i e (Aalyi_g, ...,Aaryi_g) S Rlxr, Hw = ( 0 Hl/’ ),
k . N-1 o « —j — —
H;m):hmiﬁooﬁzi:o j:n]_ jk %,mzl,’hk‘:l,r,
For a finite sample, equality (1.7) will not be strict, the problem of determining the variance estimate
&g can be described as a quadratic function minimization problem

min  J (o¢), (1.8)

0¢€(0,0¢ max)
where .
J (o) =07 (CIC — 02Hy) (CIC —o2H,)b.
Based on equations (4), (6) and (8), an iterative algorithm is proposed for estimating the parameters b
and the variance 6? .

Step 1. Determine the maximum value of the variance agmax is defined as

2 = Jr211in (07 Lmar) .

JE max

Step 2. Start from a generic value O’? e(0 U?max ).
Step 3. Compute the parameter vector from equation (1.4)
(CTC —62H:) b= C"Y,

Step 4. Compute the cost function (1.8)
QT — — — — Eay
J(oe)=b (CTC —o2H,)" (CEC — 02Hy)b.
Step 5. Choose a new value Ug . The choice can be made using one of the methods of one-dimensional
optimization.
Step 6. Repeat steps 3-5 until the value associated with the minimum of is found.
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2. Simulation results

The proposed algorithm has been compared with ordinary least squares and the algorithm based on
objective function (1.2) with a known noise variance ratio. The minimum (1.2) of the objective function can
be found from the solution of the equation (1.4) or the augmented system of equations [24].

Test cases were compared by the following characteristics:the normalized root mean square error (NRMSE)

of parameter estimation, defined as
A 2 9
5b = Hb—boH /|bo|| 100/,

and normalized root mean square error of modelling (NRMSEM), defined as

62 = \[lI2 = 2I1* / l121*1000%.

The results were based on 50 independent Monte-Carlo simulations.
Example 1. The AR model is described by the equation

2= 04507 2 1 + Gy yi = 2 + &, (2.1)
Noise standard deviation ratio
o¢fo, =057 =2.605
The number of data points N in each simulation was 10000.

Table 2.1 shows the mean values of tNRMSE and NRMSEM and their standard deviations.

Table 2.1
Mean values of NRMSE and NRMSEM and their standard deviations

Tabsma 2.1
Cpeanne 3nadveHus NRMSE nu NRMSEM u ux craHJapTHBbIE OTKJIOHEHUS

Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 8.95+5.74 1.05+1.20 1.44+1.93
0z 43.50 £+ 15.42 12.88 +9.88 13.55 +10.98
Example 2. The AR model is described by the equation
20 =050z 1 + ¢, v = 2 + &, (2.2)

Noise standard deviation ratio
05/02 =0.5,yvy=211

The number of data points N in each simulation was 2000.
Table 2.2 shows the mean values of tNRMSE and NRMSEM and their standard deviations.
Table 2.2

Mean values of NRMSE and NRMSEM and their standard deviation
Tabsmma 2.2

Cpeanue 3HadveHus NRMSE u NRMSEM u ux craHapTHOE OTKJOHEHUE

Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 15.73 + 2.62 2.16 £1.46 3.00 £2.74
0z 26.70 + 2.36 5.82+4.47 7.13+£5.39
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Conclusion

This paper proposed an estimation method of the parameters of fractional AR models with additive noise.

The simulation results showed that the parameter estimates obtained using the proposed algorithm are highly
accurate.

Further development of the proposed approach is the study of the best choice of instrumental variables

and the choice of the weighting matrix.
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OINEHVUBAHUE ITAPAMETPOB ABTOPEI'PECCUUN C PASHOCTAMU
JPOBHOTI'O TIOPAOKA IIPU HAJINYUN AJJINTUBHOTIO IIIYMA?

AHHOTAIINA

Iljist MOIIeJIMPpOBAHMSI BO BPEMEHHBIX PsjiaX IMUPOKO HCIOJb3YIOTCS MOIEIU € JPOOHBIMU PA3HOCTSIMH.
Hau6osee uzsectHoit Mopennio spigerca mogenb ARFIMA (aBroperpeccuonHnasi 9aCTUYHO UHTEPUPOBAHHAS
CKOJIB3sIIIast cpeiuss). VI3BeCcTHO, 94TO Jijis aBTOPEIPECCUOHHBIX MOJEJIEH 1100 MOPSAIKA aBTOPEIrPECCHOHHBIE
MOJIEJT € &JINTUBHBIM IIyMOM MOTYT TpeBocxouTh 1mo tounoctn ARMA u aBToperpeccrmoHHbIE MOJIEIH.
B jannoit crarbe paccMaTpuUBaeTCsl KJIACC aBTOPETPDECCHOHHBIX MOJIEJIell € PA3HOCTHIO JIPODHOIO IOPSiIKA.
[IpejscraBiieH HOBBI MeTOJ| OLIEHUBAHUS [TaPaMETPOB aBTOPEIPECCHOHHBIX MOJEJIeil ¢ JPOOHBIMU PAa3HOCTSIMU
[IpY HAJUYUU QIIATHBHOIO IIIyMa C €ro HeW3BeCTHOH gucnepcueii. [Ipejmjaraembliii ajropuT™M peain30BaH
B cpeme Matlab. Pesymbrarbl MoOme/mpoBaHUS IOKA3BIBAIOT BBICOKYI 3(MMEKTUBHOCTD TPEJIOKEHHOTO
aJITOPUTMA.

KuiroueBbie cioBa: apobHas PA3HOCTH; ABTOPErPECCUOHHAsS MOJENb; CyMMa HAWMEHDLINNX KBaJIPATOB;
a,ZLZLHTHBHbIﬁ mIyM; HEU3BeCTHOE OTHOIIEHUEe LLI/ICIIepCI/II‘/JI; O606HleHHbIe NHCTPpYMEHTaJIbHbIE II€EpEMEHHBbIE;
JIOJITOBPEMEHHAST TTaMATh.

IIntupoBanme. Ivanov D.V. Estimation of parameters of autoregressive models with fractional
differences in the presence of additive noise // Becrnuxk Camapckoro ynusepcurera. EcrecTBeHHOHAYYHAS
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