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Abstract: The published article proposes a new economic-mathematical model of the development dynamics of a
one-factor enterprise, the restoration of the production resource of which is ensured by capitalization of profits.
The features of this model are that to calculate the profit of the enterprise, a production function with variable
resource elasticity and an exponential function of production costs are used. To calculate the amortization of a
production resource, a differential equation is formulated, the solutions of which can describe the cases of
proportional, progressive and digressive amortization. It is shown that the efficiency of the enterprise development
dynamics depends on the choice of the value of the capitalization coefficient. An unsuccessful choice of this
coefficient does not allow the company to ensure its maximum profit. An equation has been obtained for
calculating the effective capitalization ratio, using which the enterprise is guaranteed to enter the operating mode
with maximum profit. Variants of enterprise development dynamics for proportional, progressive and digressive
amortization charges are considered. Various modes of operation of enterprises are shown, which include stable
output by enterprises, temporary suspension of enterprises for the period of its technical re-equipment, and
temporary partial curtailment of production.
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AnHoTauus: B nyOnukyemoll craThe MNpEUIONKEHA HOBAs SKOHOMHKO-MAaTEMATHYeCKas MOJENb JUHAMUKH
pa3BUTHS  OJHO(AKTOPHOTO  MPEAINpPUSTHS, BOCCTAHOBJICHHE IPOM3BOACTBEHHOIO pecypca  KOTOPOro
obecrieurBaeTcs 3a CUET Kanuraau3anuu npuobuid. OCOOEHHOCTH 3TOM MOJENH 3aKIIIOYAIOTCS B TOM, YTO IS
pacuera IpHOBUTH MPEANPUSITHS UCIIONB3YIOTCSI IPOU3BOJICTBCHHAS (QYHKIUS C MEPEMEHHON 3MaCTUYHOCTHIO 110
pecypcy © OKCIOHEHIMallbHas (YHKUHMsS NPOM3BOACTBEHHBIX u3lepkek. [l pacdyera aMmopTU3anuu
MPOU3BOJICTBEHHOTO pecypca cdopmynupoBaHo aupepeHiranibHoe ypaBHEHHE, PELICHHsS KOTOPOro MOryT
OMHUCHIBATh CJIy4ad MPOMOPIIMOHAIBHOM, MPOTPECCUBHOM U JUIPECCHBHOW amopTH3amud. I1l0Ka3aHo, 4YTO
3¢ (}EeKTUBHOCT, JMHAMUKA DPAa3BUTHSA MNPEANPHUATHS 3aBUCHT OT BbIOOpa 3HaueHus Koddduimenta
Kanutanuzanuu. Heymaunelii BeIOOp 3TOro koddduimeHTa HEe naeT BO3MOXHOCTH MPEANPHUATHIO 00SCICUUThH
CBOI0 MAaKCHUMAaIbHYH mpubbuth. IloNydeHO ypaBHEHHE il BbluucieHus 3(dexTuBHOr0 K03 uIMEeHTA
KanuTalM3aliy, T[PUMEHSS KOTOPBIl MNpPEANpPHUITHE TapaHTUPOBAHHO BBIXOAWUT HA pPEXUM paboThl ¢
MaKCHMajJbHOW  NpuObLIbIO.  PaccMOTpeHbl — BapuaHThl  JUHAMUKA — Pa3BUTHSA  NPEONPHATHA IS
MPOIMOPIUOHATIBHBIX, TPOIPECCUBHBIX U JUTPECCUBHBIX aMOPTU3AIMOHHBIX OTYHMCICHHUN. [T0Ka3aHbl pa3iuyHbIe
PEXKUMBL PabOThI TPEANPHATHH, K KOTOPBIM OTHOCSATCS CTaOHJIBHBIA BBIMTYCK MPOAYKIMH MPEANPHUITUIMH,
BpPEMEHHasl MMPUOCTAHOBKA PabOThl MPEINPUATHH HAa BpeMs MX TEXHHYECKOTO IEPEOCHAICHUS U BPEMEHHOE
YAaCTUYHOE CBOPAYMBAHUE [IPOU3BO/ICTRA.
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Introduction

Stable development of the national economy, a steady increase in its performance is determined by the
economic growth of its constituent industrial enterprises and economic systems. Forecasting on the basis of
economic and mathematical methods of indicators of the dynamics of development of industrial enterprises
is one of the urgent problems of modern economic theory. Successful solution of such problems makes it
possible in some cases to perform an adequate analysis of the activities of enterprises, to calculate effective
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parameters for their resources, output volumes, costs and profits. Based on such an analysis, it is possible to
accurately describe the dynamics of output, costs and profits, etc. The fundamentals of the theory of econom-
ic growth of enterprises and economic systems are presented in detail in [1-7].

