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ÌÍÎÃÎÌÅÐÍÛÅ ÑÈÌÏËÅÊÑÛ Â ÇÀÄÀ×ÀÕ ÝÊÎÍÎÌÈÊÈ

Ñ öåëüþ ðàñøèðåíèÿ âîçìîæíîñòåé ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ íåëèíåéíûõ
çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ â ýêîíîìèêå ïðåäëàãàåòñÿ èñïîëüçîâàòü
«ñèìïëåêñíûé» ìåòîä. Äëÿ ýòîãî ïðîèçâåäåíî îáîáùåíèå ìåòîäà, íàøåäøåãî
ïðèìåíåíèå ïðè ðåøåíèÿ çàäà÷ îïðåäåëåíèÿ ëîêàëüíûõ ýêñòðåìóìîâ ôóíêöèé
äâóõ ïåðåìåííûõ íà ñëó÷àé çàäàíèÿ ôóíêöèé â ïðîèçâîëüíûõ n-ìåðíûõ
ïðîñòðàíñòâàõ. Ðàâíîñòîðîííèå òðåóãîëüíèêè ïðè ýòîì çàìåíÿþòñÿ íà n-ìåðíûå
ãèïåðòåòðàýäðû. Ïðèâåäåí ïðèìåð ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ ëîêàëüíîãî
ìèíèìóìà ôóíêöèè òðåõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: ëîêàëüíûé ýêñòðåìóì, ôóíêöèÿ íåñêîëüêèõ ïåðåìåííûõ,
ãèïåðòåòðàýäð, èòåðàöèè, ìàòåìàòè÷åñêîå ïðîãðàììèðîâàíèå, ôóíêöèÿ öåëè.

Ìíîãèå çàäà÷è ýêîíîìèêè, ñâÿçàííûå ñ îðãàíèçàöèåé ïðîèçâîäñòâåííûõ ïðîöåññîâ, ëîãèñòèêîé,
òîðãîâëåé, ñèñòåìàìè óïðàâëåíèÿ è ò. ä., ïðèâîäÿòñÿ ê çàäà÷àì ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ.
Ïðè ýòîì ôóíêöèè öåëè, çàâèñÿùèå, êàê ïðàâèëî, îò ìíîãèõ ïåðåìåííûõ, îïèñûâàþòñÿ àëãåáðàè÷å-
ñêèìè, à ïîðîé è òðàíñöåíäåíòíûìè ôóíêöèÿìè. Íàõîæäåíèå îïòèìàëüíûõ çíà÷åíèé òàêèõ ôóíêöèé
ìåòîäàìè ìàòåìàòè÷åñêîãî àíàëèçà çà÷àñòóþ ïðèâîäèò ê íåïðåîäîëèìûì òðóäíîñòÿì.

Îäíèì èç ìåòîäîâ ïðåîäîëåíèÿ ýòèõ òðóäíîñòåé ïðè îïðåäåëåíèè ëîêàëüíûõ ýêñòðåìóìîâ íåïðå-
ðûâíûõ ôóíêöèé ìíîãèõ ïåðåìåííûõ ÿâëÿåòñÿ ìåòîä ïîñëåäîâàòåëüíîãî èñêëþ÷åíèÿ îáëàñòåé,
íå ñîäåðæàùèõ èñêîìûõ âåëè÷èí. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà îãðàíè÷åíèé, íàêëàäûâàåìûõ íà îá-
ëàñòü çàäàíèÿ öåëåâîé ôóíêöèè, èçâåñòíà, è çàäà÷à ñâîäèòñÿ ê îïðåäåëåíèþ ëîêàëüíîãî ýêñòðåìóìà
öåëåâîé ôóíêöèè â ýòîé îáëàñòè [1; 2].

