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AnHOTanusA: B myOmikyeMol cTaThe NMpeaoskeHbl MaTeMaTHYecKue MOJENH pacdeTa ONTUMAIBHON NpHOBLIH
MHOTO(aKTOPHBIX TPOU3BOACTBEHHBIX MPEANPHUATHH, HECYIINX KaK MPOU3BOICTBCHHBIE (TpaHC(OpMaOHHBIE),
TaK W OINpe/esICHHbIE HEIPOM3BOACTBEHHbIE (TPaH3aKIMOHHBIE) N3AEPKKH, HCTOYHHUKAMHU KOTOPBIX MOTYT OBITH
BBIHY)KJICHHBIE PAacXo/ibl Ha MTOUCK SKOHOMHYECKOH MH(pOpMalWK, Ha M3MEPEeHHs ITapaMeTpoB Pa3InYHbIX Oar,
Ha BEICHHWE IICPETOBOPOB W 3aKJIIOUEHHWE KOHTPAKTOB, Ha pa3paboTKy CHeMu(HUKAnuid ¢ 3alIUTy IpaB
COOCTBEHHOCTH, HAa ONIOPTYHUCTUYECKOE MOBEACHUE COTPYJHUKOB M PYKOBOAUTENEH MNPEANPHUITUS U T.A.
UncneHHBI aHaNMM3 TPEACTaBICHHBIX MoJelied pacdeTa ONTHMajJbHOH MNpPHOBUIM  MHOTO(AaKTOPHBIX
TPEINPHUATHH, HECYIINX TPaH3aKIMOHHBIC M3ICP)KKH, TOKA3bIBACT HEAOCTHKUMOCTh MAKCHMAaJIbHO BO3MOKHBIX
3HAYEHUH MPUOBUIH, MMOCKOJIBKY Ha MPAKTHKE PYKOBOACTBO MPEATIPUATHS MaKCUMU3UPYET HE caMy IpHOBLIb, a
CBOIO MOJIE3HOCTh, BHIPAXKEHHYIO B BUIE COOTBETCTBYIOLIECH TPaH3aKLIMOHHON (PyHKIMU.
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Introduction

One of the important and relevant areas of modern economic theory is the development of economic and
mathematical methods for predicting the economic performance of an enterprise, taking into account the in-
teraction of economic entities with the surrounding social environment. The activity of any industrial enter-
prise is carried out in the sphere of material production and in a certain social environment. The result of the
impact of the enterprise on its own production are certain transformations, which are accompanied by output,
production costs and profits. The interaction of the enterprise with the social sphere is carried out in the form
of a set of transactions that generate transaction costs and redistribution of profits. The production activity of
the enterprise forms its production transformation costs, and the interaction of the enterprise with the social
environment generates non-production transaction costs. [12].

Transaction costs can include the cost of finding economic information, the cost of measuring the pa-
rameters of various goods, the cost of negotiating and negotiating contracts, the cost of creating specifica-
tions and protecting property rights, the cost of managing opportunistic behavior, and so on. In some cases,
transaction costs are the result of strengthening measures taken by management to improve the quality of
products with new enhanced consumer properties. A significant part of transaction costs can be spent by
management on social programs for staff, on professional development programs for employees, on the envi-
ronment, on scientific and charitable projects, etc. [3—13].

The implementation of such programs contributes to the growth of quality products and sales volumes,
develops the innovative component of the enterprise, and attracts new volumes of investment. At the same
time, the implementation of these programs generates significant transaction costs and reduces the profit of
the enterprise. The presence of transaction costs forces the management of the enterprise to maximize not the
profit function, but a certain transactional utility function, which takes into account the opportunistic inter-
ests of the management and the outflow of part of the enterprise's profits for non-production needs. These
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circumstances prevent the achievement of the maximum possible profit of the enterprise, instead of which it
is necessary to restrict itself to its optimal value [14-21].

The aim of the published work is to develop new economic and mathematical models for calculating the
optimal profit of multifactorial manufacturing enterprises based on the optimization of transaction costs.

