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Àííîòàöèÿ

Ïóáëèêóåìàÿ ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå è èäåíòèôèêàöèè ìàòåìàòè÷åñêèõ ìî-
äåëåé ôóíêöèîíèðîâàíèÿ îòðàñëè ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîòêè â Ñàìàðñêîé
îáëàñòè.

Ñîáðàíû è ñèñòåìàòèçèðîâàíû èñõîäíûå äàííûå îôèöèàëüíîé ñòàòèñòèêè î ðå-
çóëüòàòàõ ôóíêöèîíèðîâàíèÿ îòðàñëè ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîòêè Ñàìàð-
ñêîé îáëàñòè â ïåðèîä ñ 1965 ïî 2021 ãîä.

Èäåíòèôèöèðîâàíû ïàðàìåòðû ïðîèçâîäñòâåííûõ ôóíêöèé Êîááà�Äóãëàñà íà ðàç-
ëè÷íûõ èíòåðâàëàõ èññëåäîâàíèÿ â âàðèàíòàõ èñõîäíûõ è ñãëàæåííûõ ôàêòè÷åñêèõ
ñòàòèñòè÷åñêèõ äàííûõ.

Â êà÷åñòâå èíòåðâàëîâ èäåíòèôèêàöèè ïàðàìåòðîâ ðàññìîòðåíû êàê âåñü âðåìåí-
íîé ïåðèîä èññëåäîâàíèÿ, òàê è îòäåëüíûå ëîêàëüíûå ïðîìåæóòêè óñòîé÷èâîãî è
êðèçèñíîãî ôóíêöèîíèðîâàíèÿ àíàëèçèðóåìîé ïðîèçâîäñòâåííîé ñèñòåìû.

Âû÷èñëåíû çíà÷åíèÿ ïàðàìåòðîâ ïðîèçâîäñòâåííûõ ôóíêöèé äëÿ ðàçëè÷íûõ ïå-
ðèîäîâ èññëåäîâàíèÿ è ðàññ÷èòàíû êà÷åñòâåííûå õàðàêòåðèñòèêè ïîëó÷åííûõ ìî-
äåëüíûõ ðåøåíèé.

Ïðîâåä¼í ñðàâíèòåëüíûé àíàëèç ïàðàìåòðîâ è õàðàêòåðèñòèê ïîëó÷åííûõ ìîäå-
ëåé.

Èäåíòèôèêàöèÿ íåèçâåñòíûõ ïàðàìåòðîâ, ðàññìîòðåííûõ â ðàáîòå ïðîèçâîäñòâåí-
íûõ ôóíêöèé, âûïîëíåíà ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.
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Öàïåíêî Ì.Â., Åðìàêîâà À.À.

Â êà÷åñòâå ýìïèðè÷åñêîãî ìàòåðèàëà â èññëåäîâàíèè áûëè èñïîëüçîâàíû îôè-
öèàëüíûå ñòàòèñòè÷åñêèå äàííûå Ñàìàðñêîãî îáëàñòíîãî êîìèòåòà ãîñóäàðñòâåííîé
ñòàòèñòèêè.

Êëþ÷åâûå ñëîâà: ïðîèçâîäñòâåííàÿ ôóíêöèÿ Êîááà�Äóãëàñà, ýôôåêòèâíîñòü èñïîëü-
çîâàíèÿ ðåñóðñîâ, îòðàñëü ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîòêè, ðåãèîíàëüíàÿ ýêî-
íîìèêà.

Ïîëó÷åíèå: 26 ôåâðàëÿ 2024 ã. / Èñïðàâëåíèå: 10 àïðåëÿ 2024 ã. /

Ïðèíÿòèå: 24 àïðåëÿ 2024 ã. / Ïóáëèêàöèÿ îíëàéí: 28 èþíÿ 2024 ã.

Ââåäåíèå
Ãëàâíûìè çàäà÷àìè ïðîìûøëåííîãî ïðîèçâîäñòâà ÿâëÿþòñÿ óäîâëåòâîðåíèå ñïðîñà