 Äëÿ ôóíêöèè îäíîé ïåðåìåííîé u = u(x), óíèìîäàëüíîé â ðàññìàòðèâàåìîé îáëàñòè èçìåíåíèÿ x,
çàäà÷à òðèâèàëüíà. Çàäàþòñÿ íà÷àëüíûå çíà÷åíèÿ x0 ïåðåìåííîé x è «ñèìïëåêñ» – îòðåçîê Δx = d
êîîðäèíàòû x. Çàòåì ïîñëåäîâàòåëüíî â òî÷êàõ xi = xi-1 + d (i = 1,2,…) âû÷èñëÿþòñÿ ñîîòâåòñòâóþùèå
çíà÷åíèÿ ui èññëåäóåìîé ôóíêöèè. Ïîêà ïîñëåäîâàòåëüíûå çíà÷åíèÿ ôóíêöèè ui ìîíîòîííî óáûâàþò
äëÿ çàäà÷è îïðåäåëåíèÿ ëîêàëüíîãî ìèíèìóìà (ìîíîòîííî âîçðàñòàþò äëÿ çàäà÷è îïðåäåëåíèÿ ìàêñè-
ìóìà), ýêñòðåìàëüíîå çíà÷åíèÿ ôóíêöèè «íå íàêðûòî» îòðåçêàìè íåçàâèñèìîé ïåðåìåííîé. Óâåëè÷å-
íèå (óìåíüøåíèå) çíà÷åíèÿ ôóíêöèè â î÷åðåäíîé çàäàâàåìîé òî÷êå xi óêàçûâàåò íà òî, ÷òî íà ïîñëå-
äíåì èíòåðâàëå (xi – xi-1) èçìåíåíèÿ x íàõîäèòñÿ òî÷êà ñ ìèíèìàëüíûì (ìàêñèìàëüíûì) çíà÷åíèåì
ôóíêöèè. Äàëåå ïóòåì ñðàâíåíèÿ çíà÷åíèé ôóíêöèé â äâóõ ïîñëåäîâàòåëüíûõ òî÷êàõ îïðåäåëÿåòñÿ
òî÷íîñòü âû÷èñëåíèÿ. Åñëè òî÷íîñòü îïðåäåëåíèÿ ýêñòðåìóìà íåäîñòàòî÷íà, èíòåðâàë (xi – xi+1) = d
èçìåíåíèÿ ïåðåìåííîé x óìåíüøàåòñÿ è íà ïîñëåäíåì èíòåðâàëå åå èçìåíåíèÿ ïîâòîðÿåòñÿ ïðîöåäóðà
îòûñêàíèÿ îáëàñòè óíèìîäàëüíîñòè ôóíêöèè [3].

Äëÿ ôóíêöèè äâóõ ïåðåìåííûõ u(x1,x2) îáëàñòü åå óíèìîäàëüíîñòè ïîñëåäîâàòåëüíî ïîêðûâàåòñÿ
ïëîñêèìè ôèãóðàìè. Äëÿ óäîáñòâà ñîñòàâëåíèÿ àëãîðèòìà ðåøåíèÿ ýòè ôèãóðû ïðåäñòàâëÿþòñÿ îáëàñ-
òÿìè, îãðàíè÷åííûìè ðàâíîñòîðîííèìè òðåóãîëüíèêàìè. Îäíà èç âåðøèí íà÷àëüíîãî òðåóãîëüíèêà
(ïëîñêîãî ñèìïëåêñà) ðàñïîëàãàåòñÿ íà áèññåêòðèñå ïåðâîãî êîîðäèíàòíîãî óãëà. Ïóñòü ýòî òî÷êà M0(X0),
êîîðäèíàòû êîòîðîé îïðåäåëÿþòñÿ ðàäèóñ-âåêòîðîì X0 = (x0

1,x0
2), (x0

1 = x0
2). Äâå äðóãèå âåðøèíû M1(X1)

è M2(X2) ðàñïîëàãàþòñÿ ñèììåòðè÷íî áèññåêòðèñå. Ïîñëåäíåå óñëîâèå ïðèâîäèò ê çàïèñè êîîðäèíàò
ýòèõ òî÷åê â âèäå:

M1(x0
1+p; x0

2+q), M2(x0
1+q; x0

2+p).
Ïàðàìåòðû p è q îïðåäåëÿþòñÿ èç óñëîâèÿ ðàâåíñòâà ñòîðîí òðåóãîëüíèêà íåêîòîðîìó ðàçìåðó d:

M 0 M1 = MM = MM = d, (1)

←

 . (2)
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Äëÿ óñòàíîâëåíèÿ çàâèñèìîñòè ìåæäó ïàðàìåòðàìè p, q è ðàçìåðîì d ñòîðîí ñèìïëåêñà ñîñòàâèì äâà
óðàâíåíèÿ. Îäíî èç íèõ – ðàâåíñòâî êâàäðàòîâ äâóõ ñòîðîí (M0M1)

2 = (M1M2)
2 = d2 – ïðèâîäèò ê óðàâíåíèþ

0422 ==+ pqqp . (3)

Âòîðîå óðàâíåíèå – ðàâåíñòâî ðàññòîÿíèÿ îò òî÷êè M1 (èëè M2) äî áèññåêòðèñû (x1 – x2 = 0)
ïîëîâèíå äëèíû ñòîðîíû ñèìïëåêñà:

        .  (4)
Óðàâíåíèÿ (3) è (4) ïðèâîäÿò ê çàâèñèìîñòÿì:

Ïîñëå îïðåäåëåíèÿ êîîðäèíàò âñåõ òðåõ òî÷åê íà÷àëüíîãî ñèìïëåêñà â ýòèõ òî÷êàõ íàõîäÿòñÿ çíà÷å-
íèÿ ôóíêöèè: u0 = u(X0 ), u1 = u(X1 ), u2 = u(X2 ).

