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Abstract: The published article proposes a mathematical model of the dynamics of product output by a
manufacturing enterprise, whose labor resources are being replaced by digital technologies and robotics. The
development of the model is based on the application of a dynamic two-factor production function of the
enterprise. The structure of this function includes a variable from zero to one dimensionless logistic function of
digitalization and two Cobb-Douglas functions. The first Cobb-Douglas function refers to the period of operation
of the enterprise before the start of digitalization, and it uses capital and human labor resources as production
factors. The second function of Cobb-Douglas corresponds to the period of operation of the enterprise, in which
its digitalization is fully completed and capital is used as production factors, and human labor resources are
completely replaced by digital technologies and robotics. Models of the dynamic development of an enterprise,
the production of which is restoring its capacity due to the introduction of its own internal investments, are
presented in the form of systems of differential equations for production factors. Stationary solutions of these
systems of equations correspond to the equilibrium states of the operation of enterprises and represent the limiting
values of the factors of production. It is shown that the models of output by an enterprise corresponding to the
absence of digital transformation and complete digitalization of production represent the lower and upper
boundaries of all possible options for displacing human labor resources.

Key words: digital economy; digitalization; digital transformation; digital technologies; enterprise; resources;
factors of production; production function; profit; production costs; innovation.

Citation. Ilyina E.A. Modeling the dynamics of product output by a manufacturing enterprise due to the digital
transformation of its workforce. Vestnik Samarskogo universiteta. Economika i upravienie = Vestnik of Samara
University. Economics and management, vol. 12, no. 4. pp. 173—181. DOI: http://doi.org/10.18287/2542-0461-
2021-12-4-173-181. (In Russ.)

Information on the conflict of interest: author declares no conflict of interest.

© Ilyina E.A., 2021

Elena A . llyina — Candidate of Physical and Mathematical Sciences, associate professor of the Department
of Mathematics and Business Informatics, Samara National Research University, 34, Moskovskoye shosse,
Samara, 443086, Russian Federation.

HAYYHAA CTAThA

YK 330.42

Harta noctymnenus: 18.08.2021
peuensupoBanus: 21.09.2021
npuHATus: 26.11.2021

MopeanpoBanue JTHHAMHUKY BBINTYCKA NPOAYKIUH NPOU3BOACTBEHHBIM
NnpeanpusiTueM 3a cyeT HM(ppoBoil TpaHCHOPMALMHU ero TPYAOBBIX pecypcoB



Becthuk Camapckoro yHuBepcutera. DkoHOMUKa U ynpasnenue. 2021. T. 12, Ne 4. C. 173-181
174 Vestnik of Samara University. Economics and Management, 2021, vol. 12, no. 4, pp. 173-181

E.A. HabuHa

Camapckuii HAIlMOHANBEHBIN HCCIIEA0BATENbCKUI yHUBepcuTeTuMenu akagemuka C.I1. Koponesa,
r. Camapa, Poccuiickas @enepanus