êîíå÷íîãî ïîòðåáèòåëÿ â ãîòîâîé ïðîäóêöèè, ïîëó÷åíèå ïðèáûëè è ýôôåêòèâíîå èñïîëü-
çîâàíèå ðåñóðñîâ. Ïîýòîìó îñíîâíûì ïðîöåññîì ïðîìûøëåííîãî ïðîèçâîäñòâà ÿâëÿåòñÿ
ïåðåðàáîòêà áàçîâûõ âèäîâ ðåñóðñîâ â êîíå÷íûé ïðîäóêò, ïîñòóïàþùèé ïîòðåáèòåëþ. Äëÿ
ïîëó÷åíèÿ ìàêñèìàëüíîé ïðèáûëè ïðîèçâîäñòâåííîé ñèñòåìå íåîáõîäèìî îáåñïå÷èòü ýô-
ôåêòèâíîñòü ïðîöåññà ïðåîáðàçîâàíèÿ ðåñóðñîâ. Òðåáóåòñÿ ó÷åñòü, ðàññ÷èòàòü è ïðîàíàëè-
çèðîâàòü ïîêàçàòåëè ðàöèîíàëüíîãî èñïîëüçîâàíèÿ âñåõ âèäîâ ðåñóðñîâ, çàäåéñòâîâàííûõ
â ïðîèçâîäñòâåííîì ïðîöåññå.

Îäíèì èç ñïîñîáîâ ðåøåíèÿ ýòîé çàäà÷è ÿâëÿåòñÿ ïðèìåíåíèå ìîäåëüíîãî ïîäõîäà íà
îñíîâå ýêîíîìèêî-ìàòåìàòè÷åñêèõ ìîäåëåé â êëàññå ïðîèçâîäñòâåííûõ ôóíêöèè. Â ðàì-
êàõ ýòîãî ïîäõîäà íåîáõîäèìî ñîáðàòü è ñèñòåìàòèçèðîâàòü îôèöèàëüíóþ ñòàòèñòèêó î
ôóíêöèîíèðîâàíèè îòðàñëè ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîòêè Ñàìàðñêîé îáëàñòè â
ïåðèîä ñ 1965 ïî 2021 ãîä. è èäåíòèôèöèðîâàòü ïàðàìåòðû ïðîèçâîäñòâåííûõ ôóíêöèé
Êîááà�Äóãëàñà íà ðàçëè÷íûõ èíòåðâàëàõ èññëåäîâàíèÿ â âàðèàíòàõ èñõîäíûõ è ñãëàæåí-
íûõ ôàêòè÷åñêèõ ñòàòèñòè÷åñêèõ äàííûõ.

Â êà÷åñòâå èíòåðâàëîâ èäåíòèôèêàöèè ïàðàìåòðîâ ñëåäóåò ðàññìîòðåòü âåñü âðå-
ìåííîé ïåðèîä èññëåäîâàíèÿ, à òàêæå ëîêàëüíûå ïðîìåæóòêè óñòîé÷èâîãî è êðèçèñíîãî
ôóíêöèîíèðîâàíèÿ àíàëèçèðóåìîé ïðîèçâîäñòâåííîé ñèñòåìû è ïðîâåñòè ñðàâíèòåëüíûé
àíàëèç ïàðàìåòðîâ è õàðàêòåðèñòèê ïîëó÷åííûõ ìîäåëåé.

Öåëüþ ïðîâåä¼ííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà, èäåíòèôèêàöèÿ è ñðàâíè-
òåëüíûé àíàëèç ðåøåíèé ìàòåìàòè÷åñêèõ ìîäåëåé ôóíêöèîíèðîâàíèÿ îòðàñëè ìàøèíî-
ñòðîåíèÿ è ìåòàëëîîáðàáîòêè Ñàìàðñêîé îáëàñòè.

Íàó÷íàÿ íîâèçíà ïðîâåäåííîãî èññëåäîâàíèÿ çàêëþ÷àåòñÿ â ïîñòðîåííîì êîìïëåêñå
âçàèìîñâÿçàííûõ ìîäåëåé íà îñíîâå ðàçëè÷íûõ ïðîèçâîäñòâåííûõ ôóíêöèé è â ðåçóëüòà-
òàõ èäåíòèôèêàöèè ïàðàìåòðîâ ìîäåëåé äëÿ îòðàñëè ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîò-
êè Ñàìàðñêîãî ðåãèîíà â ïåðèîä ñ 1965 ïî 2021 ãã. ñ âûäåëåíèåì ïåðèîäîâ óñòîé÷èâîãî è
êðèçèñíîãî ôóíêöèîíèðîâàíèÿ àíàëèçèðóåìîé ñèñòåìû.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû äëÿ ïîñòðîåíèÿ ïðîãíîçîâ ðàçâèòèÿ
àíàëèçèðóåìîé îòðàñëè è îöåíêè ýôôåêòèâíîñòè ôóíêöèîíèðîâàíèÿ äðóãèõ îòðàñëåé ïðî-
ìûøëåííîñòè Ñàìàðñêîé îáëàñòè.