The scientific novelty of the obtained models lies in the fact that they take into account the influence of
the interaction of transformational and transactional costs of manufacturing enterprises with an arbitrary set
of production factors on their economic performance.

1. Statement of the problem
The set of resources that the enterprise provides for the production and release of its products can be pre-

sented in the form of a 1 — dimensional vector of the space R" of volumes of production factors
Q=(0.6,.....0,.5.5,,....5,).
where Ql. are the components that represent the main and labor resources involved in production; § ; are

resources that provide non-productive transactional activities of the enterprise.
It should be noted that factors of production Ql. are only sources of production or transformation costs,

and resources S ; are sources of both production and transaction costs.

The general view of an arbitrary multifactorial production function is given by the expression

V=v(0,.0,,....0,.5.5,,....5,) (1.1)

where V' is the volume of products manufactured by the manufacturing enterprise.
We will assume that, within the framework of our model, product output is provided by the Cobb — Doug-
las multiplicative production function

y=p-J]o TIs. (12)
s=1 p=1

where P is the cost of products produced for unit volumes of resources, and the power-law indicators of the
production function @  and c, are the elasticities of output with respect to the corresponding resources
(OSas <1,0<c, Sl).

The proportional costs of an enterprise with such resources are

TC=> A,-0,+) A42-S,+TFC, (1.3)

s=1 p=1

where Aé , Ag are the cost of costs for unit volumes of resources, respectively, 7FC are the fixed costs of

the enterprise.
The expression for the profit of the enterprise PR =TR —TC is expressed by the difference of formulas
(1.2) and (1.3)

TIe Aé , AS” — CTOMMOCTH 3aTpaT Ha €IMHHYHBIE 00BEMBI pecypcoB, cooTBeTcTBeHHO, 1 C — nocTosHHbIE

3aTpaThl MIPCANPUATUA.

PR=P-[[0" TS -3 450~ 42 S, ~TFC. (1.4)
s=1 p=1 s=1 p=1

To calculate the highest income, the profit function (1.4) should be maximized. However, in practice, the
enterprise has to maximize the target transactional utility function, which takes into account the redistribu-
tion of profits in the interests of the enterprise management and for the implementation of socially oriented
programs. Here the utility function is assumed to be linear



Ilyina E.A., Saraev L.A. On the theory of optimization of transaction costs of multifactor manufacturing enterprises

Wibuna E.A., Capaes JI.A. YpaBHeHHs! HeNUHEHHON TMHAMUKY Pa3BUTHS NPOM3BOACTBEHHBIX NPENPHUSATHIA. . . 185
n

U=U(PR,S,,S,,....5,)=PR+> q,-S, (1.5)
p=1

where q, are the coefficients of the utility function (1.5), which determine the level of redistribution of

funds between profit and non-productive resources. It should be noted that all the coefficients of the utility
function (1.5) are non-negative (‘v’p :q, > O)
The influence of the target transactional utility function (1.5) of the enterprise on the redistribution of

profits in the interests of the enterprise management and for the implementation of socially oriented pro-
grams is completely determined by a set of coefficients q, These coefficients have lower and upper bounds

0 0
9,59,<9,"
The values q,= qi’, =0 of the parameters correspond to a situation in which the enterprise does not fi-

nance any social or non-production programs at all and the transactional utility function (1.5) coincides with
the profit function (1.4).

The values q,= q;" correspond to a situation in which the enterprise begins to spend all its profits on so-
cial or non-production programs PR =0. By controlling the choice of coefficients q, it is possible to

choose such a mode of operation of the enterprise, in which both the economic component of production and
its social orientation will remain quite effective.