On the basis of these theoretical provisions, a whole range of models for the growth of economic systems
has been created, taking into account the role of technical innovations and information technologies [8—18].

The dynamics of the development of enterprises is determined by the interaction of capitalization in pro-
duction of profits and amortization deductions for the restoration of resources and costs for the moderniza-
tion of means of production. One of the main mathematical tools for building models of economic develop-
ment of enterprises is the apparatus of differential equations and their systems [19-33].

The purpose of the published work is to develop a new economic-mathematical model of the enterprise
development dynamics, which takes into account the impact of accompanying production costs, amortization
and profit capitalization. Such accounting makes it possible to predict the output of the enterprise's capacities
to the effective limiting state of production, at which the profit of the enterprise becomes maximum.

The scientific originality of this model lies in the fact that it describes the interaction of capitalization of
profits, costs, proportional, progressive and digressive amortization allows you to calculate the effective cap-
italization ratio at which profit becomes maximum.

The constructed model allows us to consider options for the stable progressive development of the enter-
prise, suspension of its work during the re-equipment of production and temporary crisis curtailment of pro-
duction when replacing equipment.

1. Production function with variable resource elasticity.
Let the output of the enterprise is provided by one factor of production (J. The volume of this resource

includes fixed capital, working capital, financial capital, labor resources, materials involved in production,
technologies and innovations, etc.

The bounded quantity Q, (QN <0< QF) is a continuous and continuously differentiable function of
time Q = Q(l) The units of measurement of the variable # , depending on the economic situation under

consideration, can be one month, one quarter or one year.
The initial value O, =Q (O) of the factor of production () is assumed to be known. The marginal value

0, = limQ(t) of the production factor () is determined by the current economic situation and is subject to

—0
calculation.
The volume of output by the enterprise V' is provided by a one-factor production function, which is the

solution of the differential equation [25]

dv Q

A L_E (o) (1)
where EQ = EQ ( Q) is the elasticity of output with respect to the resource Q, (O < EQ < 1). The dimension-
less value EQ =EQ (Q) shows how many percent the output will change if the production factor changes by

one percent.
As an initial condition for equation (1), it is advisable to set the value of output P per unit of production
factor O =1

V\Qzl =V(1)=P. )
If we take the elasticity of output with respect to the resource () as a constant £ 0=a; then the solution
to the Cauchy problem (1), (2) will be a one-factor Cobb-Douglas power function
V=P Q" 3)
The derivative of the production function (3) at the initial point J =0 goes to infinity. This means that

with an infinitesimal increment of the resource (J, output takes on infinitely large values. In fact, the in-

crease in the production of the enterprise must have finite values, therefore, the derivative of the production
function must have a finite value at zero. The final derivative of the production function at the initial point
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0O =0 can only be in the case, when the elasticity EQ at this point takes on a unit value, and then decreases
to some constant value F 0=4a.

As the elasticity function EQ = EQ (Q) , we take the linear-fractional function

E :a'Q+QH

0 H (4)
0+0,
. . . £ _l+a
where QO 18 the resource value Q , at which the output elasticity takes the average value 0 (QH) _T
Figure 1 shows a graph of the output elasticity function (4) for resource Q .
EQ
1,0
I+a
—
2
I
O, 5 i _—-_-_'_'-—l—._
a ——————————
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|
0l 0

00, 0,5 1,0

Figure 1 — Graph of output elasticity functions by resource (, built according to formula (4). Calculated
values: a =0,4; 0, =0,1101

The solution of the Cauchy problem (1), (2) with the elasticity function (4) will have the form