Â ñëó÷àå îïðåäåëåíèÿ ëîêàëüíîãî ìèíèìóìà èç âñåõ çíà÷åíèé ôóíêöèè âûáèðàåòñÿ íàèáîëüøåå
(íàèìåíüøåå ïðè îòûñêàíèè ìàêñèìóìà):

max{u0, u1, u2} = uk, (k = 0, èëè 1 èëè 2).
Äëÿ óäîáñòâà äàëüíåéøèõ ðàññóæäåíèé ïðåäïîëîæèì, ÷òî Mk = M0. – ýòî òî÷êà, íàèáîëåå óäàëåííàÿ

îò òî÷êè ñ ìèíèìàëüíûì çíà÷åíèåì ôóíêöèè. Â ýòîé òî÷êå ôóíêöèÿ ïðèíèìàåò ìàêñèìàëüíîå èç
çíà÷åíèé â òðåõ âåðøèíàõ èñõîäíîãî ñèìïëåêñà. Â òî÷êàõ M1 è M2 çíà÷åíèÿ ôóíêöèè ìåíüøå u0 .

Äëÿ ïðèáëèæåíèÿ ê òî÷êå ýêñòðåìóìà ñòðîèì íîâûé ñèìïëåêñ, äâå åãî òî÷êè – ýòî M1 è M2. Âåðøèíó
Ì3 íîâîãî ñèìïëåêñà ðàñïîëàãàåì ñèììåòðè÷íî òî÷êå Ì0 îòíîñèòåëüíî ïðÿìîé Ì1Ì2 . Äëÿ îïðåäåëåíèÿ
êîîðäèíàò ýòîé òî÷êè îáðàòèìñÿ ê âåêòîðíûì ñîîòíîøåíèÿì (Xi – ðàäèóñ-âåêòîð i-é òî÷êè):

M0M1 = X1 – X0 ; M0M2 = X2 – X0;
M0Mcp = ( X1 + X2) – X0 ;  M0M3 = 2 M0Mcp = X1 + X2 – 2X0 .

Òîãäà X3 = M0M3 + X0 = X1 + X2 – X0 è êîîðäèíàòû òðåòüåé òî÷êè íîâîãî ñèìïëåêñà – ýòî
êîîðäèíàòû âåêòîðà X3: M3= M3(X3).

Ðàññìîòðèì ïðîèçâîëüíûé (i-é) òðåóãîëüíûé ñèìïëåêñ ñ âåðøèíàìè Mi(Xi), Mi+1(Xi+1) è Mi+2(Xi+2).
Ïóñòü ìàêñèìàëüíîå çíà÷åíèå ôóíêöèÿ èìååò â òî÷êå Mi(Xi). Âåêòîð Xi+3 òî÷êè Mi+3 , ñèììåòðè÷íûé
òî÷êå Mi(Xi) îòíîñèòåëüíî ïðÿìîé Mi+1 Mi+2, îïðåäåëèòñÿ ïî ôîðìóëå

Xi+3 = Xi+1 + Xi+2 – Xi.
Êîîðäèíàòû xk

i+3 (k=0,1,2) ýòîãî âåêòîðà:
xk

i+3 = xk
i+1 + xk

i+2 – xk
i.

Åñëè çíà÷åíèå ôóíêöèè u(Xi+3) > u(Xi), òî òî÷êà ìèíèìóìà ôóíêöèè «íàêðûòà» ïîñòðîåííûìè
ñèìïëåêñàìè. Òî÷êà ñ ìèíèìàëüíûì çíà÷åíèåì ôóíêöèè íàõîäèòñÿ â äâóõ ïîñëåäíèõ ñèìïëåêñàõ.
Ìèíèìàëüíûì çíà÷åíèåì ôóíêöèè, íàéäåííûì ñ èñïîëüçîâàíèåì ñèìïëåêñîâ, ðàçìåð êîòîðûõ îïðå-
äåëÿåòñÿ ïàðàìåòðîì d, ÿâëÿåòñÿ ìèíèìàëüíîå èç çíà÷åíèé ui+1 = u(Xi+1) è ui+2 = u(Xi+2). Äëÿ óòî÷íåíèÿ
çíà÷åíèÿ ýêñòðåìóìà ôóíêöèè ñëåäóåò óìåíüøèòü ðàçìåð d, ïîñòðîèòü íîâûé ñèìïëåêñ âíóòðè îáëàñ-
òè, îãðàíè÷åííîé òî÷êàìè Mi ÷ Mi+3 , è ïîâòîðèòü âû÷èñëåíèÿ.