Ïðîèçâîäñòâåííàÿ ôóíêöèÿ � îäèí èç ýëåìåíòîâ ìàòåìàòè÷åñêîãî àïïàðàòà ïðè ìî-
äåëèðîâàíèè ïðîèçâîäñòâåííûõ ñèñòåì. Ïðîèçâîäñòâåííàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé
ìîäåëü ýêîíîìè÷åñêîãî îáúåêòà, ïðåäñòàâëÿåìîãî â âèäå ¾÷åðíîãî ÿùèêà¿, ãäå ïðîèñõîäèò
ïðåîáðàçîâàíèå âõîäíûõ õàðàêòåðèñòèê � ðåñóðñîâ (Xn) â âûõîäíûå � êîíå÷íûå ïðîäóêòû
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(Yn). Ñ ïîìîùüþ ïðîèçâîäñòâåííîé ôóíêöèè ìîæíî êîëè÷åñòâåííî îöåíèòü çàâèñèìîñòè
âõîäíûõ è âûõîäíûõ õàðàêòåðèñòèê [1].

Â ñîîòâåòñòâèè ñ òàêèì ïîäõîäîì îáúåêò ìîäåëèðîâàíèÿ èìååò ñëåäóþùóþ ñòðóêòóðó:

Объект

1
X

n
X

n
Y

1
Y

LL LL

Ðèñ. 1: Ñòðóêòóðíàÿ ìîäåëü îáúåêòà.

Fig. 1: Structure of the object.

Îäíîé èç íàèáîëåå ðàñïðîñòðàí¼ííûõ ìàòåìàòè÷åñêèõ ìîäåëåé â êëàññå ïðîèçâîä-
ñòâåííûõ ôóíêöèé ÿâëÿåòñÿ ôóíêöèÿ Âèêñåëëÿ (Êîááà�Äóãëàñà) [2�5]. Âèêñåëëü âûñêà-
çàë ïðåäïîëîæåíèå, ÷òî ñòîèìîñòü ïðîèçâåäåííîãî ïðîäóêòà Y ìîæíî îöåíèòü ñ ïîìî-
ùüþ çàòðàò êàïèòàëüíûõ ðåñóðñîâ K è òðóäîâûõ ðåñóðñîâ L [2]. Óòî÷íåííûé âàðèàíò
ýòîé ïðîèçâîäñòâåííîé ôóíêöèè áûë ïðåäëîæåí ó÷åíûìè Ï. Äóãëàñîì è ×. Êîááîì. Â
ñâîåé ðàáîòå îíè ó÷ëè ìàñøòàáíûé êîýôôèöèåíò A è ôàêòîðíûå ýëàñòè÷íîñòè α è β [1].
Ïðîèçâîäñòâåííàÿ ôóíêöèÿ Êîááà�Äóãëàñà èìååò ñëåäóþùèé âèä:

F (t) = AK(t)αL(t)βeτt, (1)

ãäå A � ìàñøòàáíûé êîýôôèöèåíò; K � êàïèòàëüíûå çàòðàòû; L � òðóäîâûå ðåñóðñû; eτt �
ìíîæèòåëü, ó÷èòûâàþùèé âëèÿíèå íàó÷íî-òåõíè÷åñêîãî ïðîãðåññà (ÍÒÏ).

Â ðàáîòå ðàññìîòðåíû äâà ÷àñòíûõ ñëó÷àÿ ôóíêöèè âèäà (1):
α + β = 1 � îäíîðîäíàÿ ïðîèçâîäñòâåííàÿ ôóíêöèÿ Êîááà�Äóãëàñà;
α + β ̸= 1 � íåîäíîðîäíàÿ ïðîèçâîäñòâåííàÿ ôóíêöèÿ Êîááà�Äóãëàñà.

1. Ïîñòàíîâêà çàäà÷è è èñõîäíûå äàííûå
Çàäà÷åé èññëåäîâàíèÿ ÿâëÿåòñÿ ìîäåëèðîâàíèå è ñðàâíèòåëüíûé àíàëèç ïàðàìåòðîâ

ïðîèçâîäñòâåííûõ ôóíêöèé òèïà Êîááà�Äóãëàñà ñ öåëüþ îöåíêè ýôôåêòèâíîñòè ôóíêöè-
îíèðîâàíèÿ îòðàñëè ìàøèíîñòðîåíèÿ è ìåòàëëîîáðàáîòêè Ñàìàðñêîé îáëàñòè.
Ìîäåëüíûå ðåøåíèÿ áûëè ïîëó÷åíû äëÿ ðàçëè÷íûõ âàðèàíòîâ ïðîèçâîäñòâåííûõ ôóíê-
öèé Êîááà�Äóãëàñà â âàðèàíòàõ íåñãëàæåííûõ è ñãëàæåííûõ èñõîäíûõ ñòàòèñòè÷åñêèõ
äàííûõ.