V=P-Q-[%j . 5)

The derivative of function (5) has the form

av_ . (140, )"
2 -r, [Q+QHJ | ©

The slope of the tangent to the graph of the function (5) at the starting point O =0
1-a
dv 1+
_ _p [ ™
dQ 0=0 QH

represents the growth rate of the production function (5) at the starting point ) =0 and expresses the

R

growth rate of output at the initial stage of the enterprise's development.
Solving equation (7) with respect to the value Q,, , we find

Oy=—7FT—"7" ®)
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The formula for the production function (5) shows that for infinitely small values of the production factor
(Q RN O) , it is infinitely close to the linear function

V,=R-Q. ©9)
and for infinitely large values of the production factor ( 00— oo) , it asymptotically approaches some limit
Cobb-Douglas function

Ve=R-0,""0". (10)
Figure 2 shows the graphs of production functions (5), (9) and (10).

15

7,5

0 0
0 1,0 2,0

Figure 2 — Graphs of production functions V,, V' and V.., built according to formulas (5), (9) and (10).
Calculated values: P=10;R=40; ¢ =0,4; 0, =0,1101

2. The function of production costs and profits of the enterprise.
An increase in output by an enterprise is accompanied by a corresponding increase in production costs.
Obviously, in the vicinity of the starting point ) =0 for infinitely small values of the production factor

O — 0, the cost function will be infinitely close to the linear function
1C,=H, -0, (11)
where H is the cost of costs per unit volume of the resource Q for formula (11).
For infinitely large values of the production factor (Q - oo) , the cost function will asymptotically ap-
proach the linear function
TC,=H, -Q+TFC, (12)
where [, is the cost of the cost per unit volume of the resource Q for formula (12), TFC are the fixed

costs of the enterprise.
It is advisable to set the general cost function of the enterprise by the formula

TC:HF-Q+TFC.£1—exp(—(HN_HF)'QD. (13)

TFC

It is easy to see that for O — 0, the cost function (13) practically coincides with the cost function (11),
and for () — o0, the cost function (13) practically coincides with the cost function (12).

Figure 3 shows the graphs of cost functions (11), (12) and (13).
The formula for the profit of the enterprise PR =V —TC under consideration is the difference between
expressions (5) and (13)

pR:P.Q.[ﬁ

0+0,

HN_HF)'Qj . (14)

1-a
—-H,. -O-TFC-|1-ex —(
j P, p[ TFC
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Figure 3 — Graphs of production functions 7C,,, TC and TC,, built according to formulas (11), (12) and

(13). Calculated values: H,, =10;H, =1,3; TFC =5; Q, :£=O,5747

N~ HF

To calculate the maximum profit of the enterprise, it is necessary to equate the derivative of the profit
function to zero

dPR P-EQ(ﬁ} —HF—(HN—HF)-exp[—(HN_HF)‘QJ:O. (15)

do 0+0, TFC
The structure of equation (15) shows that it does not have an analytical solution and can only be solved
numerically. Thus, the value of the resource O, > which corresponds to the maximum value of profit PR v

is found as a result of the numerical solution of the system of equations

—jl_a —H,—-(H, —HF)-eXp(—

(HN _HF)'QM -0
TFC ’

IFC

PR, =P-Q, [%] -H. -0y —TFC-[I—eXp(—(HN_HF)’QM B

[penensroe 3Hauenne pecypca () = (J,, NPH KOTOPOM TPHUOBLIL NPEANPUATAS OOpaIacTesi B HyJb
HaxomuTcs U3 yciosus PR (Q P ) =0.

The limiting value of the resource O = O, , at which the profit of the enterprise vanishes is found from
the condition PR (Q B ) =0.

Figure 4 shows the graphs of the production function (5), the total cost function (13), and the profit func-
tion (14).

3. Amortization of resources and capitalization of the profit of the enterprise.

The dynamics of the development of a manufacturing enterprise that relies only on internal investment is
determined by the volume of capitalization of profits and the amortization of resources.