Åñëè â çàäà÷å îïðåäåëåíèÿ ìèíèìàëüíîãî çíà÷åíèÿ ôóíêöèè èìååò ìåñòî íåðàâåíñòâî ui+3 < ui, òî
ñëåäóåò îïðåäåëèòü âåðøèíó ïîñëåäíåãî ñèìïëåêñà ñ ìàêñèìàëüíûì çíà÷åíèåì u:

max{ui+1, ui+2, ui+3},
← ïîñòðîèòü íîâûé ñèìïëåêñ ñ î÷åðåäíîé âåðøèíîé, ñèììåòðè÷íîé òî÷êå ïðåäûäóùåãî ñèìïëåêñà ñ
ìàêñèìàëüíûì çíà÷åíèåì ôóíêöèè.

Ïðîöåññ ïîñòðîåíèÿ íîâûõ ñèìïëåêñîâ ñëåäóåò ïðîäîëæàòü äî òåõ ïîð, ïîêà çíà÷åíèå ôóíêöèè â
âåðøèíå î÷åðåäíîãî ñèìïëåêñà íå ñòàíåò áîëüøå çíà÷åíèÿ ôóíêöèè â òî÷êå ïðåäûäóùåãî ñèìïëåêñà,
åé ñèììåòðè÷íîé. Äàëåå, îïðåäåëèâ òî÷íîñòü âû÷èñëåíèÿ, ñëåäóåò ðåøèòü âîïðîñ î öåëåñîîáðàçíîñòè
äàëüíåéøåãî óòî÷íåíèÿ ðåøåíèÿ.

Äëÿ ðåøåíèÿ çàäà÷ îïðåäåëåíèÿ ëîêàëüíûõ ýêñòðåìóìîâ ôóíêöèè íåñêîëüêèõ (n > 2) ïåðåìåííûõ
ñëåäóåò âìåñòî ïëîñêîãî ðàâíîñòîðîííåãî òðåóãîëüíèêà âûáðàòü â êà÷åñòâå ñèìïëåêñà ðàâíîñòîðîííèé
(n + 1)-óãîëüíûé «ãèïåðòåòðàýäð» ñ ðàçìåðîì ñòîðîí, ðàâíûõ çàäàâàåìîé âåëè÷èíå d.

Îäíó èç âåðøèí íà÷àëüíîãî òåòðàýäðà M0(X0) (X0 = (x0
1, x0

2, …, x0
n) – ðàäèóñ-âåêòîð) ñëåäóåò äëÿ

óäîáñòâà ðàçìåñòèòü íà áèññåêòðèñå ïåðâîãî «êâàäðàíòà», ò. å. ãäå x0
1 = x0

2 = …= x0
n. Îñòàâøèåñÿ n

âåðøèí Mi(Xi), (i = 1,2,…,n) ïðèíàäëåæàò ãèïåðïëîñêîñòè è ðàñïîëàãàþòñÿ íà îäèíàêîâûõ ðàññòîÿíèÿõ
îò áèññåêòðèñû. Ïîñëåäíèå óñëîâèÿ îïðåäåëÿþò õàðàêòåð êîîðäèíàò ýòèõ âåðøèí:

Îäíó èç âåðøèí íà÷àëüíîãî òåòðàýäðà M0(X0) (X0 = (x0
1, x0

2, …, x0
n) – ðàäèóñ-âåêòîð) ñëåäóåò äëÿ

óäîáñòâà ðàçìåñòèòü íà áèññåêòðèñå ïåðâîãî «êâàäðàíòà», ò. å. ãäå x0
1 = x0

2 = …= x0
n. Îñòàâøèåñÿ n

âåðøèí Mi(Xi), (i = 1,2,…,n), ïðèíàäëåæàò ãèïåðïëîñêîñòè è ðàñïîëàãàþòñÿ íà îäèíàêîâûõ ðàññòîÿíèÿõ
îò áèññåêòðèñû. Ïîñëåäíèå óñëîâèÿ îïðåäåëÿþò õàðàêòåð êîîðäèíàò ýòèõ âåðøèí:
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Ïàðàìåòðû p è q îïðåäåëÿòñÿ, êàê è äëÿ äâóõìåðíîé çàäà÷è, èç óñëîâèé:

