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KOPPEKTHOCTHh OCHOBHOW CMEIITAHHOI 3AJIAYU
JIJId MHOI'OMEPHOI'O VPABHEHUS JIABPEHTBEBA — BUIIAJI3E

AHHOTAIIAA
WszBectHo, 49TO KOjIebaHUsl YHPYTHMX MeMOpaH B IIPOCTPAHCTBE MOJIEIUPYIOTCS YPABHEHHSMH B HaCTHDBIX
npou3BoaHbiX. Eciu mporu6 memOpanbl cuurarh GyHKImed u(x,t),x = (21,...,Tm), M = 2, TO TO IPUHIUILY

Tamuibrona, OpUXOoMM K MHOI'OMEPDHOMY BOJIHOBOMY YPaBHEHUIO.

[Tonarasi, aTo B moJsiokeHnn m3rnba MeMOpaHa HAXOIWTCs B PABHOBECUH, W3 IPUHINIA | aMUJIBTOHA TaKXKe
[oJIydaeM MHOTOMepHOe ypaBHenue Jlamaca.

CirenoBaresibHO, KoJieOaHUsI YIOPYIWX MeMOpaH B IIPOCTPAHCTBE MOXKHO MOJIEJIUPOBATH B KadeCcTBe
MHOTOMEPHOTO ypaBHeHUs1 JlaBpenTheBa — DBuramnze.

OcHoBHas cMelanHas 3a/a9a B IUJIMHIPUIECKON 00JIACTH JIJIsi MHOIOMEPHBIX THIEPOOJNYIeCKUX yPABHEHUI
B IIPOCTPAHCTBE 000OIIEHHBIX (DYHKIUII XOPOIIO uccjejoBana. B paborax aBropa jl0Ka3aHa KOPPEKTHOCTH ITO
3329 JjIsi MHOTOMEDPHBIX THUIEPOOINYECKNX U JUINNTUIECKAX yPABHEHMIA, a TAKKe ITOJIyIEHbI sIBHBIE BUJIbI
KJIACCUYIECKIX PEIIeHUN.

Hackosibko U3BECTHO, 3TU BOIIPOCHI JJisd MHOI'OMEPHBIX I‘I/IHGP60.HO—3.HJII/IHTI/I‘I€CKI/IX ypaBHeHI/Iﬁ HE U3YyYCHDbI.

Cwmermannas 3a7lada ¢ TPAHUIHBIMU YCJIOBHSAMM [IJIsi MHOIOMEpHOro ypasuenusi JlaBpentbeBa — DBuranze
ABJIAETCA HEKOPPEKTHOM.

B nmanHOil craThe J0Ka3aHA OJHO3HAYHAS PA3PEIIMMOCTh U ITOJYYEH SBHBIM BUJI KJIACCHIECKOTO DPEIeHUs!
OCHOBHOHM CMeITaHHON 3aJadM ¢ TPAaHUIHBIMA ¥ HAYAJbHBIMUA JAHHBIMI JJIsI MHOTOMEPHOTO YpPaBHEHUsI
JlaBpentheBa — Bumasze.

KiroyeBbie cjioBa: KOPPEKTHOCTH; OCHOBHAsl CMEIIaHHAs 3aJa4a; IUJINHIPUYECKas 00JacTb; (pyHKIUs
Becces.
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Beenenue

OcHoBHasi CMeIaHHAs 3aJ@ada JjIs MHOTOMEDPHBIX TUIepPOOIMYeCKNX yPABHEHWII B MPOCTPAHCTBE 00ODIIEH-
upix Gyskuil xopomo usydena [1-4]. B [5—10] mosyuensl siBHBbIE BUIBI KJIACCUYECKUX DPEIICHUN CMENIAHHBIX
3a/1a9 JJIsi MHOTOMEPHBIX TUIEPOOJNIECKNX YPaBHEHUH.