Íà Ðèñ. 2 ïðåäñòàâëåíû èñõîäíûå ñòàòèñòè÷åñêèå äàííûå îòðàñëè ìàøèíîñòðîåíèÿ è
ìåòàëëîîáðàáîòêè Ñàìàðñêîé îáëàñòè â ïåðèîä ñ 1965 ïî 2021 ãîäû [6�11].

Íà Ðèñ. 2 ìîæíî âûäåëèòü òðè âðåìåííûõ ïåðèîäà ñ ðàçëè÷íûì ïîâåäåíèåì õàðàêòå-
ðèñòèê ïðîèçâîäñòâåííîé ñèñòåìû. Ñ 1965 ïî 1990 â ðàññìàòðèâàåìîé îòðàñëè ïðîèñõîäÿò
äîñòàòî÷íî ñòàáèëüíûå èçìåíåíèÿ ñòàòèñòè÷åñêèõ äàííûõ. Îáúåì âûïóñêàåìîé ïðîäóê-
öèè Y âûðîñ ïðèìåðíî â 4 ðàçà, çàòðàòû êàïèòàëüíûõ ðåñóðñîâ K óâåëè÷èëèñü íà 900%
ïðè ñòàáèëüíîì èñïîëüçîâàíèè òðóäîâûõ ðåñóðñîâ L.
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Ðèñ. 2: Èñõîäíûå ñòàòèñòè÷åñêèå äàííûå: 1 � âûïóñê ïðîäóêöèè Y ; 3 � îáú¼ì îñíîâíûõ ôîíäîâ K;
5 � òðóäîâûå ðåñóðñû L; ïóíêòèðíûå ëèíèè 2, 4, 6 � ñãëàæåííûå äàííûå.

Fig.2: Initial statistical data: 1 � output Y ; 3 � volume of �xed assets K;
5 � labor resources L; dotted lines 2, 4, 6 � smoothed data.

Â ïåðèîä ñ 1990 ïî 2004 ïîâåäåíèå õàðàêòåðèñòèê ñòàíîâèòñÿ ìåíåå ïîñòîÿííûì: íà
ãðàôèêå âèäåí ïîñòåïåííûé ñïàä îáúåìîâ ïðîèçâîäñòâà íà 26%, à òàêæå çàòðàò òðóäîâûõ
ðåñóðñîâ áîëåå ÷åì íà 60%. Âîçíèêíîâåíèå ýòîé ñèòóàöèè ñâÿçàíî ñ ðàñïàäîì ÑÑÑÐ è
ïåðåõîäîì îò ïëàíîâîé ýêîíîìèêè ê ðûíî÷íîé, îïðåäåëèâøèì ñòðóêòóðíûå èçìåíåíèÿ â
àíàëèçèðóåìîé ñèñòåìå.

Ñ 2004 ãîäà ïîâåäåíèå õàðàêòåðèñòèê ñèñòåìû ìîæíî îõàðàêòåðèçîâàòü ðåçêèì ðîñòîì
îáúåìà ïðîèçâåäåííîé ïðîäóêöèè â 8 ðàç çà ñ÷åò óâåëè÷åíèÿ îñíîâíûõ ôîíäîâ íà 370% ïðè
ñòàáèëüíîì ÷èñëå çàíÿòûõ â ðàññìàòðèâàåìîé îòðàñëè íà ñðåäíåì óðîâíå 2000 ÷åë., òàêîé
âèä èçìåíåíèÿ õàðàêòåðèñòèê îïðåäåëåí ñòàíîâëåíèåì íîâîé ñèñòåìû õîçÿéñòâîâàíèÿ è
ðàçâèòèåì ïðîèçâîäñòâà â ðåãèîíå.

Òàêæå äëÿ èñõîäíûõ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê áûëà ïðîâåäåíà ïðîöåäóðà ñãëà-
æèâàíèÿ ìåòîäîì ñêîëüçÿùåãî ñðåäíåãî. Ñãëàæèâàíèå îñóùåñòâëÿëîñü äëÿ óñòðàíåíèÿ
âëèÿíèÿ âûáðîñîâ ñòàòèñòè÷åñêèõ äàííûõ è ïîëó÷åíèÿ àäåêâàòíûõ ìîäåëüíûõ ðåøåíèé.