E-mail: elenaalex.ilyina@yandex.ru. ORCID: http://orcid.org/0000-0002-2590-6138

AnHoTamus: B myOnukyeMoll CTaThe MPEIUIOKEHA MaTeMaTHYecKas MOJAETbh TUHAMHUKH BBITYCKa MPOAYKIIHU
MPOU3BOJICTBEHHBIM MPEAIIPUITHEM, TPYIOBbIE PECYPCHI KOTOPOTO BBITECHSIOTCS HU(DPOBHIMUA TEXHOJOTHSIMHU H
poboTtoTexHUKOW. Pa3paboTka Mojend OCHOBaHA Ha MPUMEHEHHUM JUHAMUYECKOHW JBYX(DaKTOPHOM
MPOM3BOJCTBEHHON (YHKIIMU TPEANPHATHS. B CTpyKTypy 3Toi (DYHKIHMH BXOST H3MEHSIOINASCS OT HYyNSA 1O
SIMHUIBI Oe3pa3MepHas Joructuieckas GpyHkunus mmdposusanmu u e ¢ynkmun Ko66a — dyrnaca. [epsas
¢byakmus Ko66a — Jlyriaca oTHOCUTCS K MEepUoy pabOThl MPEANPUATHS 10 Havayia MUPPOBU3AIUK, U B HEH B
Ka4eCTBE MPOM3BOACTBEHHBIX (DAKTOPOB HCIONB3YIOTCS KAIUTAI U YEJIOBEYECKUE TPYIOBBIC pecypchl. Bropas
¢yukust Ko66a — [lyrmaca cOOTBETCTBYET Mepuony pabOTHl HPEANPUSATHSI, B KOTOPOM €ro IubpoBU3AIMSL
MOJIHOCTBIO 3aBepllieHa, M B HEW B KayecTBe IPOM3BOJACTBEHHBIX (AKTOPOB HCIOJB3YETCS KaluTal,
a 4eJIOBEYECKUE TPYIOBbIE PECYPCHI IOJHOCTHIO BBITECHEHBI HH()POBBIMH TEXHOJOTUSIMH U POOOTOTEXHHKOIA.
Mozenu TMHAMAYECKOTO Pa3BUTHUS MPEIANPHSATHSI, POU3BOJCTBO KOTOPOI'O BOCCTAHABIMBAET CBOM MOIIHOCTH 32
CYeT BBOJIa COOCTBEHHBIX BHYTPEHHHMX WHBECTHLMH, MpEJICTABICHbl B BHIEC cUCTeM IuddepeHInaIbHbIX
ypaBHEHHH OTHOCHTEJBHO MPOHM3BOJICTBEHHBIX (akTopoB. CTalMOHApHBIC PELICHHS 3THX CHCTEM YypaBHEHHit
COOTBETCTBYIOT PABHOBECHBIM COCTOSHHSIM PaOOTBI MPEANIPHUATHIA U MPEICTABILIIOT CO00# MpeIebHbIC 3HAYCHIUS
(baxkTopoB mpou3BOACTBA. [l0Ka3aHO, YTO MOJEIM BBITYCKa MPOAYKIMH MPEANPUATAEM COOTBETCTBYIOLIHE
OTCYTCTBHIO [H(MPOBON TpaHcHOpPMAMKM M TOJHOW NHU(POBH3ANUN TPOU3BOJCTBA, TPEACTABISIIOT COOOM
HIDKHIOIO M BEPXHIOIO TPAHUIIBI BCEBO3MOXKHBIX BAPHAHTOB BRITECHEHUS YEIIOBEYCCKUX TPYIOBBIX PECYPCOB.
KawueBsble coBa: mudpoBas SKOHOMHKA; UppoBH3anus; IH(PoBas TpaHchopManus; IPEANPUITHE; PECYPCHI;
MPOU3BOJICTBEHHAs! HYHKIIUS.
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Introduction

The digital transformation of a manufacturing enterprise significantly affects changes in its key economic
indicators. It is accompanied by the widespread introduction of fundamentally new information technologies
into the structure of the enterprise. The constant decline in the cost of such technologies, the growth of the
computing power of computer technology, and the availability of high-speed data transmission contributes to
the active development of digitalization of enterprises. An important direction of the digital transformation of
an enterprise is operational digitalization, which is characterized by the introduction of digital tools into pro-
duction that increase the efficiency of the enterprise within the framework of its formed business model.

One of the promising and inevitable aspects of the operational digitalization of an enterprise is a complex of
transformations in which there is a gradual replacement of human labor resources with digital technologies and
robotics. Such transformations significantly increase the output of finished products, improve their quality, reduce
the cost of materials used in production, reduce the depreciation of industrial equipment, etc. [1; 2].

The growth of indicators of the national economy is ensured by the economic growth and the develop-
ment of industrial enterprises. The theoretical principles of the growth of economic systems and the models
of enterprise development developed on their basis, taking into account the role of technical innovations and
information technologies, are presented in the works [3 — 7].

The dynamics of the development of enterprises is determined by the ratio of the balance of the volume of
investments invested in production and the volume of resources withdrawn as a result of amortization. This
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allows using systems of differential equations [8§—13] as one of the main mathematical tools for constructing
models of economic development of enterprises.

1. Production functions of transformable enterprises

Consider a manufacturing enterprise that undergoes digital transformation of business processes and
modernization of production associated with the displacement of manual labor by robotics. In the general
case, for the production of finished products, a manufacturing enterprise uses certain amounts of resources
(fixed capital, production assets, labor resources, materials, digital technologies, etc.).

We will restrict ourselves here to three production factors, which are K — capital, L — labor resources, R —
resources of digital technologies and robotics.

Digital transformation and modernization of production means that the robotics resource R is gradually
replacing human resources L.