The maximum possible profit of the enterprise PR_, and the resources corresponding to it Qmax and

S ;nax are found from the conditions

OPR _o OPR_ 16
o0, as,

The system of equations (1.6) can be written in the form

P HQ HS”—a L (i=1.m),

P ITor T1 =ai-s,.(j=1.n).
s=1 p=1

. A Al
where ), =2, g ===
a, ¢,

The structure of the system of equations (1.7) shows that the resources of the enterprise Q,,0,,...,0,
and S,,S,,...,S, arerelated by the ratios

(1.7)

al p i
0.=0- e ,Q S S S S =0 — (1.8)
% Q 055 S
Substituting relations (1.8) into the system of equations (1.7), we obtain

iul\. Zp m al % n al Cp
= 0 o — i
P 07 T %) T %2 ~ap0,

s=1 aQ p=1

(1.9)

-\ % .\ C
3 ch m al n aj » )
LSt Qe S . =S =g -
P-St -S7 I | ° | I( p] =ag-S,; .

s=1 aQ p=l1
Solving the system of equations (1.9) with respect to the quantities O, and § ;owe find the values of the

volumes of resources Q™" and § 7, corresponding to the maximum profit
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1

p NS, i\ T_"LP
QimaX:{_i-H(a_gJ H(&] ]I\Z e, (110)

P
aQ s=1 aQ p=1 aS

1
P & TN AN l—ia S
Smax _H (273 H & o = »
J J s P ’
o a, a
s s=l 0 p=l N

The expression for the maximum profit takes the form

n

PR, =P H(Q ) TT(sm)" - S 45O =Y AL S TFC. (1D
s=1 s=1 p=1

p=1

Since in real conditions, in addition to the profit function, it is necessary to take into account the target
transactional utility function, formulas (1.10) and (1.11) express the maximum values of the enterprise's prof-
it and the corresponding values of resources unattainable in practice.

To obtain real optimal values of the enterprise's work, along with the maximization of the profit function
(1.4), it is necessary to maximize the target transactional utility function (1.5).

Substitution of the profit function (1.4) into the transactional utility function (1.5) gives

U=P-110" TSy -D 450, -, 42-S,-TFC+> q,-S,. (1.12)
s=1 p=1 s=1 p=1 p=1
The optimal profit PROpt and the resources corresponding to it O and Sj‘,’pt are found from the condi-
tions
U _y. Y . (1.13)
00, oS,
or

P-]‘l[st .Hsjf =a,-0 ,(i=1.m),

(1.14)
PHQ‘“) H ;ﬁ :775{51 ,(]:ln),
s=1 p=l

4,

J— o)
where ny=oi——+ .
J
The structure of equations (1.14) shows that in this case the resources of the enterprise Q,,0Q,,...,0,
and §,,S,,...,S, are related by the relations

ai p ] Oli
n n
0-0-2 -5 8 g _g.58 ¢ _op. 2 (1.15)
s oS N 2 p J PP LY 4
0 0 s IS

Substituting relations (1.15) into the system of equations (1.14), we obtain

i"f i"p m (o b, a ¢, .
b F A e
p=

s=1 aé 77§
i”s /Zicp m 771' s n 77] Cp )
P-S7 8¢ H _i H _i =n-S; .
s=1\ Qo p=1 \ s

Solving the system of equations (1.16) with respect to the quantities O, and § ;owe find the values of the

t t . .
volumes of resources Q" and S;’p , corresponding to the maximum profit
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" i ag n i C/’ ) m n
Qop[ P H aQ H aQ _Z;‘ a _Z]Cp
A P ' — o,
ay alay) pa\nd (1.17)
S S
P m J % n i l—ia —ie
s =| —T] s 11 s ==
J J s p '
s 52 OCQ p=l s

The expression for the optimal profit takes the form

PR, =P-T[(0™)" T1(s)" -Y 45-0™ > 4z - s ~TFC. (1.18)
s=1 p=1 s=1 p=l
Let us now apply the developed method for calculating the maximum profit, optimal profit and transac-
tion costs (1.6) — (1.18) for some variants of enterprise models.

2. Calculation of the maximum and optimal profit for two-factor manufacturing enterprises
Let us first consider the case when the output of an enterprise is provided by one production factor () and

one non-production resource .S. Then the formulas for the production function, costs, profit and utility func-
tion (1.2) — (1.5) take the form

V=P-Q"5°, 2.1
TC=A,-Q+A4;-S+TFC, (2.2)
PR=P-Q"-S°—4,-0—A;-S-TFC, (2.3)
U=PR+q-S. (2.4)

The influence of the target transactional utility function (2.4) of the enterprise on the redistribution of
profits in the interests of the enterprise management and for the implementation of socially oriented pro-
grams is completely determined by the parameter ¢, (qo <g<q, ) .