HackoibKo M3BECTHO aBTOPY, 3TH 3aJ@4d [Jisi MHOIOMEPHBIX JUIMIITHYECKUX yPABHEHHIl M3yYEHBI TOJIBKO
B [11], & JyIsi MHOrOMEDHBIX TUIEPOOIO-3JUIMITUIECKIX YPABHEHUH ele He HCCJIeJOBAHBL.

CumermanHast 33/1a4a ¢ PPAHUYIHBIMU YCJIOBUSIME JJIsi MHOMOMEDPHOrO ypasHenusi JlaBpenrtheBa — Bunanzge
ABJIAETCA HEKOPPEKTHOM.

B mamnoil crarbe moKazaHa OJHO3HAYHAS PA3PENIMMOCTH U TOJYyYeH sIBHBI BUJ KJIACCHYECKOTO DEIeHUsT
OCHOBHOIl CMEIIIaHHOI 3a/a4i C I'PAHUYHBIMU M HA4YajbHBIMU JAHHBIMU JJIsi MHOIOMEDHOIO ypaBHeHus Jlas-
penTheBa — burasze.

1. IlocranoBKa 3aJa91 1 pe3yJjibTaT

IIycrs Qpp— muMHAPHIECKas: 00JIACTD €BKIINA0BA IPOCTPAHCTBA Eyy1 TOYEK (L1, ..., T, t), OTPAHAYCHHAS
mummaapom I' = {(z,t) : : || = 1}, mnockocrsvmu ¢t = o > 0 u t = f < 0, nae |r|— [umHA BeKTOpa & =
= (1, o Tm)-

O6osnaunm uepe3 2, u g uwacru obsacru ., a depes I'y,I's — gacru nosepxuoctu I', nekaimue B
mnosynpocrpancTBax t > 0 u t < 0;0,— BepxHee, a 03— HUXKHee OCHOBaHHe 00JIACTH ()n3.

IIycrs pmamee S— ofmas 4vacrb rpanur obsmactu §,, g, npegcrasisiomux coboit Muoxkecrso {t = 0,
0 <|z| <1} Touek u3 E,,

B obmactu ),3 paccMoTpuM MHOTOMepHOe ypasHeHme JlaBpenTneBa — bnumanze

(sgnt)Agu — ug = 0, (1)
rae A, — omeparop Jlamiaca Mo MEPEMEHHBIM X1, ..., Ly, M > 2.
B nmanpmeiimem HaMm  ymoOHO TepedTH  OT  JIEKAPTOBBIX KOODJAWHAT X1, ..., Tm,t K CHEpUIECKUM

701,01, 7 >20,0<60; <27, 0<60; <m,i=2,3,...m—1,0= (91,...,97,1,1).
PaccMoTprM ClIe/IyIONIyI0 OCHOBHYIO CMEIIAHHYIO 3aJa4y C IPAHUYHBIMU ¥ HAYAJIbHBIMU JAHHBIME [12]
Bagaua 1. Haiitu pemenne ypasuenns (1) B obmactu Qap npu t # 0 uz kiacca C(Qag) N CHQap)N
NC?(Qy Up), yroBIeTBOPAIONIEe KPACBHIM YCIOBHSM

=1 (tve)v (2)

o

u

ul  =a(t,0), u

Ts
upu srom 1(0,0) = 12(0,0),12(8,0) = 7(1,0).
IIyctn {Yrﬁm(e)}— cucTeMa JIMHEHHO HE3aBUCUMBIX cdepudeckux GyHKIui mopsaka n, 1 < k < k,
(m —2)nlk, = (n+m — 3)!(2n +m — 2), Wi(S), [ =0,1,... npocrpancrea Cobosepa.
Nmeer mecto [13]
Jlemma 1. Iycts f(r,0) € Wi(S). Ecm [ > m — 1, To pan

0 =33 )0, (4)

n=0 k=1

- T(Ta 0); Ut = I/(?", 9)) (3)

[e¢] aB

a TakKe PsIbl, TOJyUYeHHbIe U3 Hero mauddepeHnupoBanneM mopsiaka p < [ —m + 1, cxomgarcs abCcoaioTHO U
PaBHOMEDHO.