Therefore, the increment in the volume of the resource AQ = Q(t + At) - Q(t) over a certain small
period of time can be expressed as the sum of two components

AQ(1)= A0 (1) + AQ* (1), (17)

where AQ" (t) is partial amortization loss of the resource Q(t) over time Az, AQ"* (1) is partial resto-

ration of the resource O (z) over time Af due to the capitalization of the enterprise's profit.
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Figure 4 — Graphs of the production function J, the total cost function 7C and the profit function PR,
built using formulas (5), (13) and (14). Calculated values: P=10;R=40; a=0,4; H, =10;

H,=13; TFC=5; 0, =7,3832; PR, =8,8801; Q, = 26,4219

The value AQ 4 (t) can be expressed in terms of the amortization function 4M (t)

AQ* (1) =—0(1)- AM (1) At. (18)
For proportional amortization, the function 4 M (t) is linear
AM =A4-0, (19)
and formula (18) takes the form
AQ"=-0-4-0Q-At. (20)

The proportional amortization coefficient 4 expresses the share of the lost volume of the resource Q) per

unit of time.
If, for any reason, the working conditions of the enterprise become more difficult, then the amortization
of the production factor J may become progressive. Conversely, if the working conditions of the enterprise

are simplified, then the amortization of the production factor ) may become regressive. In both cases, the
amortization function 4M (z) will deviate from a linear relationship. Such function 4Af (t) deviations can
be described using the damping elasticity value.

The dimensionless value of the elasticity of amortization UQ :UQ(Q) shows how many percent the
function AM (l) will change, if the production factor changes by one percent. Thus, the amortization func-

tion AM satisfies the differential equation

am 9 _ .
dQ AM Uo(0) .

The initial condition for equation (22) is the condition of proportionality of depreciation in an infinitesi-
mal neighborhood of the point O =0

dAM
do |,

Obviously, the linear amortization function (19) is a solution to problem (21), (22) with unit elasticity

UQEI.

=4. (22)

If the values of the amortization elasticity function deviate upwards from unity (UQ > 1) , then the amor-

tization of the resource at the enterprise will become progressive, if the values of the amortization elasticity
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function deviate from unity downwards (U 0< 1) , then the amortization of the resource at the enterprise will

become regressive.
As a function of the elasticity of amortization U 0= U 0 (Q) , we take a fractional linear function

U, :M, 23)
0+0,

where O ', is the value of resource (), at which the elasticity of amortization takes the average value
I+u

UQ(QA):T'

Figure 5 shows graphs of the amortization elasticity function (23) over the resource () for various values

of the parameter U .

Figure 5 — Graphs of output elasticity functions by resource (), constructed by formula (23). Calculated
value: O, =1

The solution to problem (21), (22) will be the amortization function

Q 1-u
AM =A4-0-| —=4_ | . (24)
*(o%)

Thus, formula (18) for the increment AQ 4 (t) takes the form

AQA@):_e@)u4¢g@)(ZXf%fé;J.Ap (25)

The expression for the partial recovery of the resource Q ( z) over a period of time A¢ due to the capitali-

zation of the profit of the enterprise AQ ™" ( t) can be written as

AQ"* (1)=6(1)-1(1)- At (26)
where [ (t) =K - PR (z) are internal investment in the enterprise under consideration due to profit capitali-

zation, K is profit capitalization coefficient, the share of profit invested in the enterprise under considera-
tion.
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4. Equation of enterprise development dynamics
Substituting formulas (24), (25) into the balance equation (17), we find

AQ(t)=0(t)- —A-Q(t)-{ﬁ]_u+K-PR(t) -At- 27

Passing to the limit in equation (27) at A —> 0 leads to a nonlinear differential equation

a9 _, _A.Q.[L] L x-PRI. (28)
dt 0+0,

The initial condition for equation (28) is the condition
0] ,=0(0)=0y- 29)

The function § = 49(1,‘) in equation (28) determines the options for the development of the enterprise un-
der consideration. For a permanent and single function H(t) =1, the development of the enterprise will be

stable. Different sizes of the deviation of the value of the function @ (t) from unity in the direction of de-

creasing will correspond to a slowdown in the development of the enterprise, its temporary stop during the
change of production technologies, partial curtailment of production [26].