The value of the parameter g = g, =0 corresponds to a situation in which the enterprise does not finance

any social or non-production programs at all and the transaction utility function (2.4) coincides with the prof-
it function (2.3).
The values g = g, correspond to a situation in which the enterprise begins to spend all its profits on so-

cial or non-production programs. By controlling the choice of the coefficient, it is possible to select such a
mode of operation of the enterprise, in which both the economic component of production and its social ori-
entation will remain quite effective.

The peculiarities of the enterprise's work differ significantly in the short-term and long-term periods of
activity. When constructing a mathematical model of an enterprise with a short-term period of work, changes
in basic and labor resources can be neglected O = const .

Obviously, the maximum possible value of the profit function (2.3) can be obtained only if the target
transactional utility function (2.4) is not fully taken into account. The equation for calculating this value is

dPR 4
A (P05 =) =0, 2.5)
=< (PO )
where ¢ :i.
&
The resource value S corresponding to the maximum profit of the enterprise is found from the solution of
equation (2.5)

1

g :(P.Q“ jlc ‘ 26

max
(253

The maximum value of the profit of the enterprise is expressed by the ratio
PR . =P-0"-S -4, 0-4-S,,, —-TFC, (2.7)

max

or
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PRmax :P,Q” '(P.Qa]l_c _AQ.Q_AS '(P.Qa]l_c -TFC . (28)

A A

Formulas (2.6) — (2.8) show the unattainable in practice maximum values of the profit of the enterprise
PR___ and the corresponding value of the resource S, since in real conditions it is necessary to take into
account the target transactional utility function. For real-optimal values of the enterprise, along with maximi-
zation of profit function (2.3) is necessary to maximize the target transaction utility function (2.4). Substitu-
tion profit function (2.3) in the transaction utility function (2.4) gives

U=(P-0"-S - 4,-Q-A;-S-TFC)+q-S . 2.9)

The optimal value of the profit function (2.3), taking into account the influence of the target transactional
utility function, is determined from the condition

du _ P‘Cl‘Q 4, |+g=0- (2.10)
ds A
The solution to equation (2.10) gives the optimal resource value SOp .
1
S =[P‘Qaj“, @.11)
opt
UN

q

where ng=0y ——.

It should be noted that there are obvious inequalities ¢ >0, g >0 and 7, < o . Comparison of the right-
hand sides of formulas (2.6) and (2.11) gives

Sopt > Snax - (2.12)
The optimal value of the profit of the enterprise is expressed by the ratio
PR, =P-Q"-S8;, -4, 0-4,-S,,, —TFC , (2.13)
or
< 1
P N4 \l-c P .4 \l-—c
PRoptzP-Q"-[ Q] —AQ~Q—AS-[ QJ _TFC . (2.14)
UN s
It follows from relations (2.6) and (2.8), (2.11) and (2.14) that
PR(S,,)<PR(S,,,)- (2.15)

Let's apply the obtained formulas to calculate the maximum possible value of the profit function, and the
optimal value of the profit function.
Figure 1 shows the curve of the profit function PR = PR(S ) , the line of indifference of the target transac-

opt >~ opt

tional utility function [/ ( PR,S ) =U ( PR .S ): UOpt and the lines of indifference of the target transac-

tional utility function, corresponding to the boundary values of the parameter (q = O) and (q = qw) . Points

of tangency (PR S ), (PR S ) curve PR:PR(S) and lines U(PRaS):U(PR Sopt):U

max >~ max opt >~ opt opt opt
are calculated by formulas (24), (26), (29), (32). The parameter value (q = qw) is equal to the absolute value
of the tangent of the slope of the tangent curve of profit at the point of its intersection with the abscissa axis
_OPR(S,)
oS

where §,. is the value of the resource .S at which the profit of the enterprise vanishes ( PR, = 0).