Jlemma 2. Iz Toro utobnr f(r,0) € Wi(S), neobxommmo u mocrarouno, arober kKoadbdummentsr psa (4)
VJIOBJIETBOPSIT HEPABEHCTBAM

oo kn
|f0 ZZ l|f < ¢, €1, €2 = const.

n=1k=1

Yepes Y5 (1), 7F(r), vF(r) obosmaumm koadbdumuenTsr pasmoxkenuss pana (4) cOOTBETCTBEHHO hYHKIMIA

o (t,0), 7(r,0), v(r,0).
Torna crupaseuBa
Teopema 1. Ecim ty(t,0) € Wi(Ta), ¥2(t,0) € WH(Tp), 7(r,0),v(r,0) € Wi(S),1 > 22, 1o zanaua 1

nMeeT eIUHCTBEHHOE DpeIlleHue.
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2. Jloka3zaTeJabCTBO Teopembl 1

B cdepuueckux koopaunarax ypasuenue (1) B obnactu g mmeer Bux [13]

m—1 1
Upy + Uy — —6u+uy =0, (5)
r r
m—1
0 0 . . .
0= — Z 1nm — 19 80 (smm i= 10j a0, ) =1,9= (sm91...sm0j,1)2, j>1.
M3BecTHO [13], YTO CHIEKTP OIepaTopa § COCTOMT M3 COOCTBEHHBIX uucesn A, =n(n+m— —2), n=0,1,..,

KaXKJIOMy W3 KOTOPBIX COOTBETCTBYET k, OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX (DYHKIIUN Y,ﬁm(ﬁ).
Tax Kak MCKOMOe pemenne 3agaun 1 B obinactu Qg npunamiexkur kiaaccy C(Qg)NC?(Qg), To ero MoxKHO

u(r, 0,t) ZZu rtYk (9), (6)

n=0 k=1

HCKaTh B BHJE

rie @F (r,t)— yHKIME, TO/IeKAIIIE ONPe;IeTeHHIO.
IMoncragasist (6) B (5), UCHOAB3YsT OPTOrOHANIBHOCTL cepudeckux GyHKIUHA Yf)m(e) [13], 6yaem umerhb

—k
U

A
ak rak, - Dak =0k=1,k,, n=0,1,.., (7)

72 in

IpU TOM KpaeBoe ycjoBue (3) ¢ yueToM JieMMbl 1 3aluIercss B BHUJIE

ﬂﬁ(l,t) = wlgn(t)v Q_LZ(’I", B) = %rlf(r)’ 'L_szt('ra B) = ﬂS(t)a k= lanv n=0,1,... (8)
B copmynax (7), (8) mpomssens sameny oF(r,t) = uk(r,t) — 5, (t), momyanm
657'7' + m,r_ 1@’57' - )\;L 7kz + Untt - f,,]:('f", t)a (9)
Up(1,8) = 0, Oy (r, ) = 75 (r), Oy (r, B) = vy (1), k =1k, n =0, 1, ..., (10)
5 An _ _
Fulr,t) = T7¢§n(t) — Uty Th (1) = T (1) = U5,(8), v (r) = U () = ¥5,.(B)-
(-m)

[pomssens sameny OF(r,t) =7 =z vk(r,t) zamaay (9),(10) mpusemem k ciemyromeit 3aade:

Lk = vk, + 220k + ok = () (1)
oh(1,0) = 0, f(r,B) = 7E(r), ksl B) = PA(r) (12
R = (0= DO = B0] gy = 252 (), 75 ) = 57 ), ) = 2T ).