2. Ìåòîäîëîãèÿ è àíàëèç ìîäåëüíûõ ðåøåíèé
Äëÿ èäåíòèôèêàöèè íåèçâåñòíûõ ïàðàìåòðîâ ïðîèçâîäñòâåííîé ôóíêöèè áûë ïðèìå-

íåí ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ). Ñóòü ÌÍÊ � ìèíèìèçèðîâàòü ñóììó êâàäðàòîâ
îòêëîíåíèé çíà÷åíèé, ïîëó÷àåìûõ ñ ïîìîùüþ íåêîòîðîé ôóíêöèè, îò çàðàíåå èçâåñòíûõ
ýêñïåðèìåíòàëüíûõ äàííûõ [12�15]. Ðàñ÷åò ìåòîäîì íàèìåíüøèõ êâàäðàòîâ íå ÿâëÿåòñÿ
ñëîæíûì è ñïåêòð åãî ïðèìåíåíèÿ äîñòàòî÷íî øèðîê. Äëÿ ðàñ÷åòà ìåòîäîì íàèìåíüøèõ
êâàäðàòîâ íåîáõîäèìî ïðèâåñòè ðàññìàòðèâàåìóþ ôóíêöèþ ê ëèíåéíîìó âèäó. Ðàññìîò-
ðèì ïðèìåð ïîñòàíîâêè ìåòîäà ÌÍÊ äëÿ îäíîðîäíîé ïðîèçâîäñòâåííîé ôóíêöèè (1) áåç
ó÷¼òà ôàêòîðà ÍÒÏ, ó÷èòûâàÿ, ÷òî β = 1− α ëèíåéíàÿ êîíñòðóêöèÿ ïðèìåò âèä:

Ln(Y ) = Ln(A) + αLn(K)− αLn(L) + Ln(L)

Ïîñëå ïðåîáðàçîâàíèé è âûïîëíåííîé çàìåíû ôóíêöèÿ áóäåò îïèñûâàòüñÿ óðàâíåíè-
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åì:
y = c+ αx. (2)

Íåîáõîäèìî íàéòè òàêèå êîýôôèöèåíòû ëèíåéíîé çàâèñèìîñòè (2), ïðè êîòîðûõ çíà-
÷åíèÿ êâàäðàòè÷íîé íåâÿçêè áóäåò ñòðåìèòüñÿ ê ñâîåìó íàèìåíüøåìó çíà÷åíèþ:

F (α; c) =
n∑

i=1

(yi − (c− α · x))2 →min (3)

Ïðè ïîëó÷åííûõ òàêèì ìåòîäîì çíà÷åíèé êîýôôèöèåíòîâ α è ñóììàðíîå çíà÷åíèå êâàä-
ðàòîâ íåâÿçêè ìåæäó ôàêòè÷åñêèìè è ðàñ÷¼òíûìè äàííûìè ìèíèìàëüíà. Äëÿ
íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ α è c íåîáõîäèìî ïðèðàâíÿòü ÷àñòíûå ïðîèç-
âîäíûå âûðàæåíèÿ (3) ê íóëþ è ðåøèòü ïîëó÷åííóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé.

Èñõîäÿ èç ðàíåå ïðîàíàëèçèðîâàííûõ ñâîéñòâ èñõîäíûõ ñòàòèñòè÷åñêèõ äàííûõ, ïðåä-
ëàãàåòñÿ äâà âèäà ìîäåëüíûõ ðåøåíèé:

• ìîäåëèðîâàíèå ïðîèçâîäñòâåííîé ôóíêöèè íà âñåì âðåìåííîì èíòåðâàëå äëÿ îöåíêè
îáùåé ýôôåêòèâíîñòè ïðîèçâîäñòâåííîãî ïðîöåññà;

• ìîäåëèðîâàíèå ïðîèçâîäñòâåííîé ôóíêöèè â äâà ýòàïà: ðàçäåëèòü âðåìåííîé èí-
òåðâàë íà äâà ó÷àñòêà è íàéòè ïàðàìåòðû ïðîèçâîäñòâåííîé ôóíêöèè äëÿ êàæäîãî
ïåðèîäà îòäåëüíî, à çàòåì ñâåñòè (¾ñêëåèòü¿) ÷àñòíûå ìîäåëè.

Âûäâèíåì ãèïîòåçó, ÷òî êà÷åñòâî ìîäåëüíûõ ðåøåíèé, îñíîâàííûõ íà ñòàòèñòèêå âòî-
ðîãî âðåìåííîãî ïåðèîäà � ñ 2004 ïî 2021 ãã., âåðîÿòíî, îêàæåòñÿ íèçêèì ïî ïðè÷èíå ðåçêî
îòëè÷àþùåãîñÿ ïîâåäåíèÿ ñòàòèñòè÷åñêèõ äàííûõ.