Clearly, at the very beginning of the transformation process of the enterprise, the volume of products pro-
duced by the enterprise can be described by the two-factor Cobb-Douglas production function

V=P -K“-L. (1)

At the very end of the enterprise transformation process, the volume of products produced by the enter-

prise can be described by the two-factor Cobb-Douglas production function
Ve=P,-K"-R°, ®)

where the parameters of the production functions @, b and ¢ are the elasticities of output with respect to
the corresponding resources K, L and R, the coefficients P; and Py express the output of products produced
per unit of volume of resources.

Since the replacement of manual labor by fully automated labor leads to a significant increase in the out-
put of the enterprise, it is advisable to assume that (b <c ) and (PL < h )

The process of displacing human resources L by digital technologies of robotics R can be described by
the dimensionless indicator of enterprise modernization H = H (t ) .

The function H = H (t) , continuous on the entire numerical axis, is bounded on the segment (0 <HKL 1) Cts

values H — 0 correspond to the beginning of the enterprise transformation process, and its values / —> 1
correspond to the practical completion of the production transformation process.
Thus, the two-factor production function of the enterprise under consideration can be written as

Vi (1)= P K (e)' - L(t) (1= H () + Py K (1) R(t) - H (1), 3)
The process of modernization of the enterprise is carried out over a certain period of time, which is set by
the management of the enterprise. If we denote the center of this time interval /¢, and denote its radius o,
then as the simplest dimensionless indicator of enterprise modernization H = H (t) one can choose a piece-
wise linear function
0, t<t.-o,

H(1)=U(t)= F;C%,tc—aﬁtﬁtc—lra,

I, t>i.+o. ’ @

In this version of enterprise modernization, the digitalization process starts exactly at the moment of time
t =t. —0 and ends finally at the moment of time ¢ =7, + 0.

Practice shows that at the enterprise until the moment of time ¢ =7, — o there are always elements of
digital transformation, and after the moment of time ¢ =¢. + o some non-transformable fragments of produc-
tion remain.

In this case, the dimensionless indicator of the modernization of the enterprise H = W(f) can be de-
scribed by the logistic differential equation



Becthuk Camapckoro yHuBepcutera. DkoHOMUKa U ynpasnenue. 2021. T. 12, Ne 4. C. 173-181
176 Vestnik of Samara University. Economics and Management, 2021, vol. 12, no. 4, pp. 173-181

aw(t) 2
— == (0)-(1-7 (1)
o : (&)
The right-hand side of the equation (5) shows that at the beginning of the transformation process W — 0
and at the end of this process W —» 1, the rate of change of the dimensionless indicator of enterprise modern-

dw 1
- [
ization will tend to zero dr . In the middle of the transformation process at " 2, the rate of change
aw(t.) 1
of the dimensionless indicator of enterprise modernization will have the maximum value  df 2-0.
1

t.)=—=
The solution to the differential equation (5) with the obvious initial condition ( C) 2 has the form

w(t)= expiz't_atcj

exp(Z . t_tcj +1
g (6)
Figure 1. shows graphs of the digitalization function, built according to the formulas (4) and (6)

H(t)

v )~
L0
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0 20 40
Figure 1 — Graphs of the digitalization function # =H (¢), built according to the formulas (4) and (6).

Calculated values: 7. =20; o =10. The solid line corresponds to the formula (4), the dashed line corre-
sponds to the formula (6)

2. Models of growth in the dynamics of output of a manufacturing enterprise

At first, let us consider the variant of enterprise development, which does not at all provide any digital
transformation of production, and draw up the equations for the balance of its dynamics with respect to the
volumes of production factors K and L.

The increments in the volumes of production factors K and L for a certain short time interval Af are
formed by two components

AK (1) = AK* (1) + AK' (1),

AL(t)=AL"(1)+ AL (1). )
where AK“(¢), AL*() — increments of amortization of production factors K and L, AK'(z), AL'() — par-

tial recovery of factors of production K and L with the help of expense of internal investments.

The increments of partial depreciation AK“(¢), AL*(¢) for the time interval A¢ can be represented as
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AK”(t)=—A4, -K(t)-At,

AL (t)=—4, - L(t)-At, ®)

where Ay , A, are the depreciation rates, the shares of the volumes of production factors K and L retired per
unit time.