 Ðàâåíñòâî (M0Mi)
2 = (MiMj)

2 ïîñëå ïðåîáðàçîâàíèÿ ïðèâîäèò ê óðàâíåíèþ

( ) 034 22 =−+− qnpqp .
Íåîòðèöàòåëüíûì ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ çàâèñèìîñòè

.
2

11,
2

11 d
n

nqd
n

nnp −+
=

−++
= (5)

Ïîñëåäîâàòåëüíîñòü äàëüíåéøèõ ïðåîáðàçîâàíèé ïîâòîðÿåò èçëîæåííóþ äëÿ ñëó÷àÿ ïëîñêîé çàäà÷è.
Ïðåäïîëîæèì, ÷òî ïîñòðîåí î÷åðåäíîé (i-é) ñèìïëåêñ – ãèïåðòåòðàýäð ñ âåðøèíàìè Mi+j (Xi+j),

(j = n0 − ).
Â êàæäîé èç âåðøèí ýòîãî ñèìïëåêñà îïðåäåëÿþòñÿ çíà÷åíèÿ èññëåäóåìîé ôóíêöèè ui+j = u(Mi+j) =

= u(Xi+j) = u(x1
i+j, x2

i+j, …, xn
i+j) è âûäåëÿåòñÿ ìàêñèìàëüíîå (äëÿ îòûñêàíèÿ ëîêàëüíîãî ìèíèìóìà

ôóíêöèè) èç ýòèõ çíà÷åíèé umax = max{u 0+i , u 1+i , …, u ki+ , …, u ni+ }.

Ïóñòü äëÿ îïðåäåëåííîñòè umax = ui+0. Ñòðîèì íîâûé ñèìïëåêñ ñ âåðøèíîé Mi+n+1(X i+n+1), ñèììåòðè÷-
íîé âåðøèíå Mi+0(Xi+0) îòíîñèòåëüíî ãèïåðïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè Mi+1, Mi+2, …, Mi+n.

Äàëåå íàõîäèì çíà÷åíèå ôóíêöèè ui+n+1 = u(Mi+n+1).
Åñëè ïðè îòûñêàíèè ëîêàëüíîãî ìèíèìóìà ôóíêöèè âûïîëíÿåòñÿ íåðàâåíñòâî u(M i+n+1) < u(M i+0), òî

ïðîöåññ ïîñòðîåíèÿ íîâûõ ñèìïëåêñîâ ïðîäîëæàåòñÿ. Â ïðîòèâíîì ñëó÷àå òî÷êà ëîêàëüíîãî ìèíèìóìà
ôóíêöèè «íàêðûòà» äâóìÿ ïîñëåäíèìè ãèïåðòåòðàýäðàìè. Â ýòîì ñëó÷àå ìèíèìàëüíîå çíà÷åíèå ôóíê-
öèè â ðàññìàòðèâàåìîé îáëàñòè ïîëàãàåòñÿ ðàâíûì ìèíèìàëüíîìó èç çíà÷åíèé ôóíêöèè â âåðøèíàõ
ïîñëåäíèõ äâóõ ñèìïëåêñîâ.

Âåðíåìñÿ ê çàäà÷å îïðåäåëåíèÿ âåðøèíû î÷åðåäíîãî ñèìïëåêñà. Ïóñòü êîîðäèíàòû âåðøèí ïðåäû-
äóùåãî ñèìïëåêñà Mi+0, …, Mi+k, …, Mi+n èçâåñòíû è îïðåäåëÿþòñÿ ðàäèóñ-âåêòîðàìè Xi+0, Xi+1, …, Xi+n.
Êîîðäèíàòû òî÷êè, ñèììåòðè÷íîé òî÷êå Mi+0, îïðåäåëÿþòñÿ ðàäèóñ-âåêòîðîì Xi+n+1.