9.

b

Figure 1 shows that the indifference lines are a one-parameter family of straight lines with a parameter
g, < q < g, for which the profit curve is an envelope line.
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Suppose now the period of operation of the enterprise is long-term, and the production factor Q is a vari-

able. The enterprise can achieve the maximum possible value of the profit function (8) only if the target
transactional utility function (2.9) is not fully taken into account. It is determined from the conditions

PR _ PR _,, (2.16)
o0 as
PR,U
12 N \
PRmax \ \
i | —“———-
\
1PR,, TN\
I I \
6 — \\
I I N\ \
I I \\
I I .
I I
I I
0 L 1 S
SN Smax Sopt SF 30

Figure 1 — Curve of the profit function PR = PR(S ) (solid line) and indifference lines of the target
transactional utility function U (PR S ) =U (PR S ) =U

opt > Dopt and indifference lines of the target

opt
transactional utility function, corresponding to the boundary values of the parameter (q = ()) and
(q = qw) (dashed lines). Touch points (PRmax ,Smax) , (PRopt ,Sopl) and (PR, ,S, ). Calculated val-
ues: P=20, a=0,25, ¢=0,33, 4,=4, 4,=1,7, TFC=20, 0=L5, ¢,=0, ¢=0,45,

g, =0,8783. Touch points: (PR, =9,8062;5,, =8,8095), (PR, =85051:S, =13,9400),
(PR, =0;S,=26,0713).
The system of equations (2.16) can be written in the form

P~Qa-Sc:aQ-Q,P~Qa'SC=aS-S, (2.17)
where a,= ﬁ.

a
Equations (2.17) show that the quantities S| and Q_  are related by the relation
s %o . (2.18)
max aS max

Substituting formula (2.18) into the first equation of system (2.17), we find the values of the resources at
which the profit of the enterprise takes the maximum value

1 1
1-a—c l-a—c
Q. = —lf - S = —aP — ) (2.19)
a, -ag o dg

The maximum profit value is calculated by the formula
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PRmax :P.thrllax.Scax_AQ.Qmax_AS'Smax_TFC:

m

1 1 1
Pa+c l-a—c P l-a—c P l-a—c
S LN IR LN P L
o s 0 N 0 Us

Let us now calculate the optimal profit of the enterprise, taking into account the target transactional utility
function (2.4). To do this, it is necessary to jointly maximize the profit function (2.3) and the target transac-
tional utility function (2.4). Obviously, the optimal values of the resources, the profit function and the trans-
actional utility function are found from the conditions

(2.20)

2.21)

Figure 2 — Graphs of the surface of the profit function PR = PR( 0,8 ) and the plane of indifference of

the target transactional utility function U (PR S ) =U (PROpt ,Sopt) =U,, constructed using formulas
(21) and (22) for the parameter g =0,45. The point of contact between the surface and the plane
(PROpt OIS pt) is calculated using formulas (40) and (42). Calculated values: P=20; a=0,25;
c=0,33; A4,=2,4; A;=2,7; TFC=20. Calculated parameter values: QO . =6,5087;

Sy =7,6369 3 PR, =6,24311; O,, =7,5112 ; S, =10,5758; PR, =5,5260

The solution to equation (2.21) has the form
1 1

l-a—c l—a—c
Qom = (%j > Sopt = (%] ' (222)
Qy T Ay Mg
Comparison of formulas (2.19) and (2.22) shows that the inequalities
Qopt > max Sopt > Smax : (2'23)

The optimal value of the profit of the enterprise is expressed by the ratio

PR, =P-Q! S —4, 0, —A4S, ~TFC=

O]

1 1 1
a+c 1-a—c l-a—c l—-a—c
=P f : — 4y % — A - Ll —TFC.
aQ T aQ T aQ ‘T

It follows from relations (2.7), (2.10), and (2.11) that
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PR(Q+Supe ) < PR(Or S )- (2.25)

Let's apply the obtained formulas to calculate the maximum possible value of the profit function, and the
optimal value of the profit function.
Figure 2 shows the graphs of the surface of the profit function PR = PR(Q, S ) and the plane of indiffer-

ence of the target transactional utility function [/ ( PR, S) =U ( PR .S ) =U _, constructed using formu-

opt >~ opt opt

las (2.3) and (2.4) for the parameter g =0,45.