Äëÿ óäîáñòâà ââåäåì îáîçíà÷åíèÿ äëÿ ìîäåëåé, ïîëó÷åííûõ íà ðàçíûõ âðåìåííûõ
èíòåðâàëàõ: ïîëíûé ïåðèîä: 1965�2021 ãã. � èíòåðâàë A; ïåðâûé ïåðèîä: 1965�2004 ãã. �
èíòåðâàë B; âòîðîé ïåðèîä: 2004�2021 ãã. � èíòåðâàë C.

Ãðàôèêè îäíîðîäíûõ ÏÔ Êîááà�Äóãëàñà ñ íå ñãëàæåííûìè è ñî ñãëàæåííûìè äàí-
íûìè, ïðèâåäåíû íà Ðèñ.3 è Ðèñ.4.

Òàáëèöà 1: Ïîêàçàòåëè êà÷åñòâà è ïàðàìåòðû ÏÔ.

Table 1:Quality indicators and PF parameters.

Ïàðàìåòð
Âèä ÏÔ α β R2 F DW

Äàííûå íå ñãëàæåíû
Îäíîðîäíàÿ
(èíòåðâàë A)

0,790 - 0,841 298,1 0,67

Îäíîðîäíàÿ
(èíòåðâàë B)

0,569 - 0,862 239,2 1,2

Îäíîðîäíàÿ
(èíòåðâàë C)

1,100 - 0,840 85,5 1,28

Äàííûå ñãëàæåíû
Îäíîðîäíàÿ
(èíòåðâàë A)

0,792 - 0,848 305,9 0,37

Îäíîðîäíàÿ
(èíòåðâàë B)

0,572 - 0,863 240,3 1,20

Îäíîðîäíàÿ
(èíòåðâàë C)

0,990 - 0,819 72,8 1,11

Êîýôôèöèåíò äåòåðìèíàöèè R2 ïîçâîëÿåò îöåíèòü îáùåå êà÷åñòâî ïîëó÷åííîãî óðàâ-
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Ðèñ. 3: Îäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà (äàííûå íå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.3: Homogeneous Cobb-Douglas PF (data not smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.

Ðèñ. 4: Îäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà (äàííûå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.4: Homogeneous Cobb-Douglas PF (data smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.

íåíèÿ ðåãðåññèè � åãî àïïðîêñèìàòèâíîå ñâîéñòâî. ×åì áëèæå çíà÷åíèå ýòîãî êîýôôèöè-
åíòà ê åäèíèöå, òåì ëó÷øå àïïðîêñèìàöèÿ èñõîäíûõ ñòàòèñòè÷åñêèõ äàííûõ. Êàê âèäíî
èç äàííûõ, ïðåäñòàâëåííûõ â òàáëèöå 1, íà èíòåðâàëå B çíà÷åíèå R2 óâåëè÷èâàåòñÿ, ÷òî
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ãîâîðèò îá óëó÷øåíèè êà÷åñòâà ìîäåëè.
Ãðàôèêè íåîäíîðîäíûõ ÏÔ Êîááà�Äóãëàñà ñ íå ñãëàæåííûìè è ñî ñãëàæåííûìè äàí-

íûìè, ïðèâåäåíû íà Ðèñ.5 è Ðèñ.6.

Ðèñ. 5: Íåîäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà (äàííûå íå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.5: Heterogeneous Cobb-Douglas PF (data not smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.

Ðèñ. 6: Íåîäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà (äàííûå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.6: Heterogeneous Cobb-Douglas PF (data smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.
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Òàáëèöà 2: Ïîêàçàòåëè êà÷åñòâà è ïàðàìåòðû ÏÔ.

Table 2:Quality indicators and PF parameters.

Ïàðàìåòð
Âèä ÏÔ α β R2 F DW

Äàííûå íå ñãëàæåíû
Íåîäíîðîäíàÿ
(èíòåðâàë A)

0,752 0,024 0,863 170,1 0,39

Íåîäíîðîäíàÿ
(èíòåðâàë B)

0,587 0,693 0,884 140,5 1,44

Íåîäíîðîäíàÿ
(èíòåðâàë C)

0,638 -0,942 0,880 56,2 1,46

Äàííûå ñãëàæåíû
Íåîäíîðîäíàÿ
(èíòåðâàë A)

0,750 0,008 0,867 176,6 0,40

Íåîäíîðîäíàÿ
(èíòåðâàë B)

0,590 0,667 0,884 141,0 1,43

Íåîäíîðîäíàÿ
(èíòåðâàë C)

0,762 -0,762 0,881 55,4 1,42

α è β � ôàêòîðíûå ýëàñòè÷íîñòè, îòðàæàþùèå âêëàä ñîîòâåòñòâóþùèõ ðåñóðñîâ, çà-
òðà÷åííûõ íà âûïóñê ïðîäóêöèè [16�18].

α � ýëàñòè÷íîñòü âûïóñêà ïðîäóêöèè ïî êàïèòàëó.
β � ýëàñòè÷íîñòü âûïóñêà ïðîäóêöèè ïî òðóäó. Îòðèöàòåëüíîå çíà÷åíèå β ñâèäåòåëü-

ñòâóåò î íåýôôåêòèâíîì èñïîëüçîâàíèè òðóäîâûõ ðåñóðñîâ.
Ãðàôèêè íåîäíîðîäíûõ ÏÔ Êîááà�Äóãëàñà ñ ÍÒÏ ñ íå ñãëàæåííûìè è ñî ñãëàæåí-

íûìè äàííûìè, ïðèâåäåíû íà Ðèñ.7 è Ðèñ.8.

Ðèñ. 7: Íåîäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà ñ ÍÒÏ (äàííûå íå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.7: Heterogeneous Cobb-Douglas PF with STP (data not smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.
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Ðèñ. 8: Íåîäíîðîäíàÿ ÏÔ Êîááà�Äóãëàñà ñ ÍÒÏ (äàííûå ñãëàæåíû) 1 � èñõîäíûå
ñòàòèñòè÷åñêèå äàííûå; 2 � èíòåðâàë A; 3 � èíòåðâàë B; 4 � èíòåðâàë C.

Fig.8: Heterogeneous Cobb-Douglas PF with STP (data smoothed)
1 � statistical data; 2 � interval A; 3 � interval B; 4 � interval C.

Òàáëèöà 3: Ïîêàçàòåëè êà÷åñòâà è ïàðàìåòðû ÏÔ.

Table 3:Quality indicators and PF parameters.

Ïàðàìåòð
Âèä ÏÔ α β R2 F DW

Äàííûå íå ñãëàæåíû
Íåîäíîðîäíàÿ

ñ ÍÒÏ
(èíòåðâàë A)

1,116 -0,538 0,892 224,8 0,51

Íåîäíîðîäíàÿ
ñ ÍÒÏ

(èíòåðâàë B)
0,587 0,693 0,900 140,5 1,44

Íåîäíîðîäíàÿ
ñ ÍÒÏ

(èíòåðâàë C)
0,639 -0,942 0,837 56,2 1,46

Äàííûå ñãëàæåíû
Íåîäíîðîäíàÿ

ñ ÍÒÏ
(èíòåðâàë A)

1,159 -0,593 0,896 242,3 0,56

Íåîäíîðîäíàÿ
ñ ÍÒÏ

(èíòåðâàë B)
0,429 0,936 0,943 145,7 1,6

Íåîäíîðîäíàÿ
ñ ÍÒÏ

(èíòåðâàë C)
1,261 -2,057 0,886 45,9 1,85

Îòðèöàòåëüíîå çíà÷åíèå β ãîâîðèò î âûñîêîé òðóäîçàòðàòíîñòè ïðîèçâîäñòâåííîãî
ïðîöåññà, îäíàêî ïðè ìîäåëèðîâàíèè òàêîãî âèäà ÏÔ áûëè äîñòèãíóòû íàèáîëüøèå çíà-
÷åíèÿ ïîêàçàòåëÿ R2.
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Çàêëþ÷åíèå
Àíàëèç êà÷åñòâà ïîëó÷åííûõ ìîäåëüíûõ ðåøåíèé ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âû-

âîäû:
1. Çíà÷åíèÿ F -ñòàòèñòèêè ñóùåñòâåííî ïðåâûøàþò òàáëè÷íûå çíà÷åíèÿ ïðè óðîâíå

çíà÷èìîñòè α = 0, 001, ïðè ýòîì ïîêàçàòåëè F -ñòàòèñòèêè äëÿ ñãëàæåííûõ äàííûõ
áîëüøå ïîëó÷åííûõ çíà÷åíèé ýòîãî êðèòåðèÿ äëÿ íåñãëàæåííûõ äàííûõ. Òàêæå,
çíà÷åíèÿ
ñòàòèñòèêè Ôèøåðà F ãîâîðÿò î ñòàòèñòè÷åñêè çíà÷èìîì (äîñòîâåðíîì) çíà÷åíèè
êîýôôèöèåíòà äåòåðìèíàöèè R2.