Ðàäèóñ-âåêòîð Xi cp òî÷êè Mi cp, ëåæàùåé â ãèïåðïëîñêîñòè, ïðîõîäÿùåé ÷åðåç âåðøèíû ñèìïëåêñà
Mi+1, …, Mi+n è ðàâíîóäàëåííîé îò ýòèõ âåðøèí:

Xi cp = (Xi+1+ … +Xi+n).
Çàïèøåì âûðàæåíèÿ äëÿ âåêòîðîâ, ñîâïàäàþùèõ ñ ðåáðàìè ãèïåðòåòðàýäðîâ è ñîåäèíÿþùèõ èõ

âåðøèíû:
               Mi+jMi+k = Xi+k – Xi+j , (k,j=, k  j);

Mi+0Mi+k = Xi+k – Xi+0 ,
Mi+0Mi cp = Xi cp – Xi+0 ,

Mi+0Mi+n+1 = 2 Mi+0Mi cp .
Ðàäèóñ-âåêòîð, îïðåäåëÿþùèé ïîëîæåíèå âåðøèíû Mi+n+1 íîâîãî ãèïåðòåòðàýäðà, ñèììåòðè÷íîé

òî÷êå Mi+0:
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Êîîðäèíàòû ñ íîìåðîì m âåðøèíû Mi+n+1:
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Àëãîðèòì ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ ëîêàëüíûõ ýêñòðåìóìîâ ôóíêöèè íåñêîëüêèõ (n) ïåðåìåí-

íûõ u(X) = u(xm)  (m = n,1 ) ñòðîèòñÿ ñëåäóþùèì îáðàçîì.
1. Â îáëàñòè óíèìîäàëüíîñòè ôóíêöèè îïðåäåëÿåòñÿ åå õàðàêòåð: âûïóêëàÿ èìååò ëîêàëüíûé ìèíè-

ìóì, âîãíóòàÿ – ìàêñèìóì. Äëÿ îïðåäåëåííîñòè â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ èìååò
ëîêàëüíûé ìèíèìóì. Ïðè íàëè÷èè ëîêàëüíîãî ìàêñèìóìà ó çàäàííîé ôóíêöèè åå õàðàêòåð ìîæíî
èçìåíèòü, óìíîæèâ u íà –1.

2. Âûáèðàåòñÿ íà÷àëüíàÿ âåðøèíà ñèìïëåêñà M(X0), è îïðåäåëÿþòñÿ êîîðäèíàòû îñòàëüíûõ
n âåðøèí Mi íà÷àëüíîãî ñèìïëåêñà (ãèïåðòåòðàýäðà).

3. Îïðåäåëÿþòñÿ çíà÷åíèÿ ôóíêöèè âî âñåõ (n + 1) âåðøèíàõ ñèìïëåêñà: u0 = u(X0), u1 = u(X1), …,
un = u(Xn). Ñðàâíèâàþòñÿ çíà÷åíèÿ ôóíêöèè è âûáèðàåòñÿ íàèáîëüøåå èç íèõ: umax= max{u0, u1, …, uk, …,
un) = uk,  (k = 0, èëè 1, …, èëè n). Ïóñòü äëÿ îïðåäåëåííîñòè umax = u0.

4. Âû÷èñëÿåì êîîðäèíàòû âåðøèíû Mn+1(Xn+1) íîâîãî ñèìïëåêñà, ñèììåòðè÷íîé âåðøèíå M0(X0)
èñõîäíîãî ñèìïëåêñà.

5. Íàõîäèì çíà÷åíèå un+1 = u(Xn+1) è ñðàâíèâàåì åãî ñî çíà÷åíèåì u0 = u(X0). Íåðàâåíñòâî un+1 > u0

óêàçûâàåò íà òî, ÷òî òî÷êà ëîêàëüíîãî ìèíèìóìà ôóíêöèè «íàêðûòà» îäíèì èç äâóõ ïîñòðîåííûõ
ñèìïëåêñîâ. Â ýòîì ñëó÷àå ïðîöåññ ïîñòðîåíèÿ íîâûõ ñèìïëåêñîâ ïðåêðàùàåòñÿ è â êà÷åñòâå ïðèáëè-

( )
( ) ( ) ( ).;,...,2,1,,

;
222

2222
0

jinjidqpnMM

dnqpMM

ji

i

≠==−=

=+=

(j = n0 − ) 



83Ãîðëà÷ Á.À., Ðûëîâ À.À. Ìíîãîìåðíûå ñèìïëåêñû â çàäà÷àõ ýêîíîìèêè

æåííîãî çíà÷åíèÿ ôóíêöèè ïðèíèìàåòñÿ ìèíèìàëüíîå èç çíà÷åíèé ôóíêöèè â âåðøèíàõ ïîñëåäíåãî
ñèìïëåêñà: umin = min{u1, u1, …, un}. Åñëè un+1 < u0, îïðåäåëÿåòñÿ òî÷êà ñ ìàêñèìàëüíûì çíà÷åíèåì
ôóíêöèè âî âòîðîì ñèìïëåêñå, ñòðîèòñÿ ñèììåòðè÷íàÿ åé òî÷êà ñëåäóþùåãî ñèìïëåêñà è ò. ä.