2
Pemenne samaun (11), (12) umem B Bume vF(r,t) = vk (r,t) + 05 (r,t), Tme V¥, (r,t)— pemenme 3amaun

L’U]fn = ff(?‘,t), U]fn(la t) =0, Ulfn<r7 ﬁ) = U]fm(T, /B) =0, (13)

a vh, (r,t)— pemenue 3anaun

Lvlgn =0, Ugn(Lt) =0, Ugn(T, B) = 717]:(7“), Ugnt(n /6) = Dﬁ(?‘), (14)'

Permtenne BbINeyKa3zaHHbIX 337249 PACCMOTPUM B BHJE

= Ry(r)Tu(t), (15)
s=1

IPA TOM IIyCTh
Falrt) = al Ro(r), 75(r) =Y 0, R(r), Ti(r) = ek () Rs(r). (16)

s=1

IMoxcragass (15) B (13), ¢ yuerom (16) momyunm

%,
Ry + ( n u) R,=0,0<r<1, Ry(1)=0, |R(0)] < oo, (7)

Tor — pTs(t) = ag (), B <t <0, To(B) =0, Tu(B) = 0. (18)
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OrpanuuenHbM pereHneM 3ajaun (17) sisisiercst [14, c. 404]
Ry(r) = \/;J,,(usm?“), (19)

r _ (m=2) _ . _ 2
me v ="mn-+ -5, s~ Hymu ynkmmit Beccens mepsoro poma Jy(z), g = pig -

Basgaga (18) cBoguTCcst K MHTErpasjbHOMY ypaBHeHHIO Bosibreppa BrOporo poma oraocuresnsho T, (f) [12,
c. 49|

t t

Ton®) = i [ (= L@ = [ (¢~ aun(©)d (20)
B B
KOTOPOE HMMEET DEIeHuE W NPUTOM €JMHCTBEHHOE.
IMoncrasass (19) B (16), moayunm

PR = 5 a0t ) = 3 0T ),
s=1 (21)

w
Il
Jan

Psanpr (21) — pasioxenune B psjapl Pypoe — Beccena [15, c. 83], ecuin

1
0k (1) = 2Ty ()] 2 / VETE(E, ), (15 n)dE, (22)
blgcn = 2[Ju+1 Ms, n f \fT (Me ng)dga
(23)
elsc,n = 2[Jy41( Hs, n) f \[V (,u,g n&)dé,
THe flspn, S = 1,2,...— ITOJOXKNTEJbHBIE HyIN QyHKIAT Beccenﬂ J, (%), pacnosiozKeHHble B HOPsiIKe BO3PACTAHUS

NX BEJIMYHHBL.
N3 (19),(20) mosyunm perenne 3amadn (13) B BHIe

Uln r,t) Z \[Ts n( (:usmr)v (24)

rae a¥, (t) onpenensuorca us (22).
Hasee, moncrasasst (19) B (14), ¢ yuerom (16) Gymem mmersb

Vi — 12, Ve =0, B<t <0, Vo(B) = bk, Va(B) = el ,,
B KOTOPOI, NPOU3BE/d 3aMEHy
Gs,n(t) = Vs,n(t) - bl;,n - (t - ﬁ)elg,nv (25)
NPUXOJAUM K CJeAyIOlIeld 3ajade:

Gs,ntt - NinGs,n(t) = qu(t), ﬁ <t< O; Gs,n(ﬂ) = 07 Gs,nt(ﬁ) = 0, (26)

qg,n(t) = l‘Lz,n [bls,n + (t - ﬂ)eg,n] :
Bamaua (26) cBomurcs Takxke K muTerpanboMy ypasmenmo (20), rae smecto af, (t) Geperes gqf ,(t).
N3 (19), (20), (25) maitzem pertenne 3amaqn (14) B BHIE

U2n T, t Z \/>V5 n (,Us nT) (27)

rie bS s €45, HAXOMATCA U3 (23).
CJIe,HOBaTeJIbHO, eIUHCTBEHHEBIM pernenueM 3anadu (1), (3) B obnactu (g aBigercss QyHKIUS

oo kn

u(r, 6,t) ZZ{an

n=0 k=1

(o) + v, ()] } Y8, 0), (28)

re v¥ (r,t), vk (r,t) onpenensiorcs ns (24) m (27).
Yuanreisas dopmyy [15] 2J)(z) = J,—1(2) — Jy41(2), u onenkn [13; 16]