The shape of the integral curve of the Cauchy problem (28), (29) significantly depends on the type of
function H(t) that determines the center of the time interval, its length and the deviation from the unit value
at which the enterprise operates stably.

If in the time interval (t* — a,t* + 0) the enterprise makes a complete or partial replacement of techno-

logical equipment, then the function H(t) can be written as [28]

2
t—t

O(t)=1-w-exp —(2—2) , (30)
¥ed

where @ is the maximum deviation of the function H(I) from unity, ¢ is the center of the time interval,
and o is the radius of the time interval.

The value of the parameter @ =0 corresponds to the stable operation of the enterprise, the parameter
values 0 <@ <1 correspond to the slowdown of the enterprise on the time interval (z* —o,f + o-) , the

parameter value @ =1 corresponds to a temporary stoppage of the enterprise due to the modernization of
production on the time interval (t* —o,t + o-) , the parameter values w>1 correspond to the temporary

curtailment of production on the time interval (t* —o.,t + o‘) .

Equation (28) shows that the increase in the volume of the production factor Q (t) and the correspond-

ing volume of output will continue as long as the derivative i—Q > (). If the derivative Q — 0, then the
t dt

development of the enterprise will stop. This will happen when the volumes of capitalization of profits be-

come equal to the volumes of amortization.

Thus, the value (J,. corresponding to the limiting state of production development is found as a result of
the numerical solution of the equation
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1-u
WF:—AMF+IF:—A-QF-(%J +K, -PR(Q,)=0. 31
F A

It should be noted that the value of the resource volume (J,. depends on the value of the capitalization co-
efficient K.
Figure 6 shows the graphs of the functions of investment [ 7 » amortization AM . and their difference

W, .

2’ 0 \IF
WF
0 16
Or
WF
-2,0

Figure 6 — Graphs of investment functions /,, amortization AM , and their difference W, . The dot
marks the value of the limiting value of the resource volume O, =14,2740 calculated as a result of the
numerical solution of equation (31). Calculated values: P=10;R=40; a=0,4; H, =10;
H,.=13;TFC=5,0; A=0,1; u=1,0; K, =0,20

The obvious goal of any manufacturing enterprise is to organize such a mode of operation in which profit
becomes the maximum possible. The function of the production factor Q (t) should tend to a value Q, , cor-

responding to the maximum value of profit PR ,. When the resource function t) tends to a different lim-
P g p M

it value QF, the profit function of the enterprise (14), constructed in accordance with the solution of the

Cauchy problem (28), (269), shows a significant decrease in the volume of the enterprise's profit.
Figure 7 shows a graph of the profit volume function PR (z) built according to the formula (15) and the

results of the numerical solution of the Cauchy problem (28), (29) for the capitalization coefficient K ..

The curve of the profit function PR(t) shows that the capitalization ratio K, =0,2 is chosen poorly.
After reaching the maximum value PR, =8,8801, the profit of the enterprise begins to decline to the value
PR, =7,1370.

The capitalization ratio K, , at which the enterprise will reach the maximum limit mode, is found from
the equation

1-u
0
W,=-AM, +1,=-4-0, -| —2—| +K, -PR(Q,)=0- (32)
gl e

Figure 8 shows three options for graphs of the function of investment 7, , amortization 4M ,, and their

difference J¥,, for the cases of regressive, proportional and digressive amortization.
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PR(t)
10 PRM:PR(QM)

PR, = PR(Q,)

0 t
0 15 30
Figure 7 — Graph of the function of the profit volume of the enterprise PR ( t) , built according to the for-

mula (14) and the results of the numerical solution of the Cauchy problem (28), (29) for the capitalization
coefficient K, =0,2. The value of the enterprise's profit PR, =7,1370 corresponds to the limit value
of the volume of the production factor Q,. =14,2740 . The value of the maximum profit of the enterprise

PR,, =8,8801 corresponds to the value of the volume of the production factor O, =7,3832

L0

-1,0

Figure 8 — Three variants of graphs of investment functions 7, , amortization 4} ,, and their difference
W,, for the cases of regressive amortization (u =0,9;K,, = 0,0672) — a dashed line, proportional
amortization (u =1,0;K,, =0,083 1) — a solid line, and progressive amortization
(u =LL;K, = 0,1028) — a dash-dotted line. The dot marks the value of the limiting value of the re-
source volume Q, =7,3832, calculated as a result of the numerical solution of equation (32). Calculated

values: P=10;R=40;a=0,4; H, =10;H, =1,3; TFC=5,0; 4=0,1

Figure 9 shows three options for graphs of profit volume functions PR(t) , built according to formula

(14) and the results of numerical solutions to Cauchy problems (28), (29) for cases of regressive, proportion-
al and progressive amortizations and stable operation of the enterprise (a) = 0).