Ïðîöåññ ïîñëåäîâàòåëüíîãî ïîñòðîåíèÿ ñèìïëåêñîâ ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà î÷åðåäíîé ñèìï-
ëåêñ íå «íàêðîåò» òî÷êó ñ ìèíèìàëüíûì çíà÷åíèåì ôóíêöèè. Â ýòîì ñëó÷àå çà ïðèáëèæåííîå ìèíè-
ìàëüíîå çíà÷åíèå ôóíêöèè âûáèðàåòñÿ ìèíèìàëüíîå èç åå çíà÷åíèé â òî÷êàõ ïîñëåäíåãî ñèìïëåêñà.

Ïðè íåîáõîäèìîñòè óòî÷íåíèÿ çíà÷åíèÿ ìèíèìóìà ôóíêöèè ñòðîèòñÿ ñèìïëåêñ ñ íîâûì ðàçìåðîì
ðåáåð, ìåíüøèõ d, è ïðîöåäóðà ïîñòðîåíèÿ ñèìïëåêñîâ ïðîäîëæàåòñÿ. Êîíå÷íî, íîâûé ñèìïëåêñ óäîá-
íî ðàñïîëàãàòü â îáëàñòè, îãðàíè÷åííîé äâóìÿ ïîñëåäíèìè ñèìïëåêñàìè. Îäíó èç âåðøèí íîâîãî
ñèìïëåêñà ñëåäóåò ñîâìåñòèòü ñ âåðøèíîé ïðåäûäóùåãî ñèìïëåêñà, èìåþùåé ìèíèìàëüíîå çíà÷åíèå
ôóíêöèè. ×òî êàñàåòñÿ îñòàëüíûõ n òî÷åê íîâîãî ñèìïëåêñà, òî èõ óäîáíî ðàñïîëàãàòü íà ðåáðàõ
ïîñëåäíåãî ãèïåðòåòðàýäðà, íàïðèìåð â èõ ñðåäíèõ òî÷êàõ.

Ïðèìåð. Îïðåäåëèòü ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè

.200602010020101030 222 +−+−−++= zyxxyzyxu
Ôóíêöèÿ îïðåäåëåíà ïðè âñåõ äåéñòâèòåëüíûõ çíà÷åíèÿõ ïåðåìåííûõ.
Îïðåäåëèì õàðàêòåð ýêñòðåìóìà. Äëÿ ýòîãî ñîñòàâèì ìàòðèöó êîýôôèöèåíòîâ êâàäðàòè÷íîé ôîðìû

ôóíêöèè ( )















−

−
=

1000
01010
01030

zy,x,K   è îïðåäåëèì åå ãëàâíûå ìèíîðû:

.0201030
1000
01010
01030

 

;0201030
1010
1030

2;03030

>=−=−
−

=

>=−=
−

−
=>==

M3

M1 M

Ïîëîæèòåëüíûå çíà÷åíèÿ âñåõ ãëàâíûõ ìèíîðîâ ìàòðèöû óêàçûâàþò íà òî, ÷òî ôóíêöèÿ u âûïóêëà
è, ñëåäîâàòåëüíî, èìååò ëîêàëüíûé ìèíèìóì â îáëàñòè åå ñóùåñòâîâàíèÿ.

Çàäàåì ðàçìåð ñèìïëåêñà d = 10 è ïî ôîðìóëàì (5) îïðåäåëÿåì ïàðàìåòðû ðåáåð íà÷àëüíîãî òåòðàýä-
ðà ïðè n = 3:
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Ñîâìåùàåì òî÷êó M0 îäíîé èç âåðøèí íà÷àëüíîãî òåòðàýäðà Ì0Ì1M2M3 c êîîðäèíàòàìè, îïðåäåëÿå-
ìûìè âåêòîðîì X0 = (0, 0, 0).

Îïðåäåëÿåì êîîðäèíàòû òðåõ îñòàâøèõñÿ âåðøèí òåòðàýäðà:
X1 = (p, q, q) = (9,428; 2,357; 2,357);
X2 = (q, p, q) = (2,357; 9,428; 2,357);
X3 = (q, q, p) = (2,357; 2,357; 9,428).
Âû÷èñëÿåì çíà÷åíèÿ ôóíêöèè u âî âñåõ òî÷êàõ èñõîäíîãî ñèìïëåêñà
u0 = u(X0) = 200; u1 = u(X1) = 120; u2= u(X2) = 187,8; u3 = u(X3) = 134,5.
Íàõîäèì ìàêñèìàëüíîå èç âû÷èñëåííûõ äëÿ íà÷àëüíîãî ñèìïëåêñà çíà÷åíèé ôóíêöèè:
umax= max{u0; u1; u2; u3} = max{200; 120; 187,8; 134,5} = 200 = u0.