The increments of internal investments AK'(¢) , AL’ (¢) for the time interval Af are determined by the relations

AK'(t)=1,(t)-At=B, -V, (t)-At,

AL (t)=1,(t)-At=B, -V, (t)-At, ©)

where 1 (f ) h (l‘ ) are investments in production factors K and L at time ¢, B, , B, are is the rate of accu-

mulation of domestic investment.
Substituting the formulas (8) and (9) into the balance equations (7), we obtain

AKA_t(t)z—AK-K(tHBK-VL(Z)a
ALA(;)Z_AL-L(t)+BL-VL(f)- (10)

Passing in the equations (10) to the limit under the condition Az — 0, and taking into account the expression for
the production function (1), we find a system of nonlinear differential equations with the initial conditions

de—Et):—AK K(t)+By-P,-K"-L,
dL(t) =—4, ,L(t)+BL.pL KL,
dt
K|  =K(0)=K,,
L]  =L(0)=L,.
3y

The system of equations (11) shows that the growth of enterprise resources K and L will take place only
dK (t) 0 dL(t)

— Rl AN

for strictly positive derivatives  dr and dr
If these derivatives vanish

~A4,-K+B,-P-K*-I'=0,

—AL-L+BL-PL-K“-Lb:0, (12)
then the development of the enterprise will stop. The solution to the system of equations \eqref{srv:eql2} is

the limit values of the resources K, and L, [13]
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K, =|P

®© L

L =|P

%0 L

K

()%

1
jlb l—a—-b
)

1
AL AK ‘

(13)

The limiting variant of the enterprise development, which corresponds to the complete digital transfor-
mation of production and the replacement of human resources with digital technologies and robotics, is con-

sidered in a completely similar way.

The balance equations of the enterprise dynamics with respect to the volumes of production factors K and

K
d—(t):—AK -K(t)+ By P -K* R,
dt
dR(t
0 =—A, -R(t)+B;-P,-K* -R",
dt
K|t:0 = K(O) = KO ?
R|t:0 = R(O) = RO
L and the initial conditions in this case take the form (14)
The limit values of the resources K and R are calculated by the formulas [13]
Substituting relations (1.15) into the system of equations (1.14), we obtain
B c B I-c ﬁ
KDO ) JJR ' (_RJ . (_Kj ,
AR AK
o
B I-a B a \1—g—c
R =|P-|=&| |=X£ )
AR AK
15)

If the enterprise in question is in a digital transformation of production, then its production function is de-
scribed by the ratio (3). The system of balance equations for such a function with respect to the volumes of

production factors K, , L;, ,R;; and the initial conditions will have the form

dftH:—AK-KH+BK-KZI (P, L, -(1-H)+P, Ry, -H),
%:—AL-LH+BL-K; (P, L, -(1-H)+ PRy, -H),
‘%{:—AR Ry +By-Kjy (P, - Ly -(1=H)+ Py -R;, - H),

K|t:0 = K(O) = KO 4

L|t:0: (O)ZLO’

R|t:0: (0):R0

(16)
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In general, the nonlinear Cauchy problem (11), the nonlinear Cauchy problem (14) and the nonlinear
Cauchy problem (16) can only be solved numerically.

Figure 2. shows the graphs of the output volume functions based on the results of numerical solutions of
the Cauchy problem (11), the Cauchy problem (14) and the Cauchy problem (16).

40)

250

125

~

0

80

Figure 2 — The graphs of the functions of the volumes of output built on the basis of the results of numer-
ical solutions of the Cauchy problem (11), of the Cauchy problem (14) and of the Cauchy problem (16).
Dashed lines correspond to solutions of the Cauchy problem (11) and of the Cauchy problem (14).
The solid line corresponds to the solution of the Cauchy problem (16)

Calculated values: B, =10. P,=15. a=0,25. »=0,20 . ¢=0,22. 4, =0,11. 4,=0,10. 4,=0,12.
B, =0,14. B, =0,12. B, =0,15. 7. =40 . 5=6,00. Limit values of production volumes V,” = 78,4480 and
Vi =203,5497 calculated by the formulas (1), (13) u (2), (15).

Conclusion

New computational models have been developed for assessing the dynamics of product output by an en-
terprise, which labor resources are gradually being replaced by digital technologies and robotics.

The conditions for the enterprises to reach equilibrium states are formulated and the limiting values of
factors of production and output are calculated.

It is shown that the models of output by an enterprise corresponding to the absence of digital transfor-
mation and complete digitalization of production represent the lower and upper boundaries of all possible
options for displacing human labor resources.
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