3. Calculation of the maximum and optimal profit for three-factor manufacturing enterprises.
If the output of the enterprise is provided by two production factors O =K,0, =L and one non-

production resource S, =S, then the formulas for the production function, costs, profit and utility function
take the form

V=pP-K*“-I" S, (3.1)
IC=4,-K+A4, -L+A;-S+TFC, (3.2)
PR=P-K*-I"-S°—A4,-K—A4, -L—A,-S-TFC, (3.3)
U=PR+q-S, (3.4)

where K is the fixed capital (production assets), L is the labor resources involved in production, P is the
cost of products produced per unit volume of resources, a,b,c are the elasticity of output for the corre-

sponding resources, 4, , 4,, A, are the cost of costs per unit amount of resources, TFC is the fixed costs

of the enterprise.

The maximum possible value of the profit function (3.3) can be obtained only if the target transactional
utility function (3.4) is not fully taken into account. The system of equations (1.7) for finding this value takes
the form

P.Krtrllax .Llrjnax 'Srilax :aK .Kmax’
P.Kxcrllax .L]r)nax 'Sr;ax = aL L (35)

max 2

P.Kxcrllax .L]r)nax 'Sr;ax :aS S

max *

The solution of the system of equations (3.5) for the maximum values of the volumes of resources K

1
b ¢ \l—a—b—c
k. =| L% [ % ,
aK aL aS
a ¢ \l-a-b-c 3.6
L P (e (a | GO
aL aK aS

a b \1—g-b—c
g | Llas]| [
max .
aS aK aL

The expression for the maximum profit takes the form
PRmax :PK::lax L}rJnax Srcnax _AK .Kmax _AL 'Lmax _AS 'Smax _TFC : (37)
To calculate the optimal profit of the enterprise, it is necessary to jointly maximize the profit function

(3.3) and the target transactional utility function (3.4). The system of equations (1.14) for finding the optimal
values of resources, profit function and transaction utility function takes the form

max ’

L

S is written in the form

max > * max
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P'K:)th 'Li())pt ) Sgpt = aK K

opt ?

P ) K(?Pt ) Li())pt ’ S(fpt = aL ' Lopt > (38)
P.K(?pt .Ll:)pt 'S:pt =1 'Sopt'

The solution of the system of equations (3.7) for the optimal values of the volumes of resources KOpt ,

L

, S is written in the form
opt opt

a P Y 3.9
Lo ﬁ.(ﬁ] (a_] o e
opt >
a;, \ Qg s

a b \1—a-b—c
g - ﬁ.(ﬂ} (a_] -
opt *
s \ Ok 273
The expression for the optimal profit takes the form
a b c
PRopt = P.Kopt .Lopt ’ Sopt _AK .Kopt - AL .Lopt _AS ) Sopt _TFC : (310)

Since in this case the profit function and the target transactional utility function are functions of three var-
iables, graphical interpretation is impossible.

Using formulas (3.6), (3.7), (3.9) and (3.10), the maximum possible values of the profit function are cal-

culated, not taking into account the transaction utility function and the optimal values of the profit function,
taking into account the transaction utility function K __ =16,3764; L =2473427;, S =13,3922.

PR =240197; K, =19,0222; L  =282755; S  =18,6671; PR, =22/7314 Calculated values:

max

P=20;a=0,245; 5=0,24; c=0,23; 4, =2,4; 4, =1,55; A, =2,7; TFC=20; ¢=0,45 .

Conclusion

New economic and mathematical models have been developed for optimizing transaction costs of multi-
factorial manufacturing enterprises.

It was found that transaction costs force to maximize not only the profit function of the enterprise, but al-
so the target transactional utility function, which takes into account the redistribution of profits between the
production area of the enterprise and the social environment surrounding it.

The influence of production and transaction costs on the size of the maximum and optimal profit in the
short and long term of the enterprise has been investigated.

It is shown that an enterprise bearing transaction costs can only achieve the optimal amount of profit, the
value of which is less than the maximum possible amount of profit.
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