Ïî ôîðìóëå (6) ðàññ÷èòûâàåì âåêòîð X4 òî÷êè M 4  íîâîãî òåòðàýäðà, ñèììåòðè÷íîé òî÷êå M0 èñõîä-

íîãî òåòðàýäðà îòíîñèòåëüíî ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè ñ êîîðäèíàòàìè X1, X2 è X3:

X4= 3
2

 (X1,+X2 + X 3) – X 0 ,

êîîðäèíàòû òî÷êè M4:

x4 = 
3
2  (x1,+x2+x3) – x 0 = 

3
2  (9,428+2,357+2,357) – 0 = 9,428; 

y4 = 
3
2  (y1,+2+y3) – y 0 = 

3
2  (2,357+9,428+2,357) – 0 = 9,428; 

z4 = 
3
2  (z1,+z2+z3) – z 0 = 

3
2  (2,357+2,357+9,428) – 0 = 9,428. 
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Òàêèì îáðàçîì X4 (9,428; 9,428; 9,428).
Â òî÷êå X4 çíà÷åíèå u4 = u(X4) = 94,7 < u0.
Òî÷êà ìèíèìóìà ôóíêöèè u íå «íàêðûòà».
Èç ÷åòûðåõ çíà÷åíèé ôóíêöèè â âåðøèíàõ âòîðîãî ñèìïëåêñà íàèáîëüøåå çíà÷åíèå èìååò ôóíêöèÿ

â òî÷êå X2: u2 = 187,8.
Ñòðîèì íîâûé ñèìïëåêñ. Åãî ÷åòâåðòàÿ âåðøèíà X5 – ýòî òî÷êà, ñèììåòðè÷íàÿ òî÷êå X2 (ñ ìàêñè-

ìàëüíûì u = 187,8 çíà÷åíèåì ôóíêöèè) îòíîñèòåëüíî ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè X1, X3 è X4.
Âû÷èñëåííûå çíà÷åíèÿ êîîðäèíàò òî÷åê ïîñëåäóþùèõ ñèìïëåêñîâ è çíà÷åíèÿ ôóíêöèè â ýòèõ

òî÷êàõ ïðåäñòàâëåíû â òàáëèöå.

Òàáëèöà
Çíà÷åíèÿ êîîðäèíàò òî÷åê ïîñëåäóþùèõ ñèìïëåêñîâ è çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ

Îòëè÷èå âû÷èñëåííûõ íàèìåíüøèõ çíà÷åíèé â óçëàõ äâóõ ïðåäïîñëåäíèõ ñèìïëåêñîâ íå ïðåâûøà-
åò 5 %. Òî÷íîå ìèíèìàëüíîå çíà÷åíèå ôóíêöèè u = u(20;10;30) = 20.
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B.A. Gorlach, A.A. Rylov*

MULTI-DIMENSIONAL SIMPLEXES IN THE PROBLEMS OF ECONOMICS

In order to expand the possibilities of numerical methods for solving nonlinear
problems of mathematical programming in economics, it is proposed to use the
«simplex» method. For this purpose, a generalization of the method, which found
application in solving problems of determining local extrema of functions of two
variables for the case of specifying functions in arbitrary n-dimensional spaces was
made. Equilateral triangles are replaced by n-dimensional hypertetrahedra. An example
of solving the problem of determining the local minimum of a function of three
variables is given.

Key words: local extremum, function of several variables, hypertetrahedron, iterations,
mathematical programming, goal function.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 11/III/2018.
The article received  11/III/2018.

Итерация 1 2 3 … 8 9 10 
Min u 120 94,7 67,0 … 21,0 20,5 20,1 
 

* Gorlach Boris Alexeevich (b.a.gorlach@yandex.ru), Doctor of Technical Sciences, professor of the Department
of Mathematical Methods in Economics, Samara National Research University, 34, Moskovskoye shosse, Samara,
443086, Russian Federation.

Rylov Alexander Arkadyevich (ARylov@fa.ru), Candidate of Physical and Mathematical Sciences, associate professor
of the Educational and Scientific Department of Data Analysis, Decision Making and Financial Technologies, Honored
worker of Higher Professional Education of the Russian Federation, Financial University under the Government
of the Russian Federation, 49, Leningradsky Prospekt, Moscow, 125993, Russian Federation.