(29)
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a TakyKe JIeMMBI, OlPaHUYeHHs] Ha 3aJaHHble (DYHKIUHA wg(t,e),z(r,9)7y(r, ), kak B [4], MOXHO JOKa3aTh,
4TO TOJIydeHHOe pemenne B Buje (28) upumamtexxur kiaaccy C(Qg) NCH(Qz U S) N C?(Qp).
Hasee uz (24), (27), (28) npu ¢t — —0 umeem

u(r,0,0) = mi(r,0) = 3 35t (N)YE,L(6),
2—m - (30)

k
T{Cn(r) = wé’n(o) + gl roz [TSW(O) + VS,H(O)] JnerTiz(:us,nr)‘

e (r,0,0) = 1 (r,0) = 3 Y vk, ()VE,. (60),
o, . k=1 (31)
Vha(r) = Wc(0) + 2 5 (Lo (0) + Vi O] s (7).

Us (21)-(23), (29), a Takxke u3 jgemm BbITeKaer, aro 7i(r,0), v1(r,0) € W(S), [ > 3.
Takum ofpasoM, yuurbiBas Kpaesble yciaosug (2), (30), (31), mbl noaygwiun B obnacru 2, OCHOBHYIO
CMEIIaHHYIO 33Ja9y JJIg MHOTOMEPHOIO BOJHOBOTO yDPABHEHUS

Amu — Ut = O (32)
C JIAHHBIMU
u| =T7(r,0), u| =rvi(r,0),u] = t,0). 33
=0 | =00 o = n(e,0) (33)
B [5] mokazama ciemyromasi TeopeMa.
Teopema 2. Ecimn 71(r,0), v1(r,0) € Wi(S), ¢1(t,0) € Wi(T'y), I > 3, To sanaua (32), (33) omHosHAUHO
paspernma.
Hamnee, ucnosbp3yss TeopeMy 2, TPUXOJIUM K CHPaBEJIMBOCTA TeOPEMBI 1.
Tak kak B [b| mosyden sABHBIL Buj pertenns 3amaqn (32), (33), TO MOXKHO 3alHCATh SBHOE HPEICTABICHHIE
n s 3agaqn 1.
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WELL-POSEDNESS OF THE MAIN MIXED PROBLEM FOR
THE MULTIDIMENSIONAL LAVRENTIEV — BITSADZE EQUATION

ABSTRACT

It is known that the oscillations of elastic membranes in space are modelled with partial differential
equations. If the deflection of the membrane is considered as a function of u(x,t),x = (z1,...,%m), m > 2,
then, according to the Hamilton principle, we arrive to a multidimensional wave equation.

Assuming that the membrane is in equilibrium in the bending position, we also obtain the multidimensional
Laplace equation from the Hamilton’s principle.

Consequently, the oscillations of elastic membranes in space can be modelled with a multidimensional
Lavrentiev — Bitsadze equation.

The main mixed problem in the cylindrical domain for multidimensional hyperbolic equations in the space
of generalized functions is well studied. In the works of the author, the well-posedness of this problem for
multidimensional hyperbolic and elliptic equations is proved, and the explicit forms of classical solutions are
obtained.

As far as we know, these questions for multidimensional hyperbolic-elliptic equations have not been studied.

The mixed problem with boundary-value conditions for the multidimensional Lavrentiev — Bitsazde
equation is ill-posed.

In this paper, we prove the unique solvability and obtain an explicit form of classical solution of the
main mixed problem with boundary and initial conditions for the multidimensional Lavrentiev — Bitsadze
equation.

Key words: well-posedness; main mixed problem; cylindrical domain; Bessel function.
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