2. Êðèòåðèé Äàðáèíà-Óîòñîíà ïîçâîëÿåò ïðîâåðèòü ãèïîòåçó îá îòñóòñòâèè àâòîêîð-
ðåëÿöèè îñòàòêîâ ïðè åãî çíà÷åíèè, ñòðåìÿùåìñÿ ê 2.

3. Âî ìíîãèõ ïîëó÷åííûõ ìîäåëÿõ êðèòåðèé DW ñóùåñòâåííî îòëè÷åí îò 2, ÷òî ãîâî-
ðèò î íàëè÷èè ñâÿçè ìåæäó íåâÿçêàìè, ÷òî, â ñâîþ î÷åðåäü, ïðåäïîëàãàåò íåó÷òåí-
íûå ïðè ìîäåëèðîâàíèè ôàêòîðû è ñëàáûå ïðîãíîñòè÷åñêèå ñâîéñòâà ìîäåëåé.

4. Òàêèì îáðàçîì, àíàëèçèðóÿ ïîëó÷åííûå ðåçóëüòàòû, ìîæíî ñäåëàòü âûâîä, ÷òî íå
âñå ìîäåëè èìåþò óäîâëåòâîðèòåëüíûå ïîêàçàòåëè êà÷åñòâà, ïðè ýòîì íàèëó÷øèì
îáðàçîì ïîâåäåíèå àíàëèçèðóåìîé ñèñòåìû îïèñûâàåò íåîäíîðîäíàÿ ÏÔ Êîááà�
Äóãëàñà ñ ó÷åòîì ÍÒÏ, ïîëó÷åííàÿ ïðè ðàñ÷åòå íà ñãëàæåííûõ èñõîäíûõ äàííûõ
â ñëó÷àå ðàçäåëüíîãî ìîäåëèðîâàíèÿ íà èíòåðâàëàõ B è C.

5. Ïîäòâåðäèëàñü âûäâèíóòàÿ â õîäå èññëåäîâàíèÿ ãèïîòåçà î íèçêèõ êà÷åñòâåííûõ
õàðàêòåðèñòèêàõ ìîäåëüíûõ ðåøåíèé èíòåðâàëà C.

6. Ïðè ìîäåëèðîâàíèè íåîáõîäèìî ó÷èòûâàòü, ÷òî ïðè èñïîëüçîâàíèè ñãëàæåííûõ
çíà÷åíèé èñõîäíîé ñòàòèñòèêè â ïîñòðîåíèè ïðîãíîçíîé ìîäåëè âåëèêà âåðîÿòíîñòü
îøèáîê ïðîãíîçèðîâàíèÿ, òàê êàê â ïðîöåññå ñãëàæèâàíèÿ âèä èñõîäíûõ äàííûõ
ìåíÿåòñÿ.

7. Ïîñòðîåííûå ìîäåëè ïîçâîëÿþò ðåøàòü çàäà÷è îöåíêè ýôôåêòèâíîñòè ôóíêöèî-
íèðîâàíèÿ îòðàñëè ïðîìûøëåííîãî ïðîèçâîäñòâà è ñòðîèòü ïðîãíîçû å¼ ðàçâèòèÿ.

Êîíêóðèðóþùèå èíòåðåñû: Êîíêóðèðóþùèõ èíòåðåñîâ íåò.
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Abstract

The published article is devoted to the development and identification of mathematical
models of the functioning of the mechanical engineering and metalworking industry in the
Samara region.

The initial data of official statistics on the results of the functioning of the mechanical
engineering and metalworking industry of the Samara region in the period from 1965 to
2021 have been collected and systematized.

The parameters of Cobb-Douglas production functions have been identified at various
study intervals in versions of the original and smoothed actual statistical data.

Both the entire time period of the study and individual local intervals of stable and
crisis functioning of the analyzed production system were considered as parameter iden-
tification intervals.

The values of the parameters of production functions were calculated for different
periods of the study and the qualitative characteristics of the obtained model solutions
were calculated.

A comparative analysis of the parameters and characteristics of the resulting models
was carried out.

Identification of unknown parameters considered in the work of production functions
was carried out using the least squares method.

The study used official statistical data from the Samara Regional Committee of State
Statistics as empirical material.

Keywords: production function, mathematical model, model solutions, statistics, engi-
neering and metalworking, industries, region.
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