Figure 10 shows three variants for graphs of profit volume functions PR(t) built according to formula

(15) and the results of numerical solutions to Cauchy problems (25), (26) for cases of regressive, proportion-
al and progressive amortizations and temporary suspension of the enterprise operation

(m:l,o;z*:ls;a=4,o)
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PR(t)

10

0 t
0 15 30
Figure 9 — Three variants for the graphs of the profit volume functions of the enterprise PR (t) con-

structed according to the formula (14) and the results of numerical solutions of the Cauchy problems (28),
(29) for the cases of regressive amortization (u =0,9;K,, = 0,0672) — a dashed line, proportional

amortization (u =1,0;K,, =0,083 1) — a solid line, and progressive amortization
(u =LK, = 0,1028) — a dash-dotted line. Calculated values: P=10; R=40; a=0,4; H, =10;
H,=13,TFC=5,0; 4=0,1; ©=0.

PR(t)
10 PRy =PRQy )]

e — — — gl
-~

s = e
z, -
; *

— —

0 t
0 15 30

Figure 10 — Three variants of the graphs of the profit volume functions of the enterprise PR(t) con-

structed according to the formula (14) and the results of numerical solutions of the Cauchy problems (28),
(29) for the cases of regressive amortization (u =0,9;K,, = 0,0672) — a dashed line, proportional amor-

tization (u =1,0;K,, =0,083 1) — a solid line, and progressive amortization (u =LK, = 0,1028) -
a dash-dotted line. Calculated values: P=10; R=40; a=0,4; H,=10;H, =13; TFC=5,0;
A=01; 0=1,0;¢ =150 =4,0

Figure 11 shows three variants for graphs of profit volume functions built according to formula (14) and
the results of numerical solutions to Cauchy problems (28), (29) for cases of regressive, proportional and

progressive amortizations and partial winding down of the enterprise (a) =15; £ =15 (0= 4,0).
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Figure 11 — Three variants for the graphs of the profit volume functions of the enterprise PR(t) con-

structed according to the formula (14) and the results of numerical solutions of the Cauchy problems (28),
(29) for the cases of regressive amortization (u =0,9;K,, = 0,0672) — a dashed line, proportional

amortization (u =1,0;K,, = 0,0831) — a solid line, and progressive amortization
(u =LL;K,, = 0,1028) — a dash-dotted line. Calculated values: P=10;R=40; ¢ =0,4; H, =10;
H,=13;TFC=5,0; A=0,1; 0=1,5; 1 =15; 6 =4,0

Conclusion

1. A new economic-mathematical model of the development dynamics of a one-factor enterprise is pro-
posed, the restoration of the production resource of which is ensured by profit capitalization.

2. The features of this model are that to calculate the profit of the enterprise, a production function with
variable resource elasticity and an exponential function of production costs are used.

3. To calculate the depreciation of a production resource, a differential equation is formulated, the solu-
tions of which can describe the cases of proportional, progressive and digressive depreciation.

4. It is shown that the efficiency of the enterprise development dynamics depends on the choice of the
value of the capitalization coefficient. With an unsuccessful choice of this coefficient, the enterprise is not
able to go to work with maximum profit.

5. An equation was obtained for calculating the effective capitalization ratio, in which the enterprise is
guaranteed to enter the mode of operation with maximum profit.

6. Variants of the enterprise development dynamics for proportional, progressive and digressive deprecia-
tion charges are considered.

7. Various modes of operation of enterprises are shown, which include stable output by enterprises, tem-
porary suspension of enterprises for the period of its technical re-equipment, and temporary partial curtail-
ment of